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The ideal MHD equations

Mass conservation atp + V- (pll) =)
Momentum conservation (9,(pu) + V- (pllll + P) —j XB=0

Energy equation 5t(p6) +V-: (pEII) +PV-u=0

Induction equation 0B=VX(uxB)

Ampére’s law V X B = 4nj

No magnetic monopoles N B — 0
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The ideal MHD equations in conservative forms

Mass conservation 8tp + V- (pll) =)

1

Momentum conservation 5;(/)11) +V-: (Puu - EBB) 75 VPtot =)

Total energy conservation O,E + V - [(E + Pio)u — %B(B )| =0
T

Magnetic flux conservaton 0B + VX (B Xu) =0

Total energy  f— PE + lpuz + iB2
2 8
1 Z
Total pressure Py =P+ —B
8

No magnetic monopoles V-B=0
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The ideal MHD equations in 1D

For 1D (plane symetric flow), onehas V - B = () — B, = constant

The vector of conservative variables writes U = (p, puU, pv, pw, By, BZ, E)

Ideal MHD in conservative form: 6,U + axF(U) =0

Flux functon K = | pu

pu2 +Pt0t — Bi

puv — B, B,
puw — BB,
Byu — Byv
B,u — B,w

(E + Pior)u — Bx(Byu + Byv + B,w)
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MHD waves

J oF
Compute the Jacobian matrix = —
oU
It has 7 real eigenvalues (ideal MHD equations are hyperbolic), one for each wave:
2 fast magnetosonic waves: Al = u-— Cr A7 =u+ Cf
2 Alfven waves: A2 = u— g Ag = u + ¢,
2 slow magnetosonic waves: /13 =U—Cg /15 = U+ Cg
1 entropy waves: /l4 = U

Fast magnetosonic waves are longitudinal waves with variations in pressure and
density (correlated with magnetic field)

Slow magnetosonic waves are longitudinal waves with variations in pressure and
density (anti-correlated with magnetic field)

Alfven waves are transverse waves with no variation in pressure and density.
Entropy wave is a contact discontinuity with no variation in pressure and velocity.
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MHD wave speed

2
r 2y o Bx 2 32
Alfven speed: Ca,x = C.=——
4rp 4np

Sound speed: CS =

1 1
Fast magnetosonic speed: c; E(cg + cg) i E \/(CS s C3)2 2 4C(Z)C‘2z’x

1 1
: 2 2 2
Slow magnetosonic speed: C E(CO c & Ca) = 5 \/(C% 55 63)2 — 4C8Cg,x

In some special cases, some wave speeds can be equal:

The ideal MHD system is not strictly hyperbolic.

This can lead to exotic features such as compound waves

(for example a mixture of Alfven wave and shock)
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Godunov method for 1D MHD flows

Godunov methodology applies to any hyperbolic system of conservation laws

Stability is ensured by proper upwinding of the flux function with respect to the
7 MHD waves.

Second order accuracy is obtained by a predictor-corrector approach (the
MUSCL scheme).

MHD equations are solved in conservative form: this ensures that Rankine-
Hugoniot relations are satisfied (proper shock jump conditions).

use the Jacobian use slope limiters

Step 1 predictor step w:'tllf'fzzl‘ =Wy %) %)

Step 2: compute flux Fn* n = F‘(wn-l 2L wn+1l ):R) <— Riemann solver
U'-I.l - U,} Fn» /2 1 Fn+l /2
Step 3: conservative update ’ L B =0
At Ax
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The Roe Riemann solver for MHD

It belongs to the more general class of linear Riemann solvers.

