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strong interactions are allowed by primordial 
nucleosynthesis. Wimpless Miracle!

• They are a generic consequences of hidden-sector 
extensions to the Standard Model
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Astrophysical Motivations:

• Lower central densities and form constant 
density cores in DM halos

Spergerl & Steinhardt  2000
 (σ/m = 0.1-100 cm2 /g)

• Reduce the number if subhalos through subhalo 
evaporation
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Modeling DM 
Self-Iteractions

Revisiting the Simplest Model:

Γ � ρ (σ/m) vrms

• Elastic

• Velocity Independent

• Isotropic 

σ/m ~ 0.1, 1 cm2 /g
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used initial cluster density profiles that were unmotivated cosmo-
logically with central densities about a factor of two too high for the
SIDM cross sections considered (producing a scattering rate that is
inconsistently high). Based on this observation, the bullet cluster
constraint based on evaporation of dark matter from the subclus-
ter should be relaxed since the amount of subcluster mass that be-
comes unbound is directly proportional to the density of dark mat-
ter encountered in its orbit. Moreover, their model galaxies were
placed in the cluster halo potentials without subhalos surrounding
them, an assumption (based on analytic estimates for SIDM sub-
halo evaporation) that is not supported by our simulations. This
could affect the constraints based on the (lack of) offset between
dynamical mass and light. Thus we believe that the bullet cluster
constraints as discussed above are likely only relevant for models
with !/m > 1 cm2/g. However, the constraints could be made
significantly stronger by comparing SIDM predictions to the densi-
ties inferred from the convergence maps since the central halo den-
sities for !/m ! 1 cm2/g are significantly lower than the CDM
predictions, as we show later.

Given these motivations, we perform a set of cosmologi-
cal simulations with both CDM and SIDM. For SIDM we ran
!/m = 1 and 0.1 cm2/g models (hereafter SIDM1 and SIDM0.1),
i.e., models that we have argued pass the Bullet cluster tests. Our
simulations provide us with a sample of halos that span a mass
range much larger than either Davé et al. (2001) or Yoshida et al.
(2000) both with and without self-interactions.

One of the key findings from our simulations is that the core
sizes are expected to scale approximately as a fixed fraction of the
NFW scale radius the halo would have in the absence of scatter-
ings. We can see where this scaling arises from a quick look at
Equation 1. This equation allows us to argue that the radius (r1)
below which we expect dark matter particles (on average) to have
scattered once or more is set by:

"sf(r/rs)vrms "
V 2
max

r2max
f(r1/rs)Vmax = constant , (2)

where f(x) is the functional form of the NFW (or a related) den-
sity profile. In writing the above equation we have assumed that the
density profile for SIDM is not significantly different from CDM at
r1, something that we verify through our simulations. Now, since
CDM enforces a Vmax # rmax relation such that Vmax " r1.4!1.5

max ,
we see that the solution to r1/rs is going to be only mildly depen-
dent on the halo properties. We develop an analytic model based
on this insight later, but this is the underlying reason for why we
find core sizes to be a fixed fraction of the NFW scale radius of the
same halo in the absence of scatterings.

The major conclusion we reach based on the simulations and
the analytic model presented here is that a self-interacting dark
matter model with a cross-section over dark matter particle mass
$ 0.1 cm2/g would be capable of reproducing the core sizes
and central densities observed in dark matter halos at all scales,
from clusters to dwarf spheroidals, without the need for velocity-
dependence in the cross-section.

In the next section, we discuss our new algorithm to compute
the self-interaction probability for N-body particles, derived self-
consistently from the Boltzmann equation. We discuss this new
algorithm in detail in Appendix A. In §2, we show how this al-
gorithm is implemented in the publicly available code GADGET-2
(Springel 2005). We run tests that show that our algorithm gets the
correct interaction rate and post-scattering kinematics. The results
of these tests are in §3. The cosmological simulations with this new
algorithm are described in detail in §4. In §5.1 we provide some

preliminary illustrations of our simulation snapshots and in 5.2 we
demonstrate that the large-scale statistical properties of SIDM are
identical to CDM. In §5.3 we present the properties of individual
SIDM1 and SIDM0.1 halos and compare them to the their CDM
counterparts. In §5.4 we discuss the subhalo mass functions in our
SIDM and CDM simulations and show that SIDM1 subhalo mass
functions are very close to that of CDM in the range of halo masses
we can resolve. We provide scaling relations for the SIDM1 halo
properties in §6 and in §7 we present an analytic model that repro-
duces these scaling relations as well as the absolute densities and
core radii of SIDM1 halos. We use these scaling relations and the
analytic model to make a broad-brush comparison to observed data
in §8. We present a summary together with our final conclusions in
§9.

2 SIMULATING DARKMATTER SELF INTERACTIONS

Our simulations rely on a new algorithm for modeling self-
interacting dark matter with N-body simulations. Here we intro-
duce our approach and provide a brief summary. In Appendix A we
derive the algorithm explicitly starting with the Botlzmann equa-
tion and give details for general implementation.

In N-body simulations, the simulated (macro)particles repre-
sent an ensemble of many dark-matter particles. Each simulation
particle of mass mp can be thought of as a patch of dark-matter
phase-space density. In our treatment of dark matter self-scattering,
the phase space patch of each particle is represented by a delta func-
tion in velocity and a spatially extended kernelW (r, hsi), smooth-
ing out the phase space in configuration space on a self-interaction
smoothing length hsi. The value of hsi needs to be set by consid-
ering the physical conditions of the problem (see §3) as it specifies
the range over which N-body particles can affect each other via
self-interactions. In principle, hsi could be different for each parti-
cle and vary depending on the local density, but in the simulations
presented here we fix hsi to be the same for all particles in a given
simulation, setting the size of hsi according the lowest densities at
which self-interactions are effective for a given cross section.

When two phase-space patches overlap, we need to calculate
the pairwise interaction rate between them. We do so by consid-
ering the “scattering out” part of the Boltzmann collision term in
Equation (A1) and Eqs. (A8)-(A13). The implied rate of scattering
of an N-body particle j off of a target particle i of massmp is

!(i|j) = (!/m)mp|vi # vj |gji , (3)

where gji is a number density factor that accounts for the overlap
of the two particles’ smoothing kernels: 1

gji =

! hsi

0

d3x"W (|x"|, hsi)W (|#xji + x
"|, hsi) . (4)

The probability that such an interaction occurs in a time step #t is

P (i|j) = !(i|j) #t , (5)

and the total probability of interaction between N-body particles i
and j is

Pij =
P (i|j) + P (j|i)

2
. (6)

Specifically, Pij is the probability for a macroparticle representing

1 This equation applies only if hsi is the same for both particles. See Ap-
pendix A for the general form.
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r1, something that we verify through our simulations. Now, since
CDM enforces a Vmax # rmax relation such that Vmax " r1.4!1.5

max ,
we see that the solution to r1/rs is going to be only mildly depen-
dent on the halo properties. We develop an analytic model based
on this insight later, but this is the underlying reason for why we
find core sizes to be a fixed fraction of the NFW scale radius of the
same halo in the absence of scatterings.

The major conclusion we reach based on the simulations and
the analytic model presented here is that a self-interacting dark
matter model with a cross-section over dark matter particle mass
$ 0.1 cm2/g would be capable of reproducing the core sizes
and central densities observed in dark matter halos at all scales,
from clusters to dwarf spheroidals, without the need for velocity-
dependence in the cross-section.

In the next section, we discuss our new algorithm to compute
the self-interaction probability for N-body particles, derived self-
consistently from the Boltzmann equation. We discuss this new
algorithm in detail in Appendix A. In §2, we show how this al-
gorithm is implemented in the publicly available code GADGET-2
(Springel 2005). We run tests that show that our algorithm gets the
correct interaction rate and post-scattering kinematics. The results
of these tests are in §3. The cosmological simulations with this new
algorithm are described in detail in §4. In §5.1 we provide some

preliminary illustrations of our simulation snapshots and in 5.2 we
demonstrate that the large-scale statistical properties of SIDM are
identical to CDM. In §5.3 we present the properties of individual
SIDM1 and SIDM0.1 halos and compare them to the their CDM
counterparts. In §5.4 we discuss the subhalo mass functions in our
SIDM and CDM simulations and show that SIDM1 subhalo mass
functions are very close to that of CDM in the range of halo masses
we can resolve. We provide scaling relations for the SIDM1 halo
properties in §6 and in §7 we present an analytic model that repro-
duces these scaling relations as well as the absolute densities and
core radii of SIDM1 halos. We use these scaling relations and the
analytic model to make a broad-brush comparison to observed data
in §8. We present a summary together with our final conclusions in
§9.

2 SIMULATING DARKMATTER SELF INTERACTIONS

Our simulations rely on a new algorithm for modeling self-
interacting dark matter with N-body simulations. Here we intro-
duce our approach and provide a brief summary. In Appendix A we
derive the algorithm explicitly starting with the Botlzmann equa-
tion and give details for general implementation.

In N-body simulations, the simulated (macro)particles repre-
sent an ensemble of many dark-matter particles. Each simulation
particle of mass mp can be thought of as a patch of dark-matter
phase-space density. In our treatment of dark matter self-scattering,
the phase space patch of each particle is represented by a delta func-
tion in velocity and a spatially extended kernelW (r, hsi), smooth-
ing out the phase space in configuration space on a self-interaction
smoothing length hsi. The value of hsi needs to be set by consid-
ering the physical conditions of the problem (see §3) as it specifies
the range over which N-body particles can affect each other via
self-interactions. In principle, hsi could be different for each parti-
cle and vary depending on the local density, but in the simulations
presented here we fix hsi to be the same for all particles in a given
simulation, setting the size of hsi according the lowest densities at
which self-interactions are effective for a given cross section.

When two phase-space patches overlap, we need to calculate
the pairwise interaction rate between them. We do so by consid-
ering the “scattering out” part of the Boltzmann collision term in
Equation (A1) and Eqs. (A8)-(A13). The implied rate of scattering
of an N-body particle j off of a target particle i of massmp is

!(i|j) = (!/m)mp|vi # vj |gji , (3)

where gji is a number density factor that accounts for the overlap
of the two particles’ smoothing kernels: 1

gji =

! hsi

0

d3x"W (|x"|, hsi)W (|#xji + x
"|, hsi) . (4)

The probability that such an interaction occurs in a time step #t is

P (i|j) = !(i|j) #t , (5)

and the total probability of interaction between N-body particles i
and j is

Pij =
P (i|j) + P (j|i)

2
. (6)

Specifically, Pij is the probability for a macroparticle representing

1 This equation applies only if hsi is the same for both particles. See Ap-
pendix A for the general form.
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used initial cluster density profiles that were unmotivated cosmo-
logically with central densities about a factor of two too high for the
SIDM cross sections considered (producing a scattering rate that is
inconsistently high). Based on this observation, the bullet cluster
constraint based on evaporation of dark matter from the subclus-
ter should be relaxed since the amount of subcluster mass that be-
comes unbound is directly proportional to the density of dark mat-
ter encountered in its orbit. Moreover, their model galaxies were
placed in the cluster halo potentials without subhalos surrounding
them, an assumption (based on analytic estimates for SIDM sub-
halo evaporation) that is not supported by our simulations. This
could affect the constraints based on the (lack of) offset between
dynamical mass and light. Thus we believe that the bullet cluster
constraints as discussed above are likely only relevant for models
with !/m > 1 cm2/g. However, the constraints could be made
significantly stronger by comparing SIDM predictions to the densi-
ties inferred from the convergence maps since the central halo den-
sities for !/m ! 1 cm2/g are significantly lower than the CDM
predictions, as we show later.

Given these motivations, we perform a set of cosmologi-
cal simulations with both CDM and SIDM. For SIDM we ran
!/m = 1 and 0.1 cm2/g models (hereafter SIDM1 and SIDM0.1),
i.e., models that we have argued pass the Bullet cluster tests. Our
simulations provide us with a sample of halos that span a mass
range much larger than either Davé et al. (2001) or Yoshida et al.
(2000) both with and without self-interactions.

One of the key findings from our simulations is that the core
sizes are expected to scale approximately as a fixed fraction of the
NFW scale radius the halo would have in the absence of scatter-
ings. We can see where this scaling arises from a quick look at
Equation 1. This equation allows us to argue that the radius (r1)
below which we expect dark matter particles (on average) to have
scattered once or more is set by:

"sf(r/rs)vrms "
V 2
max

r2max
f(r1/rs)Vmax = constant , (2)

where f(x) is the functional form of the NFW (or a related) den-
sity profile. In writing the above equation we have assumed that the
density profile for SIDM is not significantly different from CDM at
r1, something that we verify through our simulations. Now, since
CDM enforces a Vmax # rmax relation such that Vmax " r1.4!1.5

max ,
we see that the solution to r1/rs is going to be only mildly depen-
dent on the halo properties. We develop an analytic model based
on this insight later, but this is the underlying reason for why we
find core sizes to be a fixed fraction of the NFW scale radius of the
same halo in the absence of scatterings.

The major conclusion we reach based on the simulations and
the analytic model presented here is that a self-interacting dark
matter model with a cross-section over dark matter particle mass
$ 0.1 cm2/g would be capable of reproducing the core sizes
and central densities observed in dark matter halos at all scales,
from clusters to dwarf spheroidals, without the need for velocity-
dependence in the cross-section.

In the next section, we discuss our new algorithm to compute
the self-interaction probability for N-body particles, derived self-
consistently from the Boltzmann equation. We discuss this new
algorithm in detail in Appendix A. In §2, we show how this al-
gorithm is implemented in the publicly available code GADGET-2
(Springel 2005). We run tests that show that our algorithm gets the
correct interaction rate and post-scattering kinematics. The results
of these tests are in §3. The cosmological simulations with this new
algorithm are described in detail in §4. In §5.1 we provide some

preliminary illustrations of our simulation snapshots and in 5.2 we
demonstrate that the large-scale statistical properties of SIDM are
identical to CDM. In §5.3 we present the properties of individual
SIDM1 and SIDM0.1 halos and compare them to the their CDM
counterparts. In §5.4 we discuss the subhalo mass functions in our
SIDM and CDM simulations and show that SIDM1 subhalo mass
functions are very close to that of CDM in the range of halo masses
we can resolve. We provide scaling relations for the SIDM1 halo
properties in §6 and in §7 we present an analytic model that repro-
duces these scaling relations as well as the absolute densities and
core radii of SIDM1 halos. We use these scaling relations and the
analytic model to make a broad-brush comparison to observed data
in §8. We present a summary together with our final conclusions in
§9.

2 SIMULATING DARKMATTER SELF INTERACTIONS

Our simulations rely on a new algorithm for modeling self-
interacting dark matter with N-body simulations. Here we intro-
duce our approach and provide a brief summary. In Appendix A we
derive the algorithm explicitly starting with the Botlzmann equa-
tion and give details for general implementation.

In N-body simulations, the simulated (macro)particles repre-
sent an ensemble of many dark-matter particles. Each simulation
particle of mass mp can be thought of as a patch of dark-matter
phase-space density. In our treatment of dark matter self-scattering,
the phase space patch of each particle is represented by a delta func-
tion in velocity and a spatially extended kernelW (r, hsi), smooth-
ing out the phase space in configuration space on a self-interaction
smoothing length hsi. The value of hsi needs to be set by consid-
ering the physical conditions of the problem (see §3) as it specifies
the range over which N-body particles can affect each other via
self-interactions. In principle, hsi could be different for each parti-
cle and vary depending on the local density, but in the simulations
presented here we fix hsi to be the same for all particles in a given
simulation, setting the size of hsi according the lowest densities at
which self-interactions are effective for a given cross section.

