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• ~1053 ergs, 1058 
neutrinos in ~10 
seconds

• All neutrino species, 
10~30 MeV

• Dominate energetics  

• Influence 
nucleosynthesis

• Probe into SNe

νe + n → p + e-   

WFO
T≈0.9MeV

T≈0.75MeV

T≈0.25MeV
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2n + 2p → α   

4He(αn,γ)9Be   
4He(αα,γ)12C   

…

seeds (A = 50 ~100)

n’s + seed → heavy (A=100 ~ 200)
r-process

neutron
star

heating
region

νe + p ⇌ n + e+   
_νe + n ⇌ p + e-   

cooling
region

Neutrinos in Supernovae
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ν oscillations in SN 
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energy

propagation
direction

 (r, E,#)

(1+2)D 
Multi-Angle/Bulb Model

previous assumptions +
Azimuthal symmetry around 
any radial direction
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(1+1)D
Single-Angle

 (r, E)

energy

previous assumptions +
Trajectory independent 
neutrino flavor evolution

Equivalent to an expanding 
homogeneous neutrino gas
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d

dt
~&!E" # ~&!E!" $ ~Heff (53a)

# ~&!E!" $ %!"V!E!" &!"HV '"!!!t"ŵ(; (53b)

where a vector with a tilde symbol is the same as that
without but viewed in the corotating frame. As !!t" de-
creases, ~Heff rotates from the direction of "!ŵ to that of
!"V!E!" &!"HV. If this process is slow enough, ~&!E!"
stays aligned or antialigned with ~Heff , depending on the
initial conditions, and will be either aligned or antialigned
with HV when ! approaches zero. We define

 $!E!" ) "!%"V!E!" &!(%&!E!" *!(t#0: (54)

One can check that ~&!E!", and therefore &!E!", will be
aligned with HV as t!1 if $> 0, and will be antia-
ligned with HV if$< 0. There can be a sharp transition in
the orientation of & at energy E! # EC, where "V!EC" #
!. The general features of this toy problem are shown in
Fig. 10.

This analysis applies to collective neutrino flavor trans-
formation in the hot bubble if (1) neutrinos and antineu-
trinos are in the collective mode even in the region where

A+ ", and (2) the frequency of rotating NFIS’s varies
significantly more slowly than the neutrino density n!. In
this case, !!t" corresponds to the rotating total NFIS,
which decays as the neutrino density goes down with
increasing radius. Because !e dominates in number over
other neutrinos and antineutrinos, the factor %&!E!" *!(t#0
in Eq. (54) is essentially the scalar product of the NFIS of
the neutrino in question and that of the total &!e , which is
positive for !e and negative for #!e. For the normal mass
hierarchy (#m2 > 0), one has !> 0 [note this behavior in
Fig. 8(a) and 8(b)]. Noticing that "! < 0 [Eq. (32)], one
finds that $ is always negative for & #!e!E #!e", which will be
antialigned with HV ’ êf

z in the end, as we have seen in
Fig. 9(b). One has$< 0 for &!e!E!e" if E!e < EC and$>
0 if E!e > EC, where

 EC #
!!!!!!!!
#m2

2!

!!!!!!!!: (55)

We see that &!ez is either approximately &1=2 or '1=2,
depending on whether E!e is less than or greater than EC.
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FIG. 9 (color online). Plots of &!ez!E!e " (left panels) and & #!ez!E #!e " (right panels) for both the normal (upper panels) and inverted
(lower panels) mass hierarchies at r # 400 km. The dashed and solid lines are for L! # 1051 and 5$ 1051 erg=s, respectively. These
are single-angle calculation results.