Generalise the Euler 3 wave Roe solver to a seven wave MHD Roe solver
(Brio & Wu 1988; Cargo & Gallice 1989)

Define the Roe average state: ~ U,.s = Roe [U;, Ug]

- - B, + B
B HE ﬁ:@uL VPRUR Bl:\/p—RLL VPLB g

VPL + PR VPL + VPR
. . . oF
Compute the Jacobian matrix for this reference state A = 50 (U,p f)
C

The Roe average is computed in order to get Property (C):
F(Ug) - F(UL) = A(U,¢p) (Ug — Up)

Eigenvector decomposition of the Roe matrix: A = L’ AR IA] = (|A1l, |A2], ...)
F; +F " Ug-U
TR
2 2

The Roe solver is the only 7 waves Riemann solver to date. It is a bit slow and
features one problem: formation of rarefaction shocks.

The Roe flux is defined as: F*(U;, Ug) =
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The HLL Riemann solvers for MHD

HLL-type Riemann solvers rely only on computing the fastest wave speed.

Define a as the fast magnetosonic speed and the left and right going waves as

S = min(u;, ug) — max(ay, ag) Sr = max(uy, ug) + max(ay, ag)

Use generic Rankine-Hugoniot relations with one single intermediate state U*
and corresponding flux F*, we get the HLL flux:

SL>0 F'(UL,Ug) = Fg

SrR<0 F'(Ur,Ug) = Fr
SrRFL =S Fr+S1Sr(Ug-Up)

SrR—S1L

37 <0 and Sp>0 F*(UL,UR):

The Lax-Friedrich flux is obtained as a particular case with S, =Sz =-S5

FL+FR i UR—UL

F*(U;,Up) =
(UL, Ug) 5 5
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The HLLC Riemann solver
Generalise Euler HLLC to MHD (Linde 2002; Gurski 2004)

Define the Lagrangian sound speed as: ¢z = pr(Sr — ug) ¢ = pr(ur — S )

Defind Sras: P = CrPL + ¢ Pr + crcr(uy, — ug)
- CL + CR

Thermal + magnetic . .
. crup + crur + P; — Pp : :
= T e
C; + Cp
. L > SL—uL . SR — ug
Left and right density jumps: Oy =0 ——— Pr=PRa——
; SL'—ll”' SR—M
For transverse velocity and magnetic field, we get:
- SL—uL SL—u
. . ’ L L
Vp=VL wp=wr B, =By B ;= DBy —
L L y,L Ys S; —u zL L.I,SI‘ —

Finally, compute fluxes using Rankine-Hugoniot relations on the 3 discontinuities.

Jump conditions are not correct (especially at the contact discontinuity).

Valid only for Bx=0. Otherwise, HLLC can lead to numerical instability or excessive
smoothing of Alfven waves.
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The HLLD Riemann solver

5 wave Riemann solver with 4 intermediate (star) states (Miyoshi & Kusano 2005)

—> X
Normal velocity and pressure are uniform across 4 states (HLLC values).
Density jumps across fast waves but is uniform across Alfven waves (HLLC values)

Define the two new wave speeds as the star state Alfven speed:

Bl s . s B
Bl . e, 1B

- =

pl. pR

S;=u" -

Given the 5 wave speed, we can compute the intermediate states using Rankine-
Hugoniot relations.
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The HLLD Riemann solver

RH relations after the fast magnetosonic wave give jumps in transverse v and B
pL(SL—ur)* — B2
" pL(SL—uL)(S, - ut) - B
u' - Upg
pL(SL— ur)( S —u*) — B

B , =B

vV, 1 — BB,

<

5

t\
Il

Conservation laws across the 2 Alfven waves give the following uniform values
(only density varies across the contact waves)

pee _ NPLBLg+ VPRBLL + VP, PR(Vig ~ Visign(By
. _ VPV 1L+ AJPRVig + (Bl — B )sign(B;)

VoL + VPR

Note that these relations are HLL states applied to the 2 Alfven waves.
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The HLLD Riemann solver

Flux for each conservative variable are computed using RH relations across each
waves.

As for HLLC in the case of the Euler equations, it can be shown that HLLD is a
positivity preserving scheme.

It resolves exactly fast magnetosonic and Alfven (rotational) waves, as well as
contact discontinuities.