When two phase-space patches overlap, we need to calculate
the pairwise interaction rate between them. We do so by consid-
ering the “scattering out” part of the Boltzmann collision term in
Equation (A1) and Eqs. (A8)-(A13). The implied rate of scattering
of an N-body particle j off of a target particle i of massmp is

!(i|j) = (!/m)mp|vi # vj |gji , (3)

where gji is a number density factor that accounts for the overlap
of the two particles’ smoothing kernels: 1

gji =

! hsi

0

d3x"W (|x"|, hsi)W (|#xji + x
"|, hsi) . (4)

The probability that such an interaction occurs in a time step #t is

P (i|j) = !(i|j) #t , (5)

and the total probability of interaction between N-body particles i
and j is

Pij =
P (i|j) + P (j|i)

2
. (6)

Specifically, Pij is the probability for a macroparticle representing

1 This equation applies only if hsi is the same for both particles. See Ap-
pendix A for the general form.
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used initial cluster density profiles that were unmotivated cosmo-
logically with central densities about a factor of two too high for the
SIDM cross sections considered (producing a scattering rate that is
inconsistently high). Based on this observation, the bullet cluster
constraint based on evaporation of dark matter from the subclus-
ter should be relaxed since the amount of subcluster mass that be-
comes unbound is directly proportional to the density of dark mat-
ter encountered in its orbit. Moreover, their model galaxies were
placed in the cluster halo potentials without subhalos surrounding
them, an assumption (based on analytic estimates for SIDM sub-
halo evaporation) that is not supported by our simulations. This
could affect the constraints based on the (lack of) offset between
dynamical mass and light. Thus we believe that the bullet cluster
constraints as discussed above are likely only relevant for models
with !/m > 1 cm2/g. However, the constraints could be made
significantly stronger by comparing SIDM predictions to the densi-
ties inferred from the convergence maps since the central halo den-
sities for !/m ! 1 cm2/g are significantly lower than the CDM
predictions, as we show later.

Given these motivations, we perform a set of cosmologi-
cal simulations with both CDM and SIDM. For SIDM we ran
!/m = 1 and 0.1 cm2/g models (hereafter SIDM1 and SIDM0.1),
i.e., models that we have argued pass the Bullet cluster tests. Our
simulations provide us with a sample of halos that span a mass
range much larger than either Davé et al. (2001) or Yoshida et al.
(2000) both with and without self-interactions.

One of the key findings from our simulations is that the core
sizes are expected to scale approximately as a fixed fraction of the
NFW scale radius the halo would have in the absence of scatter-
ings. We can see where this scaling arises from a quick look at
Equation 1. This equation allows us to argue that the radius (r1)
below which we expect dark matter particles (on average) to have
scattered once or more is set by:

"sf(r/rs)vrms "
V 2
max

r2max
f(r1/rs)Vmax = constant , (2)

where f(x) is the functional form of the NFW (or a related) den-
sity profile. In writing the above equation we have assumed that the
density profile for SIDM is not significantly different from CDM at
r1, something that we verify through our simulations. Now, since
CDM enforces a Vmax # rmax relation such that Vmax " r1.4!1.5

max ,
we see that the solution to r1/rs is going to be only mildly depen-
dent on the halo properties. We develop an analytic model based
on this insight later, but this is the underlying reason for why we
find core sizes to be a fixed fraction of the NFW scale radius of the
same halo in the absence of scatterings.

The major conclusion we reach based on the simulations and
the analytic model presented here is that a self-interacting dark
matter model with a cross-section over dark matter particle mass
$ 0.1 cm2/g would be capable of reproducing the core sizes
and central densities observed in dark matter halos at all scales,
from clusters to dwarf spheroidals, without the need for velocity-
dependence in the cross-section.

In the next section, we discuss our new algorithm to compute
the self-interaction probability for N-body particles, derived self-
consistently from the Boltzmann equation. We discuss this new
algorithm in detail in Appendix A. In §2, we show how this al-
gorithm is implemented in the publicly available code GADGET-2
(Springel 2005). We run tests that show that our algorithm gets the
correct interaction rate and post-scattering kinematics. The results
of these tests are in §3. The cosmological simulations with this new
algorithm are described in detail in §4. In §5.1 we provide some

preliminary illustrations of our simulation snapshots and in 5.2 we
demonstrate that the large-scale statistical properties of SIDM are
identical to CDM. In §5.3 we present the properties of individual
SIDM1 and SIDM0.1 halos and compare them to the their CDM
counterparts. In §5.4 we discuss the subhalo mass functions in our
SIDM and CDM simulations and show that SIDM1 subhalo mass
functions are very close to that of CDM in the range of halo masses
we can resolve. We provide scaling relations for the SIDM1 halo
properties in §6 and in §7 we present an analytic model that repro-
duces these scaling relations as well as the absolute densities and
core radii of SIDM1 halos. We use these scaling relations and the
analytic model to make a broad-brush comparison to observed data
in §8. We present a summary together with our final conclusions in
§9.

2 SIMULATING DARKMATTER SELF INTERACTIONS

Our simulations rely on a new algorithm for modeling self-
interacting dark matter with N-body simulations. Here we intro-
duce our approach and provide a brief summary. In Appendix A we
derive the algorithm explicitly starting with the Botlzmann equa-
tion and give details for general implementation.

In N-body simulations, the simulated (macro)particles repre-
sent an ensemble of many dark-matter particles. Each simulation
particle of mass mp can be thought of as a patch of dark-matter
phase-space density. In our treatment of dark matter self-scattering,
the phase space patch of each particle is represented by a delta func-
tion in velocity and a spatially extended kernelW (r, hsi), smooth-
ing out the phase space in configuration space on a self-interaction
smoothing length hsi. The value of hsi needs to be set by consid-
ering the physical conditions of the problem (see §3) as it specifies
the range over which N-body particles can affect each other via
self-interactions. In principle, hsi could be different for each parti-
cle and vary depending on the local density, but in the simulations
presented here we fix hsi to be the same for all particles in a given
simulation, setting the size of hsi according the lowest densities at
which self-interactions are effective for a given cross section.

When two phase-space patches overlap, we need to calculate
the pairwise interaction rate between them. We do so by consid-
ering the “scattering out” part of the Boltzmann collision term in
Equation (A1) and Eqs. (A8)-(A13). The implied rate of scattering
of an N-body particle j off of a target particle i of massmp is

!(i|j) = (!/m)mp|vi # vj |gji , (3)

where gji is a number density factor that accounts for the overlap
of the two particles’ smoothing kernels: 1

gji =

! hsi

0

d3x"W (|x"|, hsi)W (|#xji + x
"|, hsi) . (4)

The probability that such an interaction occurs in a time step #t is

P (i|j) = !(i|j) #t , (5)

and the total probability of interaction between N-body particles i
and j is

Pij =
P (i|j) + P (j|i)

2
. (6)

Specifically, Pij is the probability for a macroparticle representing

1 This equation applies only if hsi is the same for both particles. See Ap-
pendix A for the general form.
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a patch of phase space around (xj ,vj) to interact with a target
particle representing a patch of phase space around (xi,vi) in a
time !t.

We determine if particles interact by drawing a random num-
ber for each pair of particles that are close enough for the proba-
bility of interaction to be greater than zero. If a pair does scatter,
we do a Monte Carlo for the new velocity directions, populating
these parts of the phase-space and deleting the two particles at their
initial phase-space locations. Note that by virtue of populating the
new phase space regions, we are taking care of the “scattering in”
term of the collision integral in Equation (A1). We avoid double
counting by only accounting for Pij = Pji once during a given
time-step !t. In the limit of a large number of macroparticles, the
total interaction probability for each particle i should approach

Pi =
!

j

Pij . (7)

We show in §3 that this approach correctly reproduces the expected
number of scatterings in a idealized test case.

Our method for simulating scattering differs from previous
approaches in a few key ways. It is most similar to that of Davé
et al. (2001) in that we both directly consider interactions between
pairs of phase-space patches and rely on a scattering rate similar
in form to Equation 3. The difference is that their geometric factor
gji is not the same—our factor arises explicitly from the overlap
in patches of phase space between neighboring macroparticles, as
derived from the collision term in the Boltzmann equation (see Ap-
pendix A for details). Other authors determine the scattering rate !
of individual phase-space patches based on estimates of the local
mass density (typically using some number of nearest neighbors or
using an SPH kernel). The Monte Carlo is then based on an esti-
mated scattering rate of an individual particle on the background,
and a scattering partner is only chosen after a scattering event is
determined to have occurred (Kochanek et al. 2000; Yoshida et al.
2000; Colı́n et al. 2002; Randall et al. 2008). The scattering prob-
ability in this latter approach is not symmetric. For macroparticles
of identical mass, P (i|j) = P (j|i) explicitly in our approach, but
not the other approach because the density estimated at the posi-
tion of macroparticle i need not be the same as that estimated at
the position of particle j. In the future, there should be a direct
comparison among these scattering algorithms to determine if they
yield consistent results.

We have implemented our algorithm in the publicly available
version of the cosmological simulation code GADGET-2 (Springel
2005). GADGET-2 computes the short-range gravitational interac-
tions by means of a hierarchical multipole expansion, also known
as a tree algorithm. Particles are grouped hierarchically by a re-
peated subdivision of space, so their gravitational contribution can
be accounted by means of a single multipole force computation. A
cubical root node encompasses the full mass distribution. The node
is repeatedly subdivided into eight daughter nodes of half the side
length each (an oct-tree) until one ends up with “leaf” nodes con-
taining single particles. Forces for a given particle are then obtained
by “walking” the tree, opening nodes that are too close for their
multipole expansion to be a correct approximation to their gravita-
tional contribution. In GADGET-2, spurious strong close encoun-
ters by particles are avoided by convolving the single point particle
density distribution with a normalized spline kernel (“gravitational
softening”).

To implement our algorithm, we take advantage of the tree-
walk already build in GADGET-2, computing self interactions dur-
ing the calculation of the gravitational interactions. For this to work

Figure 1. Fraction of the expected total number of interactions that are com-
puted in our test simulation as a function of the self-interaction smoothing
length. The self-interaction cross section for each run is shown in units of
cm2/g in the legend. The code converges to the expected number of interac-
tions when the smoothing length approaches the background inter-particle
separation, i.e. when hsi(!bg/mp)1/3 ! 0.2.

we have to modify the opening criterion such that nodes are opened
if they are able to have particles closer than 2hsi from a target scat-
terer (or hi + hj if particles have different self-interaction smooth-
ing lengths). When computing the probability of interaction we use
the same spline kernel used in GADGET-2 (Monaghan & Lattanzio
1985), defined as
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If a pair interacts we give both particles a kick consistent with
an elastic scattering that is isotropic in the center of mass frame.
The post-scatter particle velocities are

v
!
0 = vc +

m1

m0 +m1
V e,

v
!
1 = vc !

m0

m0 +m1
V e, (9)

where vc is the center of mass velocity, V is the relative speed of
the particles (conserved for elastic collisions) and e is a randomly
chosen direction.

The time-step criterion is also modified to assure that the scat-
tering probability for any pair of particles is small, P = ! !t <<
1. An individual particle time-step is decreased by a factor of 2 if
during the last tree-walk the maximum probability of interaction for
any pair involving such a particle was Pmax > 0.2. Once a particle
time-step is modified due to the previous restriction, if Pmax < 0.1
for such a particle and its current time-step is smaller than the one
given by the standard criterion on GADGET-2, we increase it by a
factor of 2.

3 TEST OF THE SIDM IMPLEMENTATION

Before performing cosmological simulations, we carried out a con-
trolled test of the implementation in order to make sure the scatter-
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used initial cluster density profiles that were unmotivated cosmo-
logically with central densities about a factor of two too high for the
SIDM cross sections considered (producing a scattering rate that is
inconsistently high). Based on this observation, the bullet cluster
constraint based on evaporation of dark matter from the subclus-
ter should be relaxed since the amount of subcluster mass that be-
comes unbound is directly proportional to the density of dark mat-
ter encountered in its orbit. Moreover, their model galaxies were
placed in the cluster halo potentials without subhalos surrounding
them, an assumption (based on analytic estimates for SIDM sub-
halo evaporation) that is not supported by our simulations. This
could affect the constraints based on the (lack of) offset between
dynamical mass and light. Thus we believe that the bullet cluster
constraints as discussed above are likely only relevant for models
with !/m > 1 cm2/g. However, the constraints could be made
significantly stronger by comparing SIDM predictions to the densi-
ties inferred from the convergence maps since the central halo den-
sities for !/m ! 1 cm2/g are significantly lower than the CDM
predictions, as we show later.

Given these motivations, we perform a set of cosmologi-
cal simulations with both CDM and SIDM. For SIDM we ran
!/m = 1 and 0.1 cm2/g models (hereafter SIDM1 and SIDM0.1),
i.e., models that we have argued pass the Bullet cluster tests. Our
simulations provide us with a sample of halos that span a mass
range much larger than either Davé et al. (2001) or Yoshida et al.
(2000) both with and without self-interactions.

One of the key findings from our simulations is that the core
sizes are expected to scale approximately as a fixed fraction of the
NFW scale radius the halo would have in the absence of scatter-
ings. We can see where this scaling arises from a quick look at
Equation 1. This equation allows us to argue that the radius (r1)
below which we expect dark matter particles (on average) to have
scattered once or more is set by:

"sf(r/rs)vrms "
V 2
max

r2max
f(r1/rs)Vmax = constant , (2)

where f(x) is the functional form of the NFW (or a related) den-
sity profile. In writing the above equation we have assumed that the
density profile for SIDM is not significantly different from CDM at
r1, something that we verify through our simulations. Now, since
CDM enforces a Vmax # rmax relation such that Vmax " r1.4!1.5

max ,
we see that the solution to r1/rs is going to be only mildly depen-
dent on the halo properties. We develop an analytic model based
on this insight later, but this is the underlying reason for why we
find core sizes to be a fixed fraction of the NFW scale radius of the
same halo in the absence of scatterings.

The major conclusion we reach based on the simulations and
the analytic model presented here is that a self-interacting dark
matter model with a cross-section over dark matter particle mass
$ 0.1 cm2/g would be capable of reproducing the core sizes
and central densities observed in dark matter halos at all scales,
from clusters to dwarf spheroidals, without the need for velocity-
dependence in the cross-section.

In the next section, we discuss our new algorithm to compute
the self-interaction probability for N-body particles, derived self-
consistently from the Boltzmann equation. We discuss this new
algorithm in detail in Appendix A. In §2, we show how this al-
gorithm is implemented in the publicly available code GADGET-2
(Springel 2005). We run tests that show that our algorithm gets the
correct interaction rate and post-scattering kinematics. The results
of these tests are in §3. The cosmological simulations with this new
algorithm are described in detail in §4. In §5.1 we provide some

preliminary illustrations of our simulation snapshots and in 5.2 we
demonstrate that the large-scale statistical properties of SIDM are
identical to CDM. In §5.3 we present the properties of individual
SIDM1 and SIDM0.1 halos and compare them to the their CDM
counterparts. In §5.4 we discuss the subhalo mass functions in our
SIDM and CDM simulations and show that SIDM1 subhalo mass
functions are very close to that of CDM in the range of halo masses
we can resolve. We provide scaling relations for the SIDM1 halo
properties in §6 and in §7 we present an analytic model that repro-
duces these scaling relations as well as the absolute densities and
core radii of SIDM1 halos. We use these scaling relations and the
analytic model to make a broad-brush comparison to observed data
in §8. We present a summary together with our final conclusions in
§9.