DUAN, FULLER, CARLSON, AND QIAN PHYSICAL REVIEW D 74, 105014 (2006)
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Neutrino Self-Coupling

i
d

d�
|⇥�,p� = Ĥ|⇥�,p�

mass squared 
matrix

neutrino energy

electron density

ν-ν forward scattering
(self-coupling)

H⌫⌫ =
p
2GF

Z
dp0(1� p̂ · p̂0)(⇢p0 � ⇢̄⇤p0)

H =
M2

2E
+

p
2GF diag[ne, 0, 0] + H⌫⌫
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Tools & Toy Models
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Vacuum Oscillations
neutrinos are generated/detected in flavor states

|⇥1⇥ = cos �v|⇥e⇥+ sin �v|⇥µ⇥ with mass m1

|⇥2⇥ = � sin �v|⇥e⇥+ cos �v|⇥µ⇥ with mass m2

neutrino mass eigenstates ≠ neutrino flavor states

vacuum mixing angle

vac. osc. freq. ⇥ =
�m2

2E�

i

d

dx


h⌫e| ⌫i
h⌫µ| ⌫i

�
=

1

2


�! cos 2✓v ! sin 2✓v

! sin 2✓v ! cos 2✓v

� 
h⌫e| ⌫i
h⌫µ| ⌫i

�

�m2 = m2
2 �m2

1
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Neutrino Flavor Isospin

Two-component system spin-1/2

2⇥ 2 Hermitian matrix H = H01+H · �
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Neutrino Flavor Isospin
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Wikimedia: Standard Model of Elementary Particles
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Vacuum Oscillations 
Again

sf
z = P�e�e �

1
2

⇥ ⇥ ±�m2

2E

2�v

⇤H = � ⇤Hvac
⌅Hvac ⇥ �êf

x sin 2�v + êf
z cos 2�v

⇥Hvac

êf
z

⇥s�
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MSW Effect

vac. osc. freq. ⇥ =
�m2

2E�

electron number density

i
d
dx

�
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MSW Again
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MSW Mechanism

�m2 < 0

inverted hierarchy
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Bipolar System
Mono-energetic ⌫-⌫̄ gas

� ⇠ n⌫ � n⌫̄

n⌫ + n⌫̄(Hannestad et al, 2006;
HD et al, 2007)

~s⌫

~s⌫̄

M~g ⇠
~Hvac

n⌫ + n⌫̄

~Hvac

�

M~g
~Hvac

~Hvac
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Bipolar System
Inverted Mass Hierarchy

~Hvac

ntot

⌫ #, Mg "

~Hvac
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Bipolar System

 

! ! !V

!
1" "

2 sin#1

"
n#
n0
#

#
sin##1 $ #2%

$
; (65a)

! !V

!
"1" 1

2 sin#2

"
n#
n0
#

#
sin##1 $ #2%

$
; (65b)

where #1#2% is the angle between s1#2% and HV. On the other
hand, from Eq. (3) it can be shown that HV & #s1 $ "s2% is
time invariant even if n# changes with time. Consequently,
we obtain the following two equations for #1 and #2:

 

4 sin#1 sin#2 ! "
n#
n0
#
#sin#1 " " sin#2% sin##1 $ #2%;

(66a)

#1" "% cos2$v ! cos#1 $ " cos#2: (66b)

We have solved Eq. (66) numerically for simple asym-
metric bipolar systems with different choices of $v and
asymmetry parameter ". The results are plotted in Fig. 3.
For comparison, we have also solved numerically the
original e.o.m. of the NFIS’s, Eq. (3), for the same bipolar
systems assuming that n# changes in the way described by
Eq. (34). These results are also shown in Fig. 3. Clearly, the
polar angles #1 and #2 of the NFIS’s s1 and s2 oscillate
around those values determined from Eq. (66) as n# de-
creases. This is true not only for the bipolar systems with

$v ’ %=2 but also for those with other vacuum mixing
angles.