Slow magnetosonic waves are excessively smoothed.
Fast and robust Riemann solver, now widely used (RAMSES, ATHENA, ENZO).

A good strategy:
1- try first HLLD
2- if it doesn’t work, try then HLL

3- if it doesn’t work, try Lax-Friedrich (it should work !!!)
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MHD shock tube test

Left and right states defined by W = (p, P, u, v, w, B,/ Vanr, B,/ Vanr, B./ Var)
W, = (1.08,0.95,1.2,0.01,0.5,4/ Var, 3.6/ Var,2/ Var)
W = (1.0, 1.0,0.0,0.0,0.0, 4/ Var, 4/ Var,2/ Var)

&INIT PARAMS
fesaionss - . Compile RAMSES with directives SOLVER=mhd
region typs (2)="square" and NDIM=1

x_center=0.25,0.75

éfﬂggﬁgﬁjgjﬁg?f’o Note Bx=constant in the initial conditions.
u_region=1.2,0.0

v_region=0.01,0.0

w_region=0.5,0.0 Test various Riemann solvers
p_region=0.95,1.0
A _region=1.12838,1.12838 ‘I for Local Lax-Friedrich

B _region=1.01554,1.12838
C_region=0.564190, 0.564190

), ‘hil’ for 2-wave (fast magnetosonic) HLL
&OUTPUT_PARAMS ‘hild’ for 5-wave HLL-like solver

noutput=1

ke ‘roe’ for the 7-wave MHD Roe solver.

ﬁﬂiff‘.’ims Test adapted from Miyoshi & Kusano (2005)
courant factor=0.8

slope_type=1 It features a stationary slow magnetosonic shock !
ﬁlemann- hlld
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The MHD Lax-Friedrich Riemann solver

riemann=‘'11f"
1.8 T T T I T T T I T T T I T T T I T T T

B HED &
L lgépl P - O I R T T KR S T SR N N SN

0.8_11111111.111.11111
0.0 0.2 0.4 0.6 0.8 1.0

position
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The MHD HLL solver

riemann=‘hll’

1.8 T T T I T T T I T T T I T T T I T T T
1.6 —
1.4 —
I : :
i i . 0|
=TT i)
1.2+ 3
i O | Cir]
H
e
0.8 I T T N S
0.0 0.2 0.4 0.6 0.8 1.0

position
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The HLLD solver

riemann=‘'hlld’

1.8 T T T I T T T I T T T I T T T I T T T

0.8 1 1 1 l 1 1 1 l 1 1 1 l 1 1 1 l

0.0 0.2 0.4 0.6 0.8 1.0
position
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The MHD Roe solver

riemann=‘roe’
1.8 T T T I T T T I T T T I T T T I T T T

0.8 1 1 1 l 1 1 1 l 1 1 1 l 1 1 1 l

0.0 0.2 0.4 0.6 0.8 1.0
position

HIPACC 2010 Romain Teyssier



Why bother with a Godunov scheme ?

Proper upwinding of the numerical flux with respect to all 7 waves ensures stability

of the solution. .
X
241 %l X
4 4
2.6 h

Line Exacl

+ Zeus qlin=0.25

2.8 25k
= Line Exat
% Zeus qlin=0.0 j :
+» Upwind Scheme
3.0 1 ! 1 30 uz'"/
120.0 120.0 160.0 1800 200.0 1M0 1400 160.0 1R0.0 0.0

Using a strict conservative update ensures proper jump conditions/shock velocities.

*u—_\.uu—uuuunuuunﬂunnﬁui
0.04 II
Pe Line Exact ;
002 F + Zeus f JHPEET R bR Rttt
» Upwind Scheme f +
f s
R e e ey e et et 8 |
3800 400.0 Fa”e (2000)
X
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Godunov method for MHD in multiple dimensions

The main difficulty is to keep a vanishing divergence for B.
Why is there a problem ? 5
From the relation: V . (%511' - B,-Bj) +(V-B)B=-JXxB
We derive the conservative form of the momentum equation with a spurious force:
d:(pu) + V - (puu — %TBB) +VP;: =—=(V-B)B
1 0B

On the other hand, we know from Faraday'slaw V X E = —— s that 9,(V-B) =0
c ¢

If magnetic monopoles are forming due to numerical truncation errors, the induction

equation doesn’t remove them.