2 SIMULATING DARKMATTER SELF INTERACTIONS

Our simulations rely on a new algorithm for modeling self-
interacting dark matter with N-body simulations. Here we intro-
duce our approach and provide a brief summary. In Appendix A we
derive the algorithm explicitly starting with the Botlzmann equa-
tion and give details for general implementation.

In N-body simulations, the simulated (macro)particles repre-
sent an ensemble of many dark-matter particles. Each simulation
particle of mass mp can be thought of as a patch of dark-matter
phase-space density. In our treatment of dark matter self-scattering,
the phase space patch of each particle is represented by a delta func-
tion in velocity and a spatially extended kernelW (r, hsi), smooth-
ing out the phase space in configuration space on a self-interaction
smoothing length hsi. The value of hsi needs to be set by consid-
ering the physical conditions of the problem (see §3) as it specifies
the range over which N-body particles can affect each other via
self-interactions. In principle, hsi could be different for each parti-
cle and vary depending on the local density, but in the simulations
presented here we fix hsi to be the same for all particles in a given
simulation, setting the size of hsi according the lowest densities at
which self-interactions are effective for a given cross section.

When two phase-space patches overlap, we need to calculate
the pairwise interaction rate between them. We do so by consid-
ering the “scattering out” part of the Boltzmann collision term in
Equation (A1) and Eqs. (A8)-(A13). The implied rate of scattering
of an N-body particle j off of a target particle i of massmp is

!(i|j) = (!/m)mp|vi # vj |gji , (3)

where gji is a number density factor that accounts for the overlap
of the two particles’ smoothing kernels: 1

gji =

! hsi

0

d3x"W (|x"|, hsi)W (|#xji + x
"|, hsi) . (4)

The probability that such an interaction occurs in a time step #t is

P (i|j) = !(i|j) #t , (5)

and the total probability of interaction between N-body particles i
and j is

Pij =
P (i|j) + P (j|i)

2
. (6)

Specifically, Pij is the probability for a macroparticle representing

1 This equation applies only if hsi is the same for both particles. See Ap-
pendix A for the general form.
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used initial cluster density profiles that were unmotivated cosmo-
logically with central densities about a factor of two too high for the
SIDM cross sections considered (producing a scattering rate that is
inconsistently high). Based on this observation, the bullet cluster
constraint based on evaporation of dark matter from the subclus-
ter should be relaxed since the amount of subcluster mass that be-
comes unbound is directly proportional to the density of dark mat-
ter encountered in its orbit. Moreover, their model galaxies were
placed in the cluster halo potentials without subhalos surrounding
them, an assumption (based on analytic estimates for SIDM sub-
halo evaporation) that is not supported by our simulations. This
could affect the constraints based on the (lack of) offset between
dynamical mass and light. Thus we believe that the bullet cluster
constraints as discussed above are likely only relevant for models
with !/m > 1 cm2/g. However, the constraints could be made
significantly stronger by comparing SIDM predictions to the densi-
ties inferred from the convergence maps since the central halo den-
sities for !/m ! 1 cm2/g are significantly lower than the CDM
predictions, as we show later.

Given these motivations, we perform a set of cosmologi-
cal simulations with both CDM and SIDM. For SIDM we ran
!/m = 1 and 0.1 cm2/g models (hereafter SIDM1 and SIDM0.1),
i.e., models that we have argued pass the Bullet cluster tests. Our
simulations provide us with a sample of halos that span a mass
range much larger than either Davé et al. (2001) or Yoshida et al.
(2000) both with and without self-interactions.

One of the key findings from our simulations is that the core
sizes are expected to scale approximately as a fixed fraction of the
NFW scale radius the halo would have in the absence of scatter-
ings. We can see where this scaling arises from a quick look at
Equation 1. This equation allows us to argue that the radius (r1)
below which we expect dark matter particles (on average) to have
scattered once or more is set by:

"sf(r/rs)vrms "
V 2
max

r2max
f(r1/rs)Vmax = constant , (2)

where f(x) is the functional form of the NFW (or a related) den-
sity profile. In writing the above equation we have assumed that the
density profile for SIDM is not significantly different from CDM at
r1, something that we verify through our simulations. Now, since
CDM enforces a Vmax # rmax relation such that Vmax " r1.4!1.5

max ,
we see that the solution to r1/rs is going to be only mildly depen-
dent on the halo properties. We develop an analytic model based
on this insight later, but this is the underlying reason for why we
find core sizes to be a fixed fraction of the NFW scale radius of the
same halo in the absence of scatterings.

The major conclusion we reach based on the simulations and
the analytic model presented here is that a self-interacting dark
matter model with a cross-section over dark matter particle mass
$ 0.1 cm2/g would be capable of reproducing the core sizes
and central densities observed in dark matter halos at all scales,
from clusters to dwarf spheroidals, without the need for velocity-
dependence in the cross-section.

In the next section, we discuss our new algorithm to compute
the self-interaction probability for N-body particles, derived self-
consistently from the Boltzmann equation. We discuss this new
algorithm in detail in Appendix A. In §2, we show how this al-
gorithm is implemented in the publicly available code GADGET-2
(Springel 2005). We run tests that show that our algorithm gets the
correct interaction rate and post-scattering kinematics. The results
of these tests are in §3. The cosmological simulations with this new
algorithm are described in detail in §4. In §5.1 we provide some

preliminary illustrations of our simulation snapshots and in 5.2 we
demonstrate that the large-scale statistical properties of SIDM are
identical to CDM. In §5.3 we present the properties of individual
SIDM1 and SIDM0.1 halos and compare them to the their CDM
counterparts. In §5.4 we discuss the subhalo mass functions in our
SIDM and CDM simulations and show that SIDM1 subhalo mass
functions are very close to that of CDM in the range of halo masses
we can resolve. We provide scaling relations for the SIDM1 halo
properties in §6 and in §7 we present an analytic model that repro-
duces these scaling relations as well as the absolute densities and
core radii of SIDM1 halos. We use these scaling relations and the
analytic model to make a broad-brush comparison to observed data
in §8. We present a summary together with our final conclusions in
§9.

2 SIMULATING DARKMATTER SELF INTERACTIONS

Our simulations rely on a new algorithm for modeling self-
interacting dark matter with N-body simulations. Here we intro-
duce our approach and provide a brief summary. In Appendix A we
derive the algorithm explicitly starting with the Botlzmann equa-
tion and give details for general implementation.

In N-body simulations, the simulated (macro)particles repre-
sent an ensemble of many dark-matter particles. Each simulation
particle of mass mp can be thought of as a patch of dark-matter
phase-space density. In our treatment of dark matter self-scattering,
the phase space patch of each particle is represented by a delta func-
tion in velocity and a spatially extended kernelW (r, hsi), smooth-
ing out the phase space in configuration space on a self-interaction
smoothing length hsi. The value of hsi needs to be set by consid-
ering the physical conditions of the problem (see §3) as it specifies
the range over which N-body particles can affect each other via
self-interactions. In principle, hsi could be different for each parti-
cle and vary depending on the local density, but in the simulations
presented here we fix hsi to be the same for all particles in a given
simulation, setting the size of hsi according the lowest densities at
which self-interactions are effective for a given cross section.

When two phase-space patches overlap, we need to calculate
the pairwise interaction rate between them. We do so by consid-
ering the “scattering out” part of the Boltzmann collision term in
Equation (A1) and Eqs. (A8)-(A13). The implied rate of scattering
of an N-body particle j off of a target particle i of massmp is

!(i|j) = (!/m)mp|vi # vj |gji , (3)

where gji is a number density factor that accounts for the overlap
of the two particles’ smoothing kernels: 1

gji =

! hsi

0

d3x"W (|x"|, hsi)W (|#xji + x
"|, hsi) . (4)

The probability that such an interaction occurs in a time step #t is

P (i|j) = !(i|j) #t , (5)

and the total probability of interaction between N-body particles i
and j is

Pij =
P (i|j) + P (j|i)

2
. (6)

Specifically, Pij is the probability for a macroparticle representing

1 This equation applies only if hsi is the same for both particles. See Ap-
pendix A for the general form.
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used initial cluster density profiles that were unmotivated cosmo-
logically with central densities about a factor of two too high for the
SIDM cross sections considered (producing a scattering rate that is
inconsistently high). Based on this observation, the bullet cluster
constraint based on evaporation of dark matter from the subclus-
ter should be relaxed since the amount of subcluster mass that be-
comes unbound is directly proportional to the density of dark mat-
ter encountered in its orbit. Moreover, their model galaxies were
placed in the cluster halo potentials without subhalos surrounding
them, an assumption (based on analytic estimates for SIDM sub-
halo evaporation) that is not supported by our simulations. This
could affect the constraints based on the (lack of) offset between
dynamical mass and light. Thus we believe that the bullet cluster
constraints as discussed above are likely only relevant for models
with !/m > 1 cm2/g. However, the constraints could be made
significantly stronger by comparing SIDM predictions to the densi-
ties inferred from the convergence maps since the central halo den-
sities for !/m ! 1 cm2/g are significantly lower than the CDM
predictions, as we show later.

Given these motivations, we perform a set of cosmologi-
cal simulations with both CDM and SIDM. For SIDM we ran
!/m = 1 and 0.1 cm2/g models (hereafter SIDM1 and SIDM0.1),
i.e., models that we have argued pass the Bullet cluster tests. Our
simulations provide us with a sample of halos that span a mass
range much larger than either Davé et al. (2001) or Yoshida et al.
(2000) both with and without self-interactions.

One of the key findings from our simulations is that the core
sizes are expected to scale approximately as a fixed fraction of the
NFW scale radius the halo would have in the absence of scatter-
ings. We can see where this scaling arises from a quick look at
Equation 1. This equation allows us to argue that the radius (r1)
below which we expect dark matter particles (on average) to have
scattered once or more is set by:

"sf(r/rs)vrms "
V 2
max

r2max
f(r1/rs)Vmax = constant , (2)

where f(x) is the functional form of the NFW (or a related) den-
sity profile. In writing the above equation we have assumed that the
density profile for SIDM is not significantly different from CDM at
r1, something that we verify through our simulations. Now, since
CDM enforces a Vmax # rmax relation such that Vmax " r1.4!1.5

max ,
we see that the solution to r1/rs is going to be only mildly depen-
dent on the halo properties. We develop an analytic model based
on this insight later, but this is the underlying reason for why we
find core sizes to be a fixed fraction of the NFW scale radius of the
same halo in the absence of scatterings.

The major conclusion we reach based on the simulations and
the analytic model presented here is that a self-interacting dark
matter model with a cross-section over dark matter particle mass
$ 0.1 cm2/g would be capable of reproducing the core sizes
and central densities observed in dark matter halos at all scales,
from clusters to dwarf spheroidals, without the need for velocity-
dependence in the cross-section.

In the next section, we discuss our new algorithm to compute
the self-interaction probability for N-body particles, derived self-
consistently from the Boltzmann equation. We discuss this new
algorithm in detail in Appendix A. In §2, we show how this al-
gorithm is implemented in the publicly available code GADGET-2
(Springel 2005). We run tests that show that our algorithm gets the
correct interaction rate and post-scattering kinematics. The results
of these tests are in §3. The cosmological simulations with this new
algorithm are described in detail in §4. In §5.1 we provide some

preliminary illustrations of our simulation snapshots and in 5.2 we
demonstrate that the large-scale statistical properties of SIDM are
identical to CDM. In §5.3 we present the properties of individual
SIDM1 and SIDM0.1 halos and compare them to the their CDM
counterparts. In §5.4 we discuss the subhalo mass functions in our
SIDM and CDM simulations and show that SIDM1 subhalo mass
functions are very close to that of CDM in the range of halo masses
we can resolve. We provide scaling relations for the SIDM1 halo
properties in §6 and in §7 we present an analytic model that repro-
duces these scaling relations as well as the absolute densities and
core radii of SIDM1 halos. We use these scaling relations and the
analytic model to make a broad-brush comparison to observed data
in §8. We present a summary together with our final conclusions in
§9.

2 SIMULATING DARKMATTER SELF INTERACTIONS

Our simulations rely on a new algorithm for modeling self-
interacting dark matter with N-body simulations. Here we intro-
duce our approach and provide a brief summary. In Appendix A we
derive the algorithm explicitly starting with the Botlzmann equa-
tion and give details for general implementation.

In N-body simulations, the simulated (macro)particles repre-
sent an ensemble of many dark-matter particles. Each simulation
particle of mass mp can be thought of as a patch of dark-matter
phase-space density. In our treatment of dark matter self-scattering,
the phase space patch of each particle is represented by a delta func-
tion in velocity and a spatially extended kernelW (r, hsi), smooth-
ing out the phase space in configuration space on a self-interaction
smoothing length hsi. The value of hsi needs to be set by consid-
ering the physical conditions of the problem (see §3) as it specifies
the range over which N-body particles can affect each other via
self-interactions. In principle, hsi could be different for each parti-
cle and vary depending on the local density, but in the simulations
presented here we fix hsi to be the same for all particles in a given
simulation, setting the size of hsi according the lowest densities at
which self-interactions are effective for a given cross section.

When two phase-space patches overlap, we need to calculate
the pairwise interaction rate between them. We do so by consid-
ering the “scattering out” part of the Boltzmann collision term in
Equation (A1) and Eqs. (A8)-(A13). The implied rate of scattering
of an N-body particle j off of a target particle i of massmp is

!(i|j) = (!/m)mp|vi # vj |gji , (3)

where gji is a number density factor that accounts for the overlap
of the two particles’ smoothing kernels: 1

gji =

! hsi

0

d3x"W (|x"|, hsi)W (|#xji + x
"|, hsi) . (4)

The probability that such an interaction occurs in a time step #t is

P (i|j) = !(i|j) #t , (5)

and the total probability of interaction between N-body particles i
and j is

Pij =
P (i|j) + P (j|i)

2
. (6)

Specifically, Pij is the probability for a macroparticle representing

1 This equation applies only if hsi is the same for both particles. See Ap-
pendix A for the general form.
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Figure 3. Large-scale characteristics Left: Dark matter two-point correlation functions from our CDM-50 (CDM-25) and SIDM1-50 (SIDM1-25) simulations
in black (grey) and blue (cyan) colors respectively. There are no noticeable difference between the CDM and SIDM1 dark matter clustering over the scales
plotted. Right: Cumulative number density of dark matter halos as a function of their maximum circular velocity (Vmax) at different redshifts for our CDM-50
(solid) and SIDM1-50 (dashed) simulations. There are no significant differences in the Vmax functions of CDM and SIDM1 at any redshift.

§5.2 but of course this is expected. The SIDM models we explore
do not have appreciable rates of interaction for densities outside the
cores of dark matter halos. The upper panels of Figure 2 provide a
visual reminder that the SIDM models we consider are effectively
identical to CDM on larges scales.

The differences between CDM and SIDM become apparent
only when one considers the internal structure of individual ha-
los. The lower panels of Figure 2 provide side-by-side images of a
Milky-Way mass halo (Z12) simulated with CDM (left) and SIDM1

(right). SIDM tends to make the cores of halos less dense and ki-
netically hotter (see §5.3) and these two differences are enhanced
multiplicatively in the phase-space density renderings. The central
regions of the host halo are also slightly rounder in the SIDM case
(Peter et al. 2012). Importantly, the difference in substructure char-
acteristics are minimal, especially at larger radii. We return to a
quantitative description of substructure differences in §5.4.

5.2 Large Scale Structure and Halo Abundances

Figure 3 provides a quantitative comparison of both the clustering
properties (left) and halo abundance evolution (right) between our
full-box CDM and SIDM1 simulations. The left panel shows the
two-point function of dark matter particles in both cosmological
runs for CDM and SIDM1. There are no discernible differences
between SIDM and CDM over the scales plotted, though of course
the different box sizes (and associated resolutions) mean that the
boxes themselves only overlap for a limited range of scales. For
a given set of initial conditions, however, SIDM and CDM give
identical results.

The right panel of Figure 3 shows the cumulative number
density of dark-matter halos (including subhalos) as a function of
their peak circular velocity (Vmax) for the CDM-50 (solid) and
SIDM1-50 (dashed) simulations at various redshifts. Remarkably,
this comparison shows no significant difference either – indicat-
ing that SIDM with cross sections as large as 1 cm2/g does not
strongly affect the maximum circular velocities of individual halos.

The two panels of Figure 3 demonstrate that for large-scale com-
parisons, including analyses involving field halo mass functions,
SIDM and CDM yield identical results. The implication is that ob-
servations of large-scale structure are just as much a “verification”
of SIDM as they are of CDM.

5.3 Halo Structure

Before presenting statistics on halo structure, we focus on six well
resolved halos that span our full mass range Mvir = 5 ! 1011 "
2 ! 1014 M!, selected from our full simulation suite, including
our two zoom-simulation halos (Z12 and Z11). Figures 4 through
6 show radial profiles for the density, circular velocity and velocity
dispersion for all three dark matter cases. In each figure, black cir-
cles correspond to CDM, green triangles to SIDM0.1, and blue stars
to SIDM1. All profiles are shown down to the innermost resolved
radius for which the average two-body relaxation time roughly
matches the age of the Universe (Power et al. 2003).

We begin with the density profiles of halos shown in the six-
panel Figure 4. For each halo in the CDM run we have fit an NFW
profile (Navarro et al. 1997) to its radial density structure:

!NFW(r) =
!s r

3
s

r(rs + r)2
, (11)

and recorded its corresponding scale radius rs. The CDM-fit rs
value for each halo is given in its associated panel along with the
halo virial mass. The radial profiles for each halo (in both the CDM
and SIDM runs) are normalized with respect to the CDM rs value
in the plot. This allows our full range of halo masses to be plotted
on identical axes.

The SIDM versions of each halo show remarkable similar-
ity to their CDM counterparts at large radii. However, the SIDM1

cases clearly begin to roll towards constant-density cores at small
radii. The best resolved halos in the SIDM0.1 runs also demonstrate
lower central densities compared to CDM, though the differences
are at the factor of # 2 level even in our best resolved systems.
Clearly, higher resolution simulations will be required in order to
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Figure 8. Subhalo cumulative number as a function of halo peak circular velocity (Vmax) for several well-resolved halos in our CDM (solid), SIDM0.1

(dotted), and SIDM1 (dashed) simulations. When looking at all subhalos within r < rvir (left), the differences are small and the slope of the subhalo Vmax

function is the same for the CDM and SIDM cases. The offset in the subhalo Vmax function increases when we look only at subhalos inside r < 0.5 rvir
(right panel), showing that SIDM suppresses the number of subhalos in the central regions of halos more strongly.

plots but indicate them with open symbols. We do not use them in
the best fits for the scaling relations that we provide.

We start by examining the global structure of halos as char-
acterized by the maximum circular velocity Vmax and the radius
where the rotation curve peaks, rmax. The relationship between
Vmax and rmax provides a simple, intermediate-scale measure of
halo concentration and we aim to investigate any differences be-
tween SIDM and CDM. Figure 9 shows the Vmax − rmax rela-
tion for CDM (black) and SIDM1 (blue) halos. We can see that
small differences of about 10% exists in both Vmax and rmax, with
SIDM1 halos having larger values for Vmax and smaller for rmax.
This was already evident in Figure 5, where the circular veloc-
ity curves of SIDM1 halos seem to peak at slightly smaller radii
and slightly larger velocities than their CDM analogs, even though
SIDM1 curves decrease more steeply at the center.

The apparent difference is consistent with a picture where en-
ergy exchange due to scattering redistributes the SIDM dark matter
particles, with many of the tightly bound particles scattered onto
less bound, high apocenter orbits. Since the radius at which self-
interactions are significant (see Figure 7) is smaller than (but close
to) rs, it is entirely reasonable that the scattered particles lead to
a new rmax for SIDM1 that is smaller than the CDM rmax and a
Vmax that is larger. Notice that the slope of the Vmax−rmax relation
is unchanged from CDM to SIDM1. The best-fit relations are:

rmax = 26.21 kpc

�
Vmax

100 km/s

�1.45

(CDM) ,

rmax = 22.46 kpc

�
Vmax

100 km/s

�1.46

(SIDM1). (15)

We continue this discussion by considering the sizes of cores

in our SIDM1 simulations as a function of Vmax. The core sizes of
halos are quantified by the scale radius in the Burkert fit to their
density profiles, namely rb in Equation 12. Figure 10 shows that
for this relation a single power law holds along the whole range
of our sample. We will come back to this result in our discussion
section (§8) on extrapolating to smaller and larger Vmax values to
make contact with observations of cores in galaxies and clusters.
The power law that best fits our data is given by

rb = 7.50 kpc

�
Vmax

100 km/s

�1.31

. (16)

If we fit to Mvir instead of Vmax we get

rb = 2.21 kpc

�
Mvir

1010 M⊙

�0.43

. (17)

We note that the scaling with Vmax is close to that expected
for rmax or rs. We show this explicitly by fitting for the core size
of SIDM1 halos rb as a function of the NFW scale radius rs of
their CDM counterparts, as shown in Figure 11. We find that the
ratio of the core size of a SIDM1 halo to the scale radius of the
corresponding CDM halo varies very mildly with Vmax. In other
words, the core sizes are a fixed fraction of the CDM halo scale
radius. The relation that best fits our data is given by

rb
rs

= 0.71

�
rs

10 kpc

�−0.08

. (18)

This underscores the point that rb and rs are closely tied to each
other and the fact that they are numerically so close to each other
is the reason why a cored profile with a single scale (like a Burk-
ert profile) provides a reasonable fit to our SIDM1 halos. We will
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Figure 4. Density profiles for our six example halos from our SIDM1 (blue stars) and SIDM0.1 (green triangles) simulations and their CDM counterparts.

With self-interactions turned on, halo central densities decrease, forming cored density profiles. Solid lines are for the best NFW (black) and Burkert (blue) fits,

with the points representing the density at each radial bin found by AHF. The arrow indicates the location of the Burkert core radius rb. rs is the NFW scale

radius of the corresponding CDM halo density profile (black solid line). Burkert profiles provide a reasonable fit to our SIDM1 halos only because rb ≈ rs
for σ/m = 1 cm2/g, so a cored profile with a single scale radius works. As discussed in §7 this is not the case for σ/m = 0.1 cm2/g and thus Burkert

profiles are not a good fit to our SIDM0.1 halos.

fully quantify the expected differences between CDM and SIDM

for σ/m ∼ 0.1 cm2/g.

For the SIDM1 cases we can quantify the halo cores by fitting

them to Burkert (1995) profiles

ρB(r) =
ρbr

3
b

(r + rb)(r2 + r2b)
. (12)

These Burkert fits are shown as blue dashed lines. They are good

fits for radii within r ∼ 2 − 3 rs, but the quality of the fits gets

worse at large radii. The blue arrows in each panel show the value

of the best-fit Burkert core radius for the SIDM1 halos. Note that

the values are remarkably stable in proportion to the CDM rs value

at rb � 0.7 rs.

As explained in §7, the fact that the SIDM1 profiles are rea-

sonably well characterized by a single scale-radius Burkert profile

may be a lucky accident, only valid for cross sections near 1 cm2/g.

It just so happens that for this cross section the radius where dark

matter particles experience significant scattering sets in at r ∼ rs
(see Figure 7 and related discussion). For a smaller cross section

(with a correspondingly smaller core) a multiple parameter fit may

be necessary. Given the beginnings of very small cores we are see-

ing in the SIDM0.1 runs, it would appear that we would need one

scale radius to define an rs bend and a second scale radii to define

a distinct core.

Another qualitative fact worth noting is that the density pro-

files of the SIDM1 halos overshoot the CDM density profiles near

the Burkert core radius (not as much as the Burkert fits do, but

the difference in the data points is noticeable). This is due to the

fact that as particles scatter in the center, those that gain energy

are pushed to larger apocenter orbits. This observation invites us

to consider a toy model for SIDM halos where the effect of SIDM

is confined to a region (smaller than a radius of about rb) wherein

particles redistribute energy and move towards a constant density

isothermal core. We will develop this model further to explain the

scaling relations between core size and halo mass in Sec. 6.

The circular velocity curves for the same set of halos discussed

above are shown in Figure 5. The SIDM rotation curves rise more

steeply and have a lower normalization than for CDM within the

NFW scale radius rs. This brings to mind the rotation curves ob-

served for low surface brightness galaxies and we will explore this

connection later. Note though that the peak circular velocity Vmax

actually is slightly higher for the SIDM1 case because of the mass

rearrangement (evident in the density profiles in Figure 4) briefly

discussed in the last paragraph. At radii well outside the core ra-

dius, the rotation curves of the CDM and SIDM1 halos converge,

though this convergence occurs beyond the plot axes > rs for most

of the halos shown.

An appreciation of why the density profiles of SIDM halos

become cored can be gained from studying their velocity disper-

sion profiles compared to their CDM counterparts, as illustrated in

Figure 6. Here vrms is defined as the root-mean-square speed of all
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Figure 4. Density profiles for our six example halos from our SIDM1 (blue stars) and SIDM0.1 (green triangles) simulations and their CDM counterparts.

With self-interactions turned on, halo central densities decrease, forming cored density profiles. Solid lines are for the best NFW (black) and Burkert (blue) fits,

with the points representing the density at each radial bin found by AHF. The arrow indicates the location of the Burkert core radius rb. rs is the NFW scale

radius of the corresponding CDM halo density profile (black solid line). Burkert profiles provide a reasonable fit to our SIDM1 halos only because rb ≈ rs
for σ/m = 1 cm2/g, so a cored profile with a single scale radius works. As discussed in §7 this is not the case for σ/m = 0.1 cm2/g and thus Burkert

profiles are not a good fit to our SIDM0.1 halos.

fully quantify the expected differences between CDM and SIDM

for σ/m ∼ 0.1 cm2/g.

For the SIDM1 cases we can quantify the halo cores by fitting

them to Burkert (1995) profiles

ρB(r) =
ρbr

3
b

(r + rb)(r2 + r2b)
. (12)

These Burkert fits are shown as blue dashed lines. They are good

fits for radii within r ∼ 2 − 3 rs, but the quality of the fits gets

worse at large radii. The blue arrows in each panel show the value

of the best-fit Burkert core radius for the SIDM1 halos. Note that

the values are remarkably stable in proportion to the CDM rs value

at rb � 0.7 rs.

As explained in §7, the fact that the SIDM1 profiles are rea-

sonably well characterized by a single scale-radius Burkert profile

may be a lucky accident, only valid for cross sections near 1 cm2/g.

It just so happens that for this cross section the radius where dark

matter particles experience significant scattering sets in at r ∼ rs
(see Figure 7 and related discussion). For a smaller cross section

(with a correspondingly smaller core) a multiple parameter fit may

be necessary. Given the beginnings of very small cores we are see-

ing in the SIDM0.1 runs, it would appear that we would need one

scale radius to define an rs bend and a second scale radii to define

a distinct core.

Another qualitative fact worth noting is that the density pro-

files of the SIDM1 halos overshoot the CDM density profiles near

the Burkert core radius (not as much as the Burkert fits do, but

the difference in the data points is noticeable). This is due to the

fact that as particles scatter in the center, those that gain energy

are pushed to larger apocenter orbits. This observation invites us

to consider a toy model for SIDM halos where the effect of SIDM

is confined to a region (smaller than a radius of about rb) wherein

particles redistribute energy and move towards a constant density

isothermal core. We will develop this model further to explain the

scaling relations between core size and halo mass in Sec. 6.

The circular velocity curves for the same set of halos discussed

above are shown in Figure 5. The SIDM rotation curves rise more

steeply and have a lower normalization than for CDM within the

NFW scale radius rs. This brings to mind the rotation curves ob-

served for low surface brightness galaxies and we will explore this

connection later. Note though that the peak circular velocity Vmax

actually is slightly higher for the SIDM1 case because of the mass

rearrangement (evident in the density profiles in Figure 4) briefly

discussed in the last paragraph. At radii well outside the core ra-

dius, the rotation curves of the CDM and SIDM1 halos converge,

though this convergence occurs beyond the plot axes > rs for most

of the halos shown.

An appreciation of why the density profiles of SIDM halos

become cored can be gained from studying their velocity disper-

sion profiles compared to their CDM counterparts, as illustrated in

Figure 6. Here vrms is defined as the root-mean-square speed of all
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Figure 4. Density profiles for our six example halos from our SIDM1 (blue stars) and SIDM0.1 (green triangles) simulations and their CDM counterparts.

With self-interactions turned on, halo central densities decrease, forming cored density profiles. Solid lines are for the best NFW (black) and Burkert (blue) fits,

with the points representing the density at each radial bin found by AHF. The arrow indicates the location of the Burkert core radius rb. rs is the NFW scale

radius of the corresponding CDM halo density profile (black solid line). Burkert profiles provide a reasonable fit to our SIDM1 halos only because rb ≈ rs
for σ/m = 1 cm2/g, so a cored profile with a single scale radius works. As discussed in §7 this is not the case for σ/m = 0.1 cm2/g and thus Burkert

profiles are not a good fit to our SIDM0.1 halos.

fully quantify the expected differences between CDM and SIDM

for σ/m ∼ 0.1 cm2/g.

For the SIDM1 cases we can quantify the halo cores by fitting

them to Burkert (1995) profiles

ρB(r) =
ρbr

3
b

(r + rb)(r2 + r2b)
. (12)

These Burkert fits are shown as blue dashed lines. They are good

fits for radii within r ∼ 2 − 3 rs, but the quality of the fits gets

worse at large radii. The blue arrows in each panel show the value

of the best-fit Burkert core radius for the SIDM1 halos. Note that

the values are remarkably stable in proportion to the CDM rs value

at rb � 0.7 rs.

As explained in §7, the fact that the SIDM1 profiles are rea-

sonably well characterized by a single scale-radius Burkert profile

may be a lucky accident, only valid for cross sections near 1 cm2/g.

It just so happens that for this cross section the radius where dark

matter particles experience significant scattering sets in at r ∼ rs
(see Figure 7 and related discussion). For a smaller cross section

(with a correspondingly smaller core) a multiple parameter fit may

be necessary. Given the beginnings of very small cores we are see-

ing in the SIDM0.1 runs, it would appear that we would need one

scale radius to define an rs bend and a second scale radii to define

a distinct core.

Another qualitative fact worth noting is that the density pro-

files of the SIDM1 halos overshoot the CDM density profiles near

the Burkert core radius (not as much as the Burkert fits do, but

the difference in the data points is noticeable). This is due to the

fact that as particles scatter in the center, those that gain energy

are pushed to larger apocenter orbits. This observation invites us

to consider a toy model for SIDM halos where the effect of SIDM

is confined to a region (smaller than a radius of about rb) wherein

particles redistribute energy and move towards a constant density

isothermal core. We will develop this model further to explain the

scaling relations between core size and halo mass in Sec. 6.