Non-zero divergence accumulates, giving rise to a spurious force parallel to the field
lines. In some cases, div B will grow without bounds (numerical instability).

For long time integration, this lead to inconsistent results and quite often to code
crashes.

The goal of computational MHD is to design div B preserving schemes.
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Cell-centered Godunov method for MHD

Natural extension of finite-volume Godunov schemes to MHD equations.

Define a volume-average magnetic field B in a cell V as:
1
Bijx = v, f B(x,y, z)dxdydz
%

with V' = [x;-1/2, Xiv172] X Vi-172, Yis1/2) X [Zi-1/25 Zi+1/2]

Divergence cleaning methods
- Powell's 8-wave scheme (Powell 1999)
- Projection scheme (Brackbil & Barnes 1980)

- Dedner’s diffuson scheme (Dedner et al. 2002)

A little bit of everything (Crockett et al. 2005)
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div B cleaning schemes

Powell (1999) explicitly introduces magnetic monopole and magnetic current

Add source terms to the momentum equation and to the induction equation
l
3i(pu) + V - (puu — ——BB) + VP, = ~(V - B)B
78
ﬁ,B +cVXE = —(V . B)u <€— magnetic current

Pros: magnetic monopoles are advected away. Powell’s system is still hyperbolic.

Cons: the resulting scheme is not conservative. Jump relations are incorrect.

In 1D, By is not constant anymore (it is advected at the flow velocity).

We now have 8 conservative variables with 8 waves (the “div B” wave).

Modify all Riemann solvers to account for this additional degree of freedom.
For x/t>u" By = Byg andfor x/t<u” B, = By
In particular, at the interface, one get the upwind state for the normal component:

* / . & /2
if u >0 Bnﬂ’2 5 % ] if u* <0 B"™'/° = BxR

x,i+1/2 = x,i+1/2
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div B cleaning by the projection method

The previous step gives a normal magnetic flux with non-zero divergence.

Brackbill & Barnes (1980) proposed to remove explicitly magnetic monopoles
using the Projection Method (also used in incompressible fluids)

Compute the monopole (magnetic charge) for each cell
'nlj — (BR+1,"2 e Bn+1,f'2 )/AX'*‘ (Bn+l,-’2 _ B:Z'::"ljlf_zl /2)/A)’,

x,i+1/2,j x,i=1/2,j y,i, j+1/2

Solve for the potential with the Poisson equation A® = m
Correct the normal magnetic field with B¢ = B2 _ vy

Use this corrected field in the final conservative update.

It can be shown that this corrected field is the zero-divergence field closest
(using the L2 norm) to the original one.

Problems: Poisson equation is non-local (elliptic) and time consuming.

Corrections in the magnetic field can result in large truncation errors in the
gas pressure.

Dedner et al. (2002) develops a variant of the scheme, with an hyperbolic
div B cleaning step that works also close to stagnation points.
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Godunov method with Constrained Transport
The induction equation in integral form suggests a surface-average form:

dB+Vx(Bxu)=0 (Stokes theorem) 6,fB-ds+f(Bxu)-dl=O
S L

The magnetic field is face-centred while Euler-type variables are cell-centred
(staggered mesh approach).

| _ 4 \
(Bris1/2,jk = S fs B, (y, z)dydz S = [Yi-1/2, Yi+172] X [Zi-1/2, Zi+1/2]
[ Bz,i,j,k+1/2

E v,i+1/2,),k+1/2

6 -
-

A

| LA
: N Z,i+1/2,j+1/2 k
xéi’yj’.zk -—J'—'