The circular velocity curves for the same set of halos discussed

above are shown in Figure 5. The SIDM rotation curves rise more

steeply and have a lower normalization than for CDM within the

NFW scale radius rs. This brings to mind the rotation curves ob-

served for low surface brightness galaxies and we will explore this

connection later. Note though that the peak circular velocity Vmax

actually is slightly higher for the SIDM1 case because of the mass

rearrangement (evident in the density profiles in Figure 4) briefly

discussed in the last paragraph. At radii well outside the core ra-

dius, the rotation curves of the CDM and SIDM1 halos converge,

though this convergence occurs beyond the plot axes > rs for most

of the halos shown.

An appreciation of why the density profiles of SIDM halos

become cored can be gained from studying their velocity disper-

sion profiles compared to their CDM counterparts, as illustrated in

Figure 6. Here vrms is defined as the root-mean-square speed of all
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Figure 6. Velocity dispersion profiles for our six example halos from our SIDM1 and SIDM0.1 simulations over-plotted with their CDM counterparts. The
velocity dispersion is inflated at small radii and slightly suppressed at large radii. The effects set in at approximately the radius where SIDM particles experience
at least one interaction on average over the lifetime of the halo (see Figure 7).

(2010) for reviews). In fact, one of the most stringent constraints
on the self-interaction cross section comes from analytic subhalo-
evaporation arguments (Gnedin & Ostriker 2001).

Figure 8 demonstrates that the effects of subhalo evaporation
in SIDM are not as strong as previously suggested on analytic
grounds. Here we show the cumulative number of subhalos larger
than a given Vmax for a sample of well-resolved halos in our CDM
(solid), SIDM0.1 (dotted), and and SIDM1 (dashed) simulations.
The associated virial masses for each host halo are shown in the
legend. The left panel presents the Vmax function for all subhalos
within the virial radius of each host and the right panel restricts the
analysis to subhalos within half of the virial radius. We see that gen-
erally the reduction in substructure counts at a fixed Vmax is small
but non-zero and that the effects appear to be stronger at small radii
than large. Similarly, there appears to be slightly more reduction of
substructure in the SIDM cluster halos compared to the galaxy size
systems.

We can understand both trends, 1) the increase in the differ-
ence between the CDM and SIDM Vmax functions as Mvir in-
creases and 2) the increase in the difference as one looks at the
central regions of the halo, using the results from the previous sec-
tion as a guide. The typical probability that particle in an SIDM
subhalo will interact with a particle in the background halo is

P ≈ �ρhost(r)(σ/m)vorb(r)�T T, (14)

where vorb(r) is the orbital speed of the subhalo at position r, ρhost
is the mass density of the host halo, and T is the orbital period.
The typical speed of the subhalo is similar to the rms speed of

the smooth component of the halo, and thus ρhost(r)(σ/m)vorb(r)
should be similar to the function we show in Figure 7. At fixed
r/rs we expect P to scale with Vmax as V 3

max/r
2
max (given that

ρs ∝ V 2
max/r

2
max), which is a very mildly increasing function

of Vmax over the range of halo masses we have simulated. Note
though that we expect scatter at fixed halo mass because of the
scatter in the Vmax − rmax relation (Bullock et al. 2001).

While the increase in destruction of subhalos with host halo
mass is not strong, it is clear from the above arguments that subha-
los in the inner parts of the halo (r/rs � 1) should be destroyed but
the bulk of the subhalos around r/rs ∼ 1 and beyond should sur-
vive for σ/m = 1 cm2/g. This effect is strengthen by the fact that
subhalos in the innermost region of the halo were accreted much
longer ago than subhalos in the outskirts, so they have experienced
many more orbits (Rocha et al. 2011). These arguments explain the
comparisons between the subhalo mass functions plotted in Fig-
ure 8. Our arguments demonstrate that a large fraction of the sub-
halos found in CDM halos (most of which are in the outer parts)
would still survive in SIDM halos for σ/m values around or below
1 cm2/g.

Overall in the previous two sections we have seen that the effects
of self-interactions between dark matter particles in cosmological
simulations are primarily in the central regions of dark matter ha-
los, leaving the large scale structure identical to our non-interacting
CDM simulations. Thus we retain the desirable features of CDM
on large scales while revealing different phenomenology near halo
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Figure 4. Density profiles for our six example halos from our SIDM1 (blue stars) and SIDM0.1 (green triangles) simulations and their CDM counterparts.

With self-interactions turned on, halo central densities decrease, forming cored density profiles. Solid lines are for the best NFW (black) and Burkert (blue) fits,

with the points representing the density at each radial bin found by AHF. The arrow indicates the location of the Burkert core radius rb. rs is the NFW scale

radius of the corresponding CDM halo density profile (black solid line). Burkert profiles provide a reasonable fit to our SIDM1 halos only because rb ≈ rs
for σ/m = 1 cm2/g, so a cored profile with a single scale radius works. As discussed in §7 this is not the case for σ/m = 0.1 cm2/g and thus Burkert

profiles are not a good fit to our SIDM0.1 halos.

fully quantify the expected differences between CDM and SIDM

for σ/m ∼ 0.1 cm2/g.

For the SIDM1 cases we can quantify the halo cores by fitting

them to Burkert (1995) profiles

ρB(r) =
ρbr

3
b

(r + rb)(r2 + r2b)
. (12)

These Burkert fits are shown as blue dashed lines. They are good

fits for radii within r ∼ 2 − 3 rs, but the quality of the fits gets

worse at large radii. The blue arrows in each panel show the value

of the best-fit Burkert core radius for the SIDM1 halos. Note that

the values are remarkably stable in proportion to the CDM rs value

at rb � 0.7 rs.

As explained in §7, the fact that the SIDM1 profiles are rea-

sonably well characterized by a single scale-radius Burkert profile

may be a lucky accident, only valid for cross sections near 1 cm2/g.

It just so happens that for this cross section the radius where dark

matter particles experience significant scattering sets in at r ∼ rs
(see Figure 7 and related discussion). For a smaller cross section

(with a correspondingly smaller core) a multiple parameter fit may

be necessary. Given the beginnings of very small cores we are see-

ing in the SIDM0.1 runs, it would appear that we would need one

scale radius to define an rs bend and a second scale radii to define

a distinct core.

Another qualitative fact worth noting is that the density pro-

files of the SIDM1 halos overshoot the CDM density profiles near

the Burkert core radius (not as much as the Burkert fits do, but

the difference in the data points is noticeable). This is due to the

fact that as particles scatter in the center, those that gain energy

are pushed to larger apocenter orbits. This observation invites us

to consider a toy model for SIDM halos where the effect of SIDM

is confined to a region (smaller than a radius of about rb) wherein

particles redistribute energy and move towards a constant density

isothermal core. We will develop this model further to explain the

scaling relations between core size and halo mass in Sec. 6.

The circular velocity curves for the same set of halos discussed

above are shown in Figure 5. The SIDM rotation curves rise more

steeply and have a lower normalization than for CDM within the

NFW scale radius rs. This brings to mind the rotation curves ob-

served for low surface brightness galaxies and we will explore this

connection later. Note though that the peak circular velocity Vmax

actually is slightly higher for the SIDM1 case because of the mass

rearrangement (evident in the density profiles in Figure 4) briefly

discussed in the last paragraph. At radii well outside the core ra-

dius, the rotation curves of the CDM and SIDM1 halos converge,

though this convergence occurs beyond the plot axes > rs for most

of the halos shown.

An appreciation of why the density profiles of SIDM halos

become cored can be gained from studying their velocity disper-

sion profiles compared to their CDM counterparts, as illustrated in

Figure 6. Here vrms is defined as the root-mean-square speed of all
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Figure 6. Velocity dispersion profiles for our six example halos from our SIDM1 and SIDM0.1 simulations over-plotted with their CDM counterparts. The
velocity dispersion is inflated at small radii and slightly suppressed at large radii. The effects set in at approximately the radius where SIDM particles experience
at least one interaction on average over the lifetime of the halo (see Figure 7).

(2010) for reviews). In fact, one of the most stringent constraints
on the self-interaction cross section comes from analytic subhalo-
evaporation arguments (Gnedin & Ostriker 2001).

Figure 8 demonstrates that the effects of subhalo evaporation
in SIDM are not as strong as previously suggested on analytic
grounds. Here we show the cumulative number of subhalos larger
than a given Vmax for a sample of well-resolved halos in our CDM
(solid), SIDM0.1 (dotted), and and SIDM1 (dashed) simulations.
The associated virial masses for each host halo are shown in the
legend. The left panel presents the Vmax function for all subhalos
within the virial radius of each host and the right panel restricts the
analysis to subhalos within half of the virial radius. We see that gen-
erally the reduction in substructure counts at a fixed Vmax is small
but non-zero and that the effects appear to be stronger at small radii
than large. Similarly, there appears to be slightly more reduction of
substructure in the SIDM cluster halos compared to the galaxy size
systems.

We can understand both trends, 1) the increase in the differ-
ence between the CDM and SIDM Vmax functions as Mvir in-
creases and 2) the increase in the difference as one looks at the
central regions of the halo, using the results from the previous sec-
tion as a guide. The typical probability that particle in an SIDM
subhalo will interact with a particle in the background halo is

P ≈ �ρhost(r)(σ/m)vorb(r)�T T, (14)

where vorb(r) is the orbital speed of the subhalo at position r, ρhost
is the mass density of the host halo, and T is the orbital period.
The typical speed of the subhalo is similar to the rms speed of

the smooth component of the halo, and thus ρhost(r)(σ/m)vorb(r)
should be similar to the function we show in Figure 7. At fixed
r/rs we expect P to scale with Vmax as V 3

max/r
2
max (given that

ρs ∝ V 2
max/r

2
max), which is a very mildly increasing function

of Vmax over the range of halo masses we have simulated. Note
though that we expect scatter at fixed halo mass because of the
scatter in the Vmax − rmax relation (Bullock et al. 2001).

While the increase in destruction of subhalos with host halo
mass is not strong, it is clear from the above arguments that subha-
los in the inner parts of the halo (r/rs � 1) should be destroyed but
the bulk of the subhalos around r/rs ∼ 1 and beyond should sur-
vive for σ/m = 1 cm2/g. This effect is strengthen by the fact that
subhalos in the innermost region of the halo were accreted much
longer ago than subhalos in the outskirts, so they have experienced
many more orbits (Rocha et al. 2011). These arguments explain the
comparisons between the subhalo mass functions plotted in Fig-
ure 8. Our arguments demonstrate that a large fraction of the sub-
halos found in CDM halos (most of which are in the outer parts)
would still survive in SIDM halos for σ/m values around or below
1 cm2/g.

Overall in the previous two sections we have seen that the effects
of self-interactions between dark matter particles in cosmological
simulations are primarily in the central regions of dark matter ha-
los, leaving the large scale structure identical to our non-interacting
CDM simulations. Thus we retain the desirable features of CDM
on large scales while revealing different phenomenology near halo

c� 0000 RAS, MNRAS 000, 000–000

r/rs
0.5 0.5

r/rs
0.1 0.1

σ/m = 1 
σ/m = 0.1

Rocha et al. 2012
arXiv:1208.3025

Thursday, August 16, 2012



8 Rocha et al.

Figure 4. Density profiles for our six example halos from our SIDM1 (blue stars) and SIDM0.1 (green triangles) simulations and their CDM counterparts.

With self-interactions turned on, halo central densities decrease, forming cored density profiles. Solid lines are for the best NFW (black) and Burkert (blue) fits,

with the points representing the density at each radial bin found by AHF. The arrow indicates the location of the Burkert core radius rb. rs is the NFW scale

radius of the corresponding CDM halo density profile (black solid line). Burkert profiles provide a reasonable fit to our SIDM1 halos only because rb ≈ rs
for σ/m = 1 cm2/g, so a cored profile with a single scale radius works. As discussed in §7 this is not the case for σ/m = 0.1 cm2/g and thus Burkert

profiles are not a good fit to our SIDM0.1 halos.

fully quantify the expected differences between CDM and SIDM

for σ/m ∼ 0.1 cm2/g.

For the SIDM1 cases we can quantify the halo cores by fitting

them to Burkert (1995) profiles

ρB(r) =
ρbr

3
b

(r + rb)(r2 + r2b)
. (12)

These Burkert fits are shown as blue dashed lines. They are good

fits for radii within r ∼ 2 − 3 rs, but the quality of the fits gets

worse at large radii. The blue arrows in each panel show the value

of the best-fit Burkert core radius for the SIDM1 halos. Note that

the values are remarkably stable in proportion to the CDM rs value

at rb � 0.7 rs.

As explained in §7, the fact that the SIDM1 profiles are rea-

sonably well characterized by a single scale-radius Burkert profile

may be a lucky accident, only valid for cross sections near 1 cm2/g.

It just so happens that for this cross section the radius where dark

matter particles experience significant scattering sets in at r ∼ rs
(see Figure 7 and related discussion). For a smaller cross section

(with a correspondingly smaller core) a multiple parameter fit may

be necessary. Given the beginnings of very small cores we are see-

ing in the SIDM0.1 runs, it would appear that we would need one

scale radius to define an rs bend and a second scale radii to define

a distinct core.

Another qualitative fact worth noting is that the density pro-

files of the SIDM1 halos overshoot the CDM density profiles near

the Burkert core radius (not as much as the Burkert fits do, but

the difference in the data points is noticeable). This is due to the

fact that as particles scatter in the center, those that gain energy

are pushed to larger apocenter orbits. This observation invites us

to consider a toy model for SIDM halos where the effect of SIDM

is confined to a region (smaller than a radius of about rb) wherein

particles redistribute energy and move towards a constant density

isothermal core. We will develop this model further to explain the

scaling relations between core size and halo mass in Sec. 6.

The circular velocity curves for the same set of halos discussed

above are shown in Figure 5. The SIDM rotation curves rise more

steeply and have a lower normalization than for CDM within the

NFW scale radius rs. This brings to mind the rotation curves ob-

served for low surface brightness galaxies and we will explore this

connection later. Note though that the peak circular velocity Vmax

actually is slightly higher for the SIDM1 case because of the mass

rearrangement (evident in the density profiles in Figure 4) briefly

discussed in the last paragraph. At radii well outside the core ra-

dius, the rotation curves of the CDM and SIDM1 halos converge,

though this convergence occurs beyond the plot axes > rs for most

of the halos shown.

An appreciation of why the density profiles of SIDM halos

become cored can be gained from studying their velocity disper-

sion profiles compared to their CDM counterparts, as illustrated in

Figure 6. Here vrms is defined as the root-mean-square speed of all

c� 0000 RAS, MNRAS 000, 000–000

10 Rocha et al.

Figure 6. Velocity dispersion profiles for our six example halos from our SIDM1 and SIDM0.1 simulations over-plotted with their CDM counterparts. The
velocity dispersion is inflated at small radii and slightly suppressed at large radii. The effects set in at approximately the radius where SIDM particles experience
at least one interaction on average over the lifetime of the halo (see Figure 7).

(2010) for reviews). In fact, one of the most stringent constraints
on the self-interaction cross section comes from analytic subhalo-
evaporation arguments (Gnedin & Ostriker 2001).

Figure 8 demonstrates that the effects of subhalo evaporation
in SIDM are not as strong as previously suggested on analytic
grounds. Here we show the cumulative number of subhalos larger
than a given Vmax for a sample of well-resolved halos in our CDM
(solid), SIDM0.1 (dotted), and and SIDM1 (dashed) simulations.
The associated virial masses for each host halo are shown in the
legend. The left panel presents the Vmax function for all subhalos
within the virial radius of each host and the right panel restricts the
analysis to subhalos within half of the virial radius. We see that gen-
erally the reduction in substructure counts at a fixed Vmax is small
but non-zero and that the effects appear to be stronger at small radii
than large. Similarly, there appears to be slightly more reduction of
substructure in the SIDM cluster halos compared to the galaxy size
systems.