_,.»-'-"’:
f | | Bx.i+1/2.j.k

Byijizk |

“«
v

s

E y,i+1/2,j,k-1/2
Similar to potential vector methods (Yee 1966; Dorfi 1986; Evans & Hawley 1988).
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CT: exact div B preserving scheme

Surface-averaged magnetic fields are updated conservatively:

B! — g" +§( n+1/2 _ pnsl)2 )_ﬂ( n+1/2 _ g2 )
2i,jk=1/2 = Pxijk=1127 7 \Eyin1/2,jk-1/2 7 Fyi=1/2,jk-1/2)" Ay \ T i ja1.2k-172 X, j-1/2,k=1/2

Bn+l - B" +ﬂ (En+l/2 it En+l/2 )_ﬂ( n+1/2 _ pn+l/2 )
Vi j=1/2k = Sy, j=1/2.k Az X0, j=1/2.k+1/2 x,i,j=1/2,k-1/2 Ax Zi+1/2,j-1/2.k Zi-1/2,j-1/2.k

Bn+l — B" +£( n+1/2 _ Fn+l/2 )_ﬂ (Fn+l/2 _ pn+l/2 )
xi=1/2,jk = Txiz1/2,56T Ay \Faim1/2,j41/2k T Faim1/2,j-112k) " 77 \Cyi=172,k41/2 T Fyi-1/2,jk-172

using time-averaged electric fields defined at cell edge centres:

l Xi=1/2
n+1/2 ccx
Ex.i.j-l/2,k—l/2 KA f fx E(X,yj-1/2 Zk-1/2)dedx
i-1/2

tn
s Y j+1/2
n+1/2 _ 1 r ;
Eyivmje-112 = ady Jo ), Ey(Xi-1/2, Y, Zk-1/2)drdy
J=1/2
grt] Zk+1/2
n+1/2 _ l r '
Ez,i—l/2,j—1/2,k — 'AI—AZ' J 5 ) Ez(xi—1/29 yj—l/Zs Z)dtdz
Zk-1/2

The total flux (div B) across each cell bounding surface vanishes exactly.
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The induction equation in 2D

We write Faraday’s law d,B = V x E using now the EMF vector E =u X B
We use a finite-surface approximation for the magnetic field

j+1/2 l Xis1/2
;.l‘.i-f-l/z.j = A_yf Bx(xi+1/2ay)dy _’,\l‘.i.j+l/2 — A_xf By(X,}’j+l/2)dx
X

Yj-172 i-1/2
Integral form of the induction equation using Stoke’s theorem
Bn+l in el 4 E(Em-l/Z - En+l/2 )
x,i+1/2,j = Px,i+1/2,j Ay \zit] /2,j+1/2 z,i-1/2,j+1/2
. 4
At
n+1 _— =5 (pnelf2 _ pn+l/2
By jv12 = Byijuppt Ao (Ez.i+1/2.j+1/2 Ez,i+l/2.j—l/2)
@
By construction, div B vanishes exactly:
n _ Rn n _ pn
xi+1/2,j Bx,i—l/2,j F: Bx,i,j+l /2 Bx,i,j—l/Z ~0
Ax Ay

For piece-wise initial constant data, the flux function is self-similar at corner points.

For pure induction, the exact Riemann solution is:

n n n n
t 1 12 Byt By > B it By,

. o =Uu
z,i+1/2,j+1/2
i i+1/2,j+1/ ) 2

n — B" n — B
@-,m.jn/z y.i.j+1/2+fl‘ﬁ.i+1/2.j+1 yi+1/2,]
Induction Riemann problem =
2 _/ 2
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2D Riemann solvers for MHD
Londrillo & Del Zana 2004, Gardiner & Stone 2005,

Teyssier et al. 2006; Fromang et al. 2006, Balsara 2010 E+ B Ecr
1- Linear 2D Riemann solvers: BT TB
For a 1D Riemann solver (e.g. Roe): : B’ =
Es ? Ers

FU)) =%(FL +FR)+%Ei=1,m 2

1
The 2D flux is given by: F(U(0)) = —(FLL +F, +F,+F,)+

z 1 =
(/3)” x,i)Kx B 52i=1,m A

riemann2d=‘11f"’ ~ - ~
S (B,; - &, )K]

xz V,i

riemann2d=‘roe’

2- The HLL solver in 2D: riemann2d=‘hll’
SRSTE B + S1SBERT — S1STERE — SRS BE LT SL SR

E* = - S
Sr=S)Sr-SpB)
5357 SISR
= Bg — By) - By - B S
ST—SB( R L) SR—SI.( T B) T
Sg

3- The HLLD solver in 2D; riemann2d=‘hl1ld’
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Higher-order schemes and AMR

« Divergence-free preserving » restriction and prolongation operators
Balsara (2001) Toth & Roe (2002)

Flux conserving interpolation and averaging within cell faces using TVD slopes in 2
dimensions

EMF correction for conservative update at coarse-fine boundaries

(B.)% Az At} = (B)5 Azp (A 4 Bkt Az A2

For a fully second-order MUSCL scheme for MHD, see Teyssier et
al. 2006; Fromang et al. 2006.

In particular, the predictor step requires MHD states to be Taylor
expanded at cell faces but also at cell corners.
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The current sheet test

Magnetic reconnection occurs because of numerical diffusion

i ||'|"r||'||'|"” T [T
i) u’wmﬁunul\\ (e
\":'U,%' 1\\1”'1"”un:“"i\\\\\" "”] | SE\ l Lal
||"|\ || ||'||| i l"'u" i i
o ) W (et
"""'JU;“JJ | “U|'H'!/.“Ua'l'.1 .".U l"UJ | th il M.Sfr.Jh Il
T TR - [
(Boleey len€eal Dedlied
S (G B
'THI f?f ’E) H; | ”ll'”“f[."r' @ El |:._ | ||'|'I|IH." k‘h” |'|!:“.J|{|ﬁ}: |IHH “\J} | 'I,I ’)]'}:ﬂ'.
il a,[al»m(mh\dﬁxﬂm S | /JJJ»%W,J/JJJJJJﬁ)ﬁ%ﬁﬂrﬂL
TETITTET MG e
ol e | 5
"u"\\W@"\'l\"“\'l\\ \ﬂl“t@a«'\'l‘n' M‘?@M /h |)ﬁ>@<.l'|/"| i }5 r(lf'l'/(/J/'a' e
e ] el e, | \“/’3@“ I e s
DO n\\\w L 2000
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nt sheet test

The curre




Collapse of a molecular core and star formation

2 main effects of magnetic fields on the collapse:

- magnetic breaking (remove angular momentum in
escaping Alfven waves)

- build-up of a magnetic tower and launch of a conical jet

Fromang et al. 2006: Hennebelle & Teyssier 2007

1.4938 (freefall time) t=1.4596 (freefall time)

CITl

18
0.068 —-0.04 0n.02 IZZI.:]_:] 0.02 0.04 0.06 0.068 -0.04 0.02 IZZI.:]_:] :].'[:':Z' 0.04 0.06
LLF Rieman solver Roe Riemann solver
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Conclusion

- ldeal MHD equations in 1D can be modeled using fully cell-centered
Godunov schemes

- We have designed several MHD Riemann solvers (they are all present
in RAMSES)

- In 2D and 3D, MHD equations are more problematic: numerical build-
up of magnetic monopoles: instabilities and spurious forces

- Fully cell-centered schemes can be developed using div B cleaning
(non-conservative, non-local)

- Face-centered schemes are more natural (exact magnetic flux
conservation and vanishing divergence are easy to obtain)

- Constrained Transport approach requires proper 2D upwinding of MHD
waves to compute the electric field: 2D Riemann solvers and 2D slope
limiters.
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