We can understand both trends, 1) the increase in the differ-
ence between the CDM and SIDM Vmax functions as Mvir in-
creases and 2) the increase in the difference as one looks at the
central regions of the halo, using the results from the previous sec-
tion as a guide. The typical probability that particle in an SIDM
subhalo will interact with a particle in the background halo is

P ≈ �ρhost(r)(σ/m)vorb(r)�T T, (14)

where vorb(r) is the orbital speed of the subhalo at position r, ρhost
is the mass density of the host halo, and T is the orbital period.
The typical speed of the subhalo is similar to the rms speed of

the smooth component of the halo, and thus ρhost(r)(σ/m)vorb(r)
should be similar to the function we show in Figure 7. At fixed
r/rs we expect P to scale with Vmax as V 3

max/r
2
max (given that

ρs ∝ V 2
max/r

2
max), which is a very mildly increasing function

of Vmax over the range of halo masses we have simulated. Note
though that we expect scatter at fixed halo mass because of the
scatter in the Vmax − rmax relation (Bullock et al. 2001).

While the increase in destruction of subhalos with host halo
mass is not strong, it is clear from the above arguments that subha-
los in the inner parts of the halo (r/rs � 1) should be destroyed but
the bulk of the subhalos around r/rs ∼ 1 and beyond should sur-
vive for σ/m = 1 cm2/g. This effect is strengthen by the fact that
subhalos in the innermost region of the halo were accreted much
longer ago than subhalos in the outskirts, so they have experienced
many more orbits (Rocha et al. 2011). These arguments explain the
comparisons between the subhalo mass functions plotted in Fig-
ure 8. Our arguments demonstrate that a large fraction of the sub-
halos found in CDM halos (most of which are in the outer parts)
would still survive in SIDM halos for σ/m values around or below
1 cm2/g.

Overall in the previous two sections we have seen that the effects
of self-interactions between dark matter particles in cosmological
simulations are primarily in the central regions of dark matter ha-
los, leaving the large scale structure identical to our non-interacting
CDM simulations. Thus we retain the desirable features of CDM
on large scales while revealing different phenomenology near halo
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Figure 4. Density profiles for our six example halos from our SIDM1 (blue stars) and SIDM0.1 (green triangles) simulations and their CDM counterparts.

With self-interactions turned on, halo central densities decrease, forming cored density profiles. Solid lines are for the best NFW (black) and Burkert (blue) fits,

with the points representing the density at each radial bin found by AHF. The arrow indicates the location of the Burkert core radius rb. rs is the NFW scale

radius of the corresponding CDM halo density profile (black solid line). Burkert profiles provide a reasonable fit to our SIDM1 halos only because rb ≈ rs
for σ/m = 1 cm2/g, so a cored profile with a single scale radius works. As discussed in §7 this is not the case for σ/m = 0.1 cm2/g and thus Burkert

profiles are not a good fit to our SIDM0.1 halos.

fully quantify the expected differences between CDM and SIDM

for σ/m ∼ 0.1 cm2/g.

For the SIDM1 cases we can quantify the halo cores by fitting

them to Burkert (1995) profiles

ρB(r) =
ρbr

3
b

(r + rb)(r2 + r2b)
. (12)

These Burkert fits are shown as blue dashed lines. They are good

fits for radii within r ∼ 2 − 3 rs, but the quality of the fits gets

worse at large radii. The blue arrows in each panel show the value

of the best-fit Burkert core radius for the SIDM1 halos. Note that

the values are remarkably stable in proportion to the CDM rs value

at rb � 0.7 rs.

As explained in §7, the fact that the SIDM1 profiles are rea-

sonably well characterized by a single scale-radius Burkert profile

may be a lucky accident, only valid for cross sections near 1 cm2/g.

It just so happens that for this cross section the radius where dark

matter particles experience significant scattering sets in at r ∼ rs
(see Figure 7 and related discussion). For a smaller cross section

(with a correspondingly smaller core) a multiple parameter fit may

be necessary. Given the beginnings of very small cores we are see-

ing in the SIDM0.1 runs, it would appear that we would need one

scale radius to define an rs bend and a second scale radii to define

a distinct core.

Another qualitative fact worth noting is that the density pro-

files of the SIDM1 halos overshoot the CDM density profiles near

the Burkert core radius (not as much as the Burkert fits do, but

the difference in the data points is noticeable). This is due to the

fact that as particles scatter in the center, those that gain energy

are pushed to larger apocenter orbits. This observation invites us

to consider a toy model for SIDM halos where the effect of SIDM

is confined to a region (smaller than a radius of about rb) wherein

particles redistribute energy and move towards a constant density

isothermal core. We will develop this model further to explain the

scaling relations between core size and halo mass in Sec. 6.

The circular velocity curves for the same set of halos discussed

above are shown in Figure 5. The SIDM rotation curves rise more

steeply and have a lower normalization than for CDM within the

NFW scale radius rs. This brings to mind the rotation curves ob-

served for low surface brightness galaxies and we will explore this

connection later. Note though that the peak circular velocity Vmax

actually is slightly higher for the SIDM1 case because of the mass

rearrangement (evident in the density profiles in Figure 4) briefly

discussed in the last paragraph. At radii well outside the core ra-

dius, the rotation curves of the CDM and SIDM1 halos converge,

though this convergence occurs beyond the plot axes > rs for most

of the halos shown.

An appreciation of why the density profiles of SIDM halos

become cored can be gained from studying their velocity disper-

sion profiles compared to their CDM counterparts, as illustrated in

Figure 6. Here vrms is defined as the root-mean-square speed of all

c� 0000 RAS, MNRAS 000, 000–000

10 Rocha et al.

Figure 6. Velocity dispersion profiles for our six example halos from our SIDM1 and SIDM0.1 simulations over-plotted with their CDM counterparts. The
velocity dispersion is inflated at small radii and slightly suppressed at large radii. The effects set in at approximately the radius where SIDM particles experience
at least one interaction on average over the lifetime of the halo (see Figure 7).

(2010) for reviews). In fact, one of the most stringent constraints
on the self-interaction cross section comes from analytic subhalo-
evaporation arguments (Gnedin & Ostriker 2001).

Figure 8 demonstrates that the effects of subhalo evaporation
in SIDM are not as strong as previously suggested on analytic
grounds. Here we show the cumulative number of subhalos larger
than a given Vmax for a sample of well-resolved halos in our CDM
(solid), SIDM0.1 (dotted), and and SIDM1 (dashed) simulations.
The associated virial masses for each host halo are shown in the
legend. The left panel presents the Vmax function for all subhalos
within the virial radius of each host and the right panel restricts the
analysis to subhalos within half of the virial radius. We see that gen-
erally the reduction in substructure counts at a fixed Vmax is small
but non-zero and that the effects appear to be stronger at small radii
than large. Similarly, there appears to be slightly more reduction of
substructure in the SIDM cluster halos compared to the galaxy size
systems.

We can understand both trends, 1) the increase in the differ-
ence between the CDM and SIDM Vmax functions as Mvir in-
creases and 2) the increase in the difference as one looks at the
central regions of the halo, using the results from the previous sec-
tion as a guide. The typical probability that particle in an SIDM
subhalo will interact with a particle in the background halo is

P ≈ �ρhost(r)(σ/m)vorb(r)�T T, (14)

where vorb(r) is the orbital speed of the subhalo at position r, ρhost
is the mass density of the host halo, and T is the orbital period.
The typical speed of the subhalo is similar to the rms speed of

the smooth component of the halo, and thus ρhost(r)(σ/m)vorb(r)
should be similar to the function we show in Figure 7. At fixed
r/rs we expect P to scale with Vmax as V 3

max/r
2
max (given that

ρs ∝ V 2
max/r

2
max), which is a very mildly increasing function

of Vmax over the range of halo masses we have simulated. Note
though that we expect scatter at fixed halo mass because of the
scatter in the Vmax − rmax relation (Bullock et al. 2001).

While the increase in destruction of subhalos with host halo
mass is not strong, it is clear from the above arguments that subha-
los in the inner parts of the halo (r/rs � 1) should be destroyed but
the bulk of the subhalos around r/rs ∼ 1 and beyond should sur-
vive for σ/m = 1 cm2/g. This effect is strengthen by the fact that
subhalos in the innermost region of the halo were accreted much
longer ago than subhalos in the outskirts, so they have experienced
many more orbits (Rocha et al. 2011). These arguments explain the
comparisons between the subhalo mass functions plotted in Fig-
ure 8. Our arguments demonstrate that a large fraction of the sub-
halos found in CDM halos (most of which are in the outer parts)
would still survive in SIDM halos for σ/m values around or below
1 cm2/g.

Overall in the previous two sections we have seen that the effects
of self-interactions between dark matter particles in cosmological
simulations are primarily in the central regions of dark matter ha-
los, leaving the large scale structure identical to our non-interacting
CDM simulations. Thus we retain the desirable features of CDM
on large scales while revealing different phenomenology near halo
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Figure 4. Density profiles for our six example halos from our SIDM1 (blue stars) and SIDM0.1 (green triangles) simulations and their CDM counterparts.

With self-interactions turned on, halo central densities decrease, forming cored density profiles. Solid lines are for the best NFW (black) and Burkert (blue) fits,

with the points representing the density at each radial bin found by AHF. The arrow indicates the location of the Burkert core radius rb. rs is the NFW scale

radius of the corresponding CDM halo density profile (black solid line). Burkert profiles provide a reasonable fit to our SIDM1 halos only because rb ≈ rs
for σ/m = 1 cm2/g, so a cored profile with a single scale radius works. As discussed in §7 this is not the case for σ/m = 0.1 cm2/g and thus Burkert

profiles are not a good fit to our SIDM0.1 halos.

fully quantify the expected differences between CDM and SIDM

for σ/m ∼ 0.1 cm2/g.

For the SIDM1 cases we can quantify the halo cores by fitting

them to Burkert (1995) profiles

ρB(r) =
ρbr

3
b

(r + rb)(r2 + r2b)
. (12)

These Burkert fits are shown as blue dashed lines. They are good

fits for radii within r ∼ 2 − 3 rs, but the quality of the fits gets

worse at large radii. The blue arrows in each panel show the value

of the best-fit Burkert core radius for the SIDM1 halos. Note that

the values are remarkably stable in proportion to the CDM rs value

at rb � 0.7 rs.

As explained in §7, the fact that the SIDM1 profiles are rea-

sonably well characterized by a single scale-radius Burkert profile

may be a lucky accident, only valid for cross sections near 1 cm2/g.

It just so happens that for this cross section the radius where dark

matter particles experience significant scattering sets in at r ∼ rs
(see Figure 7 and related discussion). For a smaller cross section

(with a correspondingly smaller core) a multiple parameter fit may

be necessary. Given the beginnings of very small cores we are see-

ing in the SIDM0.1 runs, it would appear that we would need one

scale radius to define an rs bend and a second scale radii to define

a distinct core.

Another qualitative fact worth noting is that the density pro-

files of the SIDM1 halos overshoot the CDM density profiles near

the Burkert core radius (not as much as the Burkert fits do, but

the difference in the data points is noticeable). This is due to the

fact that as particles scatter in the center, those that gain energy

are pushed to larger apocenter orbits. This observation invites us

to consider a toy model for SIDM halos where the effect of SIDM

is confined to a region (smaller than a radius of about rb) wherein

particles redistribute energy and move towards a constant density

isothermal core. We will develop this model further to explain the

scaling relations between core size and halo mass in Sec. 6.

The circular velocity curves for the same set of halos discussed

above are shown in Figure 5. The SIDM rotation curves rise more

steeply and have a lower normalization than for CDM within the

NFW scale radius rs. This brings to mind the rotation curves ob-

served for low surface brightness galaxies and we will explore this

connection later. Note though that the peak circular velocity Vmax

actually is slightly higher for the SIDM1 case because of the mass

rearrangement (evident in the density profiles in Figure 4) briefly

discussed in the last paragraph. At radii well outside the core ra-

dius, the rotation curves of the CDM and SIDM1 halos converge,

though this convergence occurs beyond the plot axes > rs for most

of the halos shown.

An appreciation of why the density profiles of SIDM halos

become cored can be gained from studying their velocity disper-

sion profiles compared to their CDM counterparts, as illustrated in

Figure 6. Here vrms is defined as the root-mean-square speed of all
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Figure 6. Velocity dispersion profiles for our six example halos from our SIDM1 and SIDM0.1 simulations over-plotted with their CDM counterparts. The
velocity dispersion is inflated at small radii and slightly suppressed at large radii. The effects set in at approximately the radius where SIDM particles experience
at least one interaction on average over the lifetime of the halo (see Figure 7).

(2010) for reviews). In fact, one of the most stringent constraints
on the self-interaction cross section comes from analytic subhalo-
evaporation arguments (Gnedin & Ostriker 2001).

Figure 8 demonstrates that the effects of subhalo evaporation
in SIDM are not as strong as previously suggested on analytic
grounds. Here we show the cumulative number of subhalos larger
than a given Vmax for a sample of well-resolved halos in our CDM
(solid), SIDM0.1 (dotted), and and SIDM1 (dashed) simulations.
The associated virial masses for each host halo are shown in the
legend. The left panel presents the Vmax function for all subhalos
within the virial radius of each host and the right panel restricts the
analysis to subhalos within half of the virial radius. We see that gen-
erally the reduction in substructure counts at a fixed Vmax is small
but non-zero and that the effects appear to be stronger at small radii
than large. Similarly, there appears to be slightly more reduction of
substructure in the SIDM cluster halos compared to the galaxy size
systems.

We can understand both trends, 1) the increase in the differ-
ence between the CDM and SIDM Vmax functions as Mvir in-
creases and 2) the increase in the difference as one looks at the
central regions of the halo, using the results from the previous sec-
tion as a guide. The typical probability that particle in an SIDM
subhalo will interact with a particle in the background halo is

P ≈ �ρhost(r)(σ/m)vorb(r)�T T, (14)

where vorb(r) is the orbital speed of the subhalo at position r, ρhost
is the mass density of the host halo, and T is the orbital period.
The typical speed of the subhalo is similar to the rms speed of

the smooth component of the halo, and thus ρhost(r)(σ/m)vorb(r)
should be similar to the function we show in Figure 7. At fixed
r/rs we expect P to scale with Vmax as V 3

max/r
2
max (given that

ρs ∝ V 2
max/r

2
max), which is a very mildly increasing function

of Vmax over the range of halo masses we have simulated. Note
though that we expect scatter at fixed halo mass because of the
scatter in the Vmax − rmax relation (Bullock et al. 2001).

While the increase in destruction of subhalos with host halo
mass is not strong, it is clear from the above arguments that subha-
los in the inner parts of the halo (r/rs � 1) should be destroyed but
the bulk of the subhalos around r/rs ∼ 1 and beyond should sur-
vive for σ/m = 1 cm2/g. This effect is strengthen by the fact that
subhalos in the innermost region of the halo were accreted much
longer ago than subhalos in the outskirts, so they have experienced
many more orbits (Rocha et al. 2011). These arguments explain the
comparisons between the subhalo mass functions plotted in Fig-
ure 8. Our arguments demonstrate that a large fraction of the sub-
halos found in CDM halos (most of which are in the outer parts)
would still survive in SIDM halos for σ/m values around or below
1 cm2/g.

Overall in the previous two sections we have seen that the effects
of self-interactions between dark matter particles in cosmological
simulations are primarily in the central regions of dark matter ha-
los, leaving the large scale structure identical to our non-interacting
CDM simulations. Thus we retain the desirable features of CDM
on large scales while revealing different phenomenology near halo
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Figure 4. Density profiles for our six example halos from our SIDM1 (blue stars) and SIDM0.1 (green triangles) simulations and their CDM counterparts.

With self-interactions turned on, halo central densities decrease, forming cored density profiles. Solid lines are for the best NFW (black) and Burkert (blue) fits,

with the points representing the density at each radial bin found by AHF. The arrow indicates the location of the Burkert core radius rb. rs is the NFW scale

radius of the corresponding CDM halo density profile (black solid line). Burkert profiles provide a reasonable fit to our SIDM1 halos only because rb ≈ rs
for σ/m = 1 cm2/g, so a cored profile with a single scale radius works. As discussed in §7 this is not the case for σ/m = 0.1 cm2/g and thus Burkert

profiles are not a good fit to our SIDM0.1 halos.

fully quantify the expected differences between CDM and SIDM

for σ/m ∼ 0.1 cm2/g.

For the SIDM1 cases we can quantify the halo cores by fitting

them to Burkert (1995) profiles

ρB(r) =
ρbr

3
b

(r + rb)(r2 + r2b)
. (12)

These Burkert fits are shown as blue dashed lines. They are good

fits for radii within r ∼ 2 − 3 rs, but the quality of the fits gets

worse at large radii. The blue arrows in each panel show the value

of the best-fit Burkert core radius for the SIDM1 halos. Note that

the values are remarkably stable in proportion to the CDM rs value

at rb � 0.7 rs.

As explained in §7, the fact that the SIDM1 profiles are rea-

sonably well characterized by a single scale-radius Burkert profile

may be a lucky accident, only valid for cross sections near 1 cm2/g.

It just so happens that for this cross section the radius where dark

matter particles experience significant scattering sets in at r ∼ rs
(see Figure 7 and related discussion). For a smaller cross section

(with a correspondingly smaller core) a multiple parameter fit may

be necessary. Given the beginnings of very small cores we are see-

ing in the SIDM0.1 runs, it would appear that we would need one

scale radius to define an rs bend and a second scale radii to define

a distinct core.

Another qualitative fact worth noting is that the density pro-

files of the SIDM1 halos overshoot the CDM density profiles near

the Burkert core radius (not as much as the Burkert fits do, but

the difference in the data points is noticeable). This is due to the

fact that as particles scatter in the center, those that gain energy

are pushed to larger apocenter orbits. This observation invites us

to consider a toy model for SIDM halos where the effect of SIDM

is confined to a region (smaller than a radius of about rb) wherein

particles redistribute energy and move towards a constant density

isothermal core. We will develop this model further to explain the

scaling relations between core size and halo mass in Sec. 6.

The circular velocity curves for the same set of halos discussed

above are shown in Figure 5. The SIDM rotation curves rise more

steeply and have a lower normalization than for CDM within the

NFW scale radius rs. This brings to mind the rotation curves ob-

served for low surface brightness galaxies and we will explore this

connection later. Note though that the peak circular velocity Vmax

actually is slightly higher for the SIDM1 case because of the mass

rearrangement (evident in the density profiles in Figure 4) briefly

discussed in the last paragraph. At radii well outside the core ra-

dius, the rotation curves of the CDM and SIDM1 halos converge,

though this convergence occurs beyond the plot axes > rs for most

of the halos shown.

An appreciation of why the density profiles of SIDM halos

become cored can be gained from studying their velocity disper-

sion profiles compared to their CDM counterparts, as illustrated in

Figure 6. Here vrms is defined as the root-mean-square speed of all
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Figure 6. Velocity dispersion profiles for our six example halos from our SIDM1 and SIDM0.1 simulations over-plotted with their CDM counterparts. The
velocity dispersion is inflated at small radii and slightly suppressed at large radii. The effects set in at approximately the radius where SIDM particles experience
at least one interaction on average over the lifetime of the halo (see Figure 7).

(2010) for reviews). In fact, one of the most stringent constraints
on the self-interaction cross section comes from analytic subhalo-
evaporation arguments (Gnedin & Ostriker 2001).

Figure 8 demonstrates that the effects of subhalo evaporation
in SIDM are not as strong as previously suggested on analytic
grounds. Here we show the cumulative number of subhalos larger
than a given Vmax for a sample of well-resolved halos in our CDM
(solid), SIDM0.1 (dotted), and and SIDM1 (dashed) simulations.
The associated virial masses for each host halo are shown in the
legend. The left panel presents the Vmax function for all subhalos
within the virial radius of each host and the right panel restricts the
analysis to subhalos within half of the virial radius. We see that gen-
erally the reduction in substructure counts at a fixed Vmax is small
but non-zero and that the effects appear to be stronger at small radii
than large. Similarly, there appears to be slightly more reduction of
substructure in the SIDM cluster halos compared to the galaxy size
systems.

We can understand both trends, 1) the increase in the differ-
ence between the CDM and SIDM Vmax functions as Mvir in-
creases and 2) the increase in the difference as one looks at the
central regions of the halo, using the results from the previous sec-
tion as a guide. The typical probability that particle in an SIDM
subhalo will interact with a particle in the background halo is

P ≈ �ρhost(r)(σ/m)vorb(r)�T T, (14)

where vorb(r) is the orbital speed of the subhalo at position r, ρhost
is the mass density of the host halo, and T is the orbital period.
The typical speed of the subhalo is similar to the rms speed of

the smooth component of the halo, and thus ρhost(r)(σ/m)vorb(r)
should be similar to the function we show in Figure 7. At fixed
r/rs we expect P to scale with Vmax as V 3

max/r
2
max (given that

ρs ∝ V 2
max/r

2
max), which is a very mildly increasing function

of Vmax over the range of halo masses we have simulated. Note
though that we expect scatter at fixed halo mass because of the
scatter in the Vmax − rmax relation (Bullock et al. 2001).

While the increase in destruction of subhalos with host halo
mass is not strong, it is clear from the above arguments that subha-
los in the inner parts of the halo (r/rs � 1) should be destroyed but
the bulk of the subhalos around r/rs ∼ 1 and beyond should sur-
vive for σ/m = 1 cm2/g. This effect is strengthen by the fact that
subhalos in the innermost region of the halo were accreted much
longer ago than subhalos in the outskirts, so they have experienced
many more orbits (Rocha et al. 2011). These arguments explain the
comparisons between the subhalo mass functions plotted in Fig-
ure 8. Our arguments demonstrate that a large fraction of the sub-
halos found in CDM halos (most of which are in the outer parts)
would still survive in SIDM halos for σ/m values around or below
1 cm2/g.

Overall in the previous two sections we have seen that the effects
of self-interactions between dark matter particles in cosmological
simulations are primarily in the central regions of dark matter ha-
los, leaving the large scale structure identical to our non-interacting
CDM simulations. Thus we retain the desirable features of CDM
on large scales while revealing different phenomenology near halo
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Figure 4. Density profiles for our six example halos from our SIDM1 (blue stars) and SIDM0.1 (green triangles) simulations and their CDM counterparts.

With self-interactions turned on, halo central densities decrease, forming cored density profiles. Solid lines are for the best NFW (black) and Burkert (blue) fits,

with the points representing the density at each radial bin found by AHF. The arrow indicates the location of the Burkert core radius rb. rs is the NFW scale

radius of the corresponding CDM halo density profile (black solid line). Burkert profiles provide a reasonable fit to our SIDM1 halos only because rb ≈ rs
for σ/m = 1 cm2/g, so a cored profile with a single scale radius works. As discussed in §7 this is not the case for σ/m = 0.1 cm2/g and thus Burkert

profiles are not a good fit to our SIDM0.1 halos.

fully quantify the expected differences between CDM and SIDM

for σ/m ∼ 0.1 cm2/g.

For the SIDM1 cases we can quantify the halo cores by fitting

them to Burkert (1995) profiles

ρB(r) =
ρbr

3
b

(r + rb)(r2 + r2b)
. (12)

These Burkert fits are shown as blue dashed lines. They are good

fits for radii within r ∼ 2 − 3 rs, but the quality of the fits gets

worse at large radii. The blue arrows in each panel show the value

of the best-fit Burkert core radius for the SIDM1 halos. Note that

the values are remarkably stable in proportion to the CDM rs value

at rb � 0.7 rs.

As explained in §7, the fact that the SIDM1 profiles are rea-

sonably well characterized by a single scale-radius Burkert profile

may be a lucky accident, only valid for cross sections near 1 cm2/g.

It just so happens that for this cross section the radius where dark

matter particles experience significant scattering sets in at r ∼ rs
(see Figure 7 and related discussion). For a smaller cross section

(with a correspondingly smaller core) a multiple parameter fit may

be necessary. Given the beginnings of very small cores we are see-

ing in the SIDM0.1 runs, it would appear that we would need one

scale radius to define an rs bend and a second scale radii to define

a distinct core.

Another qualitative fact worth noting is that the density pro-

files of the SIDM1 halos overshoot the CDM density profiles near

the Burkert core radius (not as much as the Burkert fits do, but

the difference in the data points is noticeable). This is due to the

fact that as particles scatter in the center, those that gain energy

are pushed to larger apocenter orbits. This observation invites us

to consider a toy model for SIDM halos where the effect of SIDM

is confined to a region (smaller than a radius of about rb) wherein

particles redistribute energy and move towards a constant density

isothermal core. We will develop this model further to explain the

scaling relations between core size and halo mass in Sec. 6.

The circular velocity curves for the same set of halos discussed

above are shown in Figure 5. The SIDM rotation curves rise more

steeply and have a lower normalization than for CDM within the

NFW scale radius rs. This brings to mind the rotation curves ob-

served for low surface brightness galaxies and we will explore this

connection later. Note though that the peak circular velocity Vmax

actually is slightly higher for the SIDM1 case because of the mass

rearrangement (evident in the density profiles in Figure 4) briefly

discussed in the last paragraph. At radii well outside the core ra-

dius, the rotation curves of the CDM and SIDM1 halos converge,

though this convergence occurs beyond the plot axes > rs for most

of the halos shown.

An appreciation of why the density profiles of SIDM halos

become cored can be gained from studying their velocity disper-

sion profiles compared to their CDM counterparts, as illustrated in

Figure 6. Here vrms is defined as the root-mean-square speed of all
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Figure 6. Velocity dispersion profiles for our six example halos from our SIDM1 and SIDM0.1 simulations over-plotted with their CDM counterparts. The
velocity dispersion is inflated at small radii and slightly suppressed at large radii. The effects set in at approximately the radius where SIDM particles experience
at least one interaction on average over the lifetime of the halo (see Figure 7).

(2010) for reviews). In fact, one of the most stringent constraints
on the self-interaction cross section comes from analytic subhalo-
evaporation arguments (Gnedin & Ostriker 2001).

Figure 8 demonstrates that the effects of subhalo evaporation
in SIDM are not as strong as previously suggested on analytic
grounds. Here we show the cumulative number of subhalos larger
than a given Vmax for a sample of well-resolved halos in our CDM
(solid), SIDM0.1 (dotted), and and SIDM1 (dashed) simulations.
The associated virial masses for each host halo are shown in the
legend. The left panel presents the Vmax function for all subhalos
within the virial radius of each host and the right panel restricts the
analysis to subhalos within half of the virial radius. We see that gen-
erally the reduction in substructure counts at a fixed Vmax is small
but non-zero and that the effects appear to be stronger at small radii
than large. Similarly, there appears to be slightly more reduction of
substructure in the SIDM cluster halos compared to the galaxy size
systems.

We can understand both trends, 1) the increase in the differ-
ence between the CDM and SIDM Vmax functions as Mvir in-
creases and 2) the increase in the difference as one looks at the
central regions of the halo, using the results from the previous sec-
tion as a guide. The typical probability that particle in an SIDM
subhalo will interact with a particle in the background halo is

P ≈ �ρhost(r)(σ/m)vorb(r)�T T, (14)

where vorb(r) is the orbital speed of the subhalo at position r, ρhost
is the mass density of the host halo, and T is the orbital period.
The typical speed of the subhalo is similar to the rms speed of

the smooth component of the halo, and thus ρhost(r)(σ/m)vorb(r)
should be similar to the function we show in Figure 7. At fixed
r/rs we expect P to scale with Vmax as V 3

max/r
2
max (given that

ρs ∝ V 2
max/r

2
max), which is a very mildly increasing function

of Vmax over the range of halo masses we have simulated. Note
though that we expect scatter at fixed halo mass because of the
scatter in the Vmax − rmax relation (Bullock et al. 2001).

While the increase in destruction of subhalos with host halo
mass is not strong, it is clear from the above arguments that subha-
los in the inner parts of the halo (r/rs � 1) should be destroyed but
the bulk of the subhalos around r/rs ∼ 1 and beyond should sur-
vive for σ/m = 1 cm2/g. This effect is strengthen by the fact that
subhalos in the innermost region of the halo were accreted much
longer ago than subhalos in the outskirts, so they have experienced
many more orbits (Rocha et al. 2011). These arguments explain the
comparisons between the subhalo mass functions plotted in Fig-
ure 8. Our arguments demonstrate that a large fraction of the sub-
halos found in CDM halos (most of which are in the outer parts)
would still survive in SIDM halos for σ/m values around or below
1 cm2/g.

Overall in the previous two sections we have seen that the effects
of self-interactions between dark matter particles in cosmological
simulations are primarily in the central regions of dark matter ha-
los, leaving the large scale structure identical to our non-interacting
CDM simulations. Thus we retain the desirable features of CDM
on large scales while revealing different phenomenology near halo
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Figure 4. Density profiles for our six example halos from our SIDM1 (blue stars) and SIDM0.1 (green triangles) simulations and their CDM counterparts.

With self-interactions turned on, halo central densities decrease, forming cored density profiles. Solid lines are for the best NFW (black) and Burkert (blue) fits,

with the points representing the density at each radial bin found by AHF. The arrow indicates the location of the Burkert core radius rb. rs is the NFW scale

radius of the corresponding CDM halo density profile (black solid line). Burkert profiles provide a reasonable fit to our SIDM1 halos only because rb ≈ rs
for σ/m = 1 cm2/g, so a cored profile with a single scale radius works. As discussed in §7 this is not the case for σ/m = 0.1 cm2/g and thus Burkert

profiles are not a good fit to our SIDM0.1 halos.

fully quantify the expected differences between CDM and SIDM

for σ/m ∼ 0.1 cm2/g.

For the SIDM1 cases we can quantify the halo cores by fitting

them to Burkert (1995) profiles

ρB(r) =
ρbr

3
b

(r + rb)(r2 + r2b)
. (12)

These Burkert fits are shown as blue dashed lines. They are good

fits for radii within r ∼ 2 − 3 rs, but the quality of the fits gets

worse at large radii. The blue arrows in each panel show the value

of the best-fit Burkert core radius for the SIDM1 halos. Note that

the values are remarkably stable in proportion to the CDM rs value

at rb � 0.7 rs.

As explained in §7, the fact that the SIDM1 profiles are rea-

sonably well characterized by a single scale-radius Burkert profile

may be a lucky accident, only valid for cross sections near 1 cm2/g.

It just so happens that for this cross section the radius where dark

matter particles experience significant scattering sets in at r ∼ rs
(see Figure 7 and related discussion). For a smaller cross section

(with a correspondingly smaller core) a multiple parameter fit may

be necessary. Given the beginnings of very small cores we are see-

ing in the SIDM0.1 runs, it would appear that we would need one

scale radius to define an rs bend and a second scale radii to define

a distinct core.

Another qualitative fact worth noting is that the density pro-

files of the SIDM1 halos overshoot the CDM density profiles near

the Burkert core radius (not as much as the Burkert fits do, but

the difference in the data points is noticeable). This is due to the

fact that as particles scatter in the center, those that gain energy

are pushed to larger apocenter orbits. This observation invites us

to consider a toy model for SIDM halos where the effect of SIDM

is confined to a region (smaller than a radius of about rb) wherein

particles redistribute energy and move towards a constant density

isothermal core. We will develop this model further to explain the

scaling relations between core size and halo mass in Sec. 6.

The circular velocity curves for the same set of halos discussed

above are shown in Figure 5. The SIDM rotation curves rise more

steeply and have a lower normalization than for CDM within the

NFW scale radius rs. This brings to mind the rotation curves ob-

served for low surface brightness galaxies and we will explore this

connection later. Note though that the peak circular velocity Vmax

actually is slightly higher for the SIDM1 case because of the mass

rearrangement (evident in the density profiles in Figure 4) briefly

discussed in the last paragraph. At radii well outside the core ra-

dius, the rotation curves of the CDM and SIDM1 halos converge,

though this convergence occurs beyond the plot axes > rs for most

of the halos shown.

An appreciation of why the density profiles of SIDM halos

become cored can be gained from studying their velocity disper-

sion profiles compared to their CDM counterparts, as illustrated in

Figure 6. Here vrms is defined as the root-mean-square speed of all
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10 Rocha et al.

Figure 6. Velocity dispersion profiles for our six example halos from our SIDM1 and SIDM0.1 simulations over-plotted with their CDM counterparts. The
velocity dispersion is inflated at small radii and slightly suppressed at large radii. The effects set in at approximately the radius where SIDM particles experience
at least one interaction on average over the lifetime of the halo (see Figure 7).

(2010) for reviews). In fact, one of the most stringent constraints
on the self-interaction cross section comes from analytic subhalo-
evaporation arguments (Gnedin & Ostriker 2001).

Figure 8 demonstrates that the effects of subhalo evaporation
in SIDM are not as strong as previously suggested on analytic
grounds. Here we show the cumulative number of subhalos larger
than a given Vmax for a sample of well-resolved halos in our CDM
(solid), SIDM0.1 (dotted), and and SIDM1 (dashed) simulations.
The associated virial masses for each host halo are shown in the
legend. The left panel presents the Vmax function for all subhalos
within the virial radius of each host and the right panel restricts the
analysis to subhalos within half of the virial radius. We see that gen-
erally the reduction in substructure counts at a fixed Vmax is small
but non-zero and that the effects appear to be stronger at small radii
than large. Similarly, there appears to be slightly more reduction of
substructure in the SIDM cluster halos compared to the galaxy size
systems.

We can understand both trends, 1) the increase in the differ-
ence between the CDM and SIDM Vmax functions as Mvir in-
creases and 2) the increase in the difference as one looks at the
central regions of the halo, using the results from the previous sec-
tion as a guide. The typical probability that particle in an SIDM
subhalo will interact with a particle in the background halo is

P ≈ �ρhost(r)(σ/m)vorb(r)�T T, (14)

where vorb(r) is the orbital speed of the subhalo at position r, ρhost
is the mass density of the host halo, and T is the orbital period.
The typical speed of the subhalo is similar to the rms speed of

the smooth component of the halo, and thus ρhost(r)(σ/m)vorb(r)
should be similar to the function we show in Figure 7. At fixed
r/rs we expect P to scale with Vmax as V 3

max/r
2
max (given that

ρs ∝ V 2
max/r

2
max), which is a very mildly increasing function

of Vmax over the range of halo masses we have simulated. Note
though that we expect scatter at fixed halo mass because of the
scatter in the Vmax − rmax relation (Bullock et al. 2001).

While the increase in destruction of subhalos with host halo
mass is not strong, it is clear from the above arguments that subha-
los in the inner parts of the halo (r/rs � 1) should be destroyed but
the bulk of the subhalos around r/rs ∼ 1 and beyond should sur-
vive for σ/m = 1 cm2/g. This effect is strengthen by the fact that
subhalos in the innermost region of the halo were accreted much
longer ago than subhalos in the outskirts, so they have experienced
many more orbits (Rocha et al. 2011). These arguments explain the
comparisons between the subhalo mass functions plotted in Fig-
ure 8. Our arguments demonstrate that a large fraction of the sub-
halos found in CDM halos (most of which are in the outer parts)
would still survive in SIDM halos for σ/m values around or below
1 cm2/g.

Overall in the previous two sections we have seen that the effects
of self-interactions between dark matter particles in cosmological
simulations are primarily in the central regions of dark matter ha-
los, leaving the large scale structure identical to our non-interacting
CDM simulations. Thus we retain the desirable features of CDM
on large scales while revealing different phenomenology near halo
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Figure 10. Burkert scale radius vs. Vmax for our combined sample of
well resolved halos from our SIDM1-50 (blue circles), SIDM1-25 (green
stars), SIDM1-Z12 (cyan square) and SIDM1-Z11 (red triangle) simu-
lations. Open symbols correspond to halos that are undergoing mergers.
These perturbed halos were not included in the fit for the scaling relation.
A single power law holds along the whole range of our sample, suggesting
that this dependence continues towards smaller and larger Vmax values.

increasing (with radius) because of the r/rb term in the Taylor
expansion for the density profile. If we want a flatter central dis-
persion profile (as is observed for the SIDM1 halos), we can fix
this by either assuming an isothermal profile or something like
1/(1 + 1.52(r/r0)2)3/2. The final results turn out to be qualita-
tively similar for these profiles. Hence we adopt a Burkert profile
for ease of comparison to the fits presented here and then check the
results with more appropriate profiles later. Our two constraints (on
the radial velocity dispersion and mass) fully specify the density
and radial scales of the Burkert profile.

In order to obtain scaling relations we need to estimate r1,
which demarcates the inner region where self-interactions are ef-
fective from the outer region that is mostly undisturbed by the self-
interactions. In reality, this divide will not be sharp but we will see
that the main features of the scaling relations are well-captured by
this simple model. We define r1 to be the region where each par-
ticle on average suffers one interaction. Since the region outside is
assumed to be unperturbed by interactions, we may estimate r1 as:

!(r1)tage = 1.3!CDM(r1)vrms,CDM(r1)
"
m

tage = 1 , (22)

where we set age (tage) to be 10 Gyr for now, keeping in mind
that larger halos have a shorter age and that major mergers can re-
set the timer. We will consider what happens when tage is a func-
tion of halo mass shortly. The factor 1.3 is !|v " u|#/

!

!v2# for
a Maxwellian distribution where u and v are the velocities of the
two interacting dark matter particles. We have not attempted to use
a more realistic velocity distribution since the dependence of this
factor on a possible high-velocity cut-off to the distribution func-
tion was found to be fairly mild.

For the density profile in the absence of self-interactions,
we assume a NFW profile and to fix the velocity dispersion
we use the observed fact that the phase space density is a
power-law in radius (Taylor & Navarro 2001). By noting that
vrms,CDM(r) = (!CDM(r)/Q(r))1/3 and using a phase-space

density profile Q(r) = Q(rs)(r/rs)!! (Taylor & Navarro 2001;
Rasia et al. 2004; Ascasibar et al. 2004; Dehnen & McLaughlin
2005; Ascasibar & Gottlöber 2008), we may fully specify the de-
pendence of r1 on the cross-section and halo parameters (say Vmax

and rmax). For the phase-space density profile we use a power-law
index # = 2 and Q(rs) = 0.3/(GVmaxr

2
max) derived from jointly

fitting our relaxed CDM halos; these parameters are very similar to
the fits provided in Ascasibar & Gottlöber (2008).

Let us first look at how r1 scales with rs in the NFW den-
sity profile. One notes that !s = 1.72V 2

max/(Gr2max) and hence
!sVmax $ V 3

max/r
2
max which is a very mildly increasing func-

tion of Vmax as our Equation 15 shows. Thus Equation 22 im-
plies that r1/rs should be roughly a constant. Numerically, we
find that r1/rs % 0.7 " 0.8 over the range of Vmax of interest
for "/m = 1 cm2/g.

Having now specified r1, we are ready to look at the scalings
of rb and !b. For our assumed value of $, v2rms,0 % 2.5G!br

2
b.

Thus we are looking for the value of rb/rs that solves,
"

!s
(r/rs)(1 + r/rs)2

(r/rs)
!

Q(rs)

#

(r1) = (vrms,0)
3 , (23)

with the constraint that Mb(r1) = MNFW(r1) where MNFW(r)
and Mb(r) are the masses enclosed within radius r for NFW and
Burkert profiles, respectively. We note that if rb/rs is not a strong
function of Vmax and since we know r1/rs is a mild function of
Vmax, then the mass constraint essentially sets !br3b/(!sr3s ) to be
a constant or !br3b $ (!sr

3
s ). This implies v2rms,0rb $ V 2

maxrmax.
Now Equation 23 sets vrms,0 % Vmax because r1/rs is a mild func-
tion of Vmax and it therefore follows that rb $ rs is a consistent
solution to the above equations. As a check we note that assuming
r1/rs = 0.7 " 0.8 gives vrms,0 % 1.1Vmax, in reasonable agree-
ment with our SIDM1 simulation results (see Figure 6). This sim-
ple model thus predicts that rb/rs should not vary much with Vmax

in agreement with the observed scaling relations from the SIDM1

simulation.
In detail, the model predicts that rb/rs = 0.5" 0.6 for dwarf

to cluster halos in good agreement with the fits to our SIDM1 ha-
los, but about 25% smaller for Vmax & 100 km/s. It departs from
the results of the simulation in predicting that rb/rs increases gen-
tly with Vmax, whereas Figure 11 predicts that this ratio should
decrease gently with Vmax. We find that this departure from sim-
ulations is likely related to the assumption of a constant age for
all halos. To generalize our model, we use the results of Wech-
sler et al. (2002) who show that the virial concentrations of ha-
los are correlated with their formation times, and in particular
cvir = 4.1(1 + zform) for a particular definition of formation time.
We invert this equation to derive an estimate of the halo age us-
ing zform. With the age thus specified in Equation 22, we find that
now rb/rs decreases gently with Vmax in substantial agreement
with the fit to our simulations. Thus the reason that larger halos
have a smaller rb/rs is because self-interactions have had less time
to operate. We note that the values for the core radius in the an-
alytic model with halo mass dependent tage are uniformly about
25% smaller, but this should not be a cause for concern given the
approximation in demanding a sharp transition at r1.

Given the Burkert core radius rb and the central velocity
dispersion vrms,0, one can easily check that the central density
!b is about 0.01M"/pc3 for Vmax = 300 km/s halos and
0.005M"/pc3 for Vmax = 1000 km/s in this analytic model.
These numbers and the scaling with Vmax for !b (when includ-
ing the halo mass dependent tage) are in good agreement with the
densities in Figure 12 and the fit in Equation 19. As we have indi-
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Figure 11. Burkert scale radius in SIDM1 halos vs. the NFW scale radius
in their CDM counterparts. Points and labels are the same as in Figure 10.
There is a one-to-one correlation indicating that the core size of SIDM1

halos scales the same as the scale radius of CDM halos with Vmax

cated before, the scaling relation for the central density should be
interpreted with care given the large scatter. Given the tight corre-
lation between core radius and rs, it is possible that the substantial
scatter in the central density arises in large part due to the scat-
ter introduced by the assembly history in the concentration-mass
relation. This has important implications for fitting to the rotation
velocity profiles of low-surface brightness spirals (Kuzio de Naray
et al. 2010) and deserves more work.

The simple model constructed above also provides insight into
the core collapse time scales. In particular, as long as the outer part
(region outside r1) dominates the potential well and sets the aver-
age central temperature (or the total kinetic energy in the core), we
do not expect core collapse. This is simply because core collapse
requires uncontrolled decrease in temperature, which is prohibited
here. Once r1 moves out well beyond rmax or to the virial radius,
there is significant loss of particles and core collapse may occur if
there are no further major mergers. The time scale for this process
is much longer than the age of the universe for !/m = 1 cm2/g
because the inner core is at r1 < rs after 10 Gyr for this self-
interaction strength and we see no evidence for significant mass
loss.

8 OBSERVATIONAL COMPARISONS

The goal of this section is to discuss our results in comparison to
observationally inferred properties of dark-matter density profiles.
In particular, we will focus on the core densities and core sizes. §8.1
presents our expectations for SIDM1 and SIDM0.1. Our predictions
for !/m = 1 cm2/g are anchored robustly to our simulations,
though they do require some extrapolation beyond the mass range
directly probed by our simulations (Vmax = 130 ! 860 km/s).
For !/m = 0.1 cm2/g the predictions are much less secure be-
cause the associated core sizes are of order our resolution limit,
thus we rely on our our analytic model more directly here. In §8.2,
we discuss our predictions in light of observations of dark-matter
halos for a wide range of halo masses. In §8.3, we discuss our re-

Figure 12. Burkert scale density vs. Vmax. Points and labels are the same
as in Figure10. The trend in the !b ! Vmax relation is not as clear as for
the rb ! Vmax relation, with a scatter of up to a factor of 3.

sults on subhalos in the context of past work and constraints on
SIDM based on subhalo properties.

Before proceeding with this discussion we would like to clar-
ify how we quantify core sizes. In this work, we have fit the
!/m = 1 cm2/g halos with Burkert density profiles. However,
many observational constraints on cores on galaxy scales come
from fitting pseudo-isothermal density profiles with core size rpi
to data (e.g., Simon et al. 2005; Kuzio de Naray et al. 2008), al-
though some constraints do come from Burkert modeling (Salucci
et al. 2012). We found that pseudo-isothermal density profiles also
give good fits to the inner regions of the SIDM1 halos, but Burkert
fits are better because of that profile’s " " r!3 dependence at large
radii. For a pseudo-isothermal density profile (" 1/(r2c + r2)), the
density decreases to one-fourth the central density at 1.73 times its
core radius rc. Thus, as a crude approximation, one may convert
the Burkert radius to the equivalent pseudo-isothermal core radius
by multiplying by a factor of 0.58 (rc # rb/1.73).

8.1 Predicted Core Sizes and Central Densities in SIDM

8.1.1 SIDM with !/m = 1 cm2/g.

The central properties of dark-matter halos have been inferred from
observations from tiny Milky Way dwarf spheroidal (dSph) galax-
ies (Vmax ! 50 km/s) to galaxy clusters (Vmax " 1000 km/s). If
we extrapolate the results from our set of SIDM1 simulations using
Eqs. (16)-(20) we predict that SIDM halos with !/m = 1 cm2/g
would have the following (Burkert) core sizes and central densities:

For galaxy clusters (Vmax # 700! 1000 km/s):

rb # (95! 155) kpc ; "b # (0.005 ! 0.004)M"pc!3

For low-mass spirals (Vmax # 50! 130 km/s):

rb # (3! 10) kpc ; "b # (0.02! 0.01)M"pc!3

For dwarf spheroidals galaxies (Vmax # 20! 50 km/s):

rb # (0.9! 3) kpc ; "b # (0.04 ! 0.02)M"pc
!3
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Conclusions
• It is interesting to look at the astrophysical effects of DM 

properties other than it being cold, if nothing else to provide 
constraints to particle physicist.

• Past constraints on SIDM are weaker than previously thought. 
Our simulations suggest that σ/m = 1 cm2/g is ruled out by the 
high DM central densities observed.

• With σ/m ~ 0.1 cm2/g we find that SIDM predicts central 
densities and core sizes consistent with observations at all 
scales, from MW dSphs to large galaxy clusters.  And is an 
alternative possible solution to the  cusp/core problem and 
TBTF.

• Higher resolution simulations are necessary to determine the 
scatter in our scaling relations and verify what our analytical 
model predicts for σ/m ~ 0.1 cm2/g
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