The results shown in Fig. 3 can be understood as follows.
Although Eqs. (3) and (46) are not equivalent over a long
period for a time-varying n#, we may still view a bipolar
system as a flavor pendulum over a short time interval
during which n# does not change much. Suppose that at
instant t1 the flavor pendulum precesses uniformly around
HV at latitude #0#t1%. In the adiabatic limit this precession
continues as n# slowly changes, but the value of #0
changes with n# [#0 is a function of #1 and #2 which
vary with n# according to Eq. (66)]. Of course, in realistic
conditions, n# can only decrease with a finite rate, and the
actual polar angle # of the pendulum always ‘‘wobbles’’
(as a result of excitation of nutation modes) around #0 with
some nutation period Tnut. However, if n# changes so
slowly that

 

!
Tnut

"
dn#
dt

#$"1
'

"
d#0

dn#

#
;
"
@#
@n#

#
; (67)

# can be expected to closely follow #0, and Eq. (66)
becomes an excellent approximation. This expectation
can be verified by comparing panels (b) and (d) of Fig. 3
where the evolution of two otherwise identical bipolar
systems is calculated using different adiabatic parameters
[& ! 40 in (b) and 200 in (d)]. With a much slower change
in n# for panel (d), the result obtained by solving Eq. (66)
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FIG. 3 (color online). Values of cos#1 (solid lines) and cos#2 (dashed lines), where #1 and #2 are the polar angles of the NFIS’s s1

and s2 with respect to HV, as functions of neutrino number density n# for simple asymmetric bipolar systems. Panels (a), (b), and (d)
have mixing angle ~$v ! 0:01 and panel (c) has $v ! 0:6. The asymmetry parameter is " ! 0:8 for (a) and (c), and " ! 0:2 for (b) and
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ANALYSIS OF COLLECTIVE NEUTRINO FLAVOR . . . PHYSICAL REVIEW D 75, 125005 (2007)

125005-9

(HD et al, 2007)
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Bipolar System
Normal Mass Hierarchy

~Hvac

MSW

~Hvac
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Comparison

use !" and !!" to denote the neutrinos and antineutrinos
that are emitted in flavor state " at the neutrino sphere.)
One sees that spurious neutrino flavor transformation (dot-
dashed line) could occur at low radius with a combination
of insufficient number of angle bins, a loose error control,
and neglect of n0b. If we employ L! ! 1051 erg=s and
choose a stringent error tolerance (" 10#10) at each step,
we find that it takes * 500 angle bins in order to achieve
convergence and run-to-run consistency. Because the B
potential increases with neutrino luminosity, we expect
that even more angle bins would be required to obtain
convergence at larger neutrino luminosity.

Our numerical simulations generally employ * 500
angle bins and * 500 energy bins for each neutrino spe-
cies. Typically, our codes execute * 105 steps during each
production run. It is clear that multiangle simulations are
only feasible using large-scale parallel computation.

B. Simulation results

In Fig. 4(a), we plot hP!e!e$r%i with the normal neutrino
mass hierarchy (#m2 > 0) on both the radial ( cos#0 ! 1)
and tangential ( cos#0 ! 0) trajectories. For comparison,
we also plot hP!e!e$r%i for the L! ! 0 (A potential only)
case, which is obtained from the single-angle simulation by
setting L! ! 0. The L! ! 0 case corresponds to the limit
where neutrinos go through MSW resonances indepen-
dently of each other. In the full synchronization limit, all
neutrinos and antineutrinos undergo flavor transformation
in the same way as does a !e with energy Esync in the
standard MSW mechanism. Using only the matter poten-
tial, we have calculated P!e!e for a !e with energy Esync

propagating along the radial trajectory. The result is shown
in Fig. 4(a). The results of our simulations are clearly
different from those in the L! ! 0 and full synchronization
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FIG. 4 (color online). Plots of average survival probability hP!e!e i (left panels) and hP !!e !!e i (right panels) with the normal (upper
panels) and inverted (lower panels) neutrino mass hierarchies, respectively. The solid and dotted lines give average survival
probabilities along trajectories with cos#0 ! 1 and cos#0 ! 0, respectively, as computed in the multiangle simulations. The dot-
dashed lines and the dashed lines characterize the limits where neutrinos and antineutrino undergo flavor transformation individually
(L! ! 0 and A potential only) and simultaneously (full synchronization), respectively. The dashed line is not distinguishable from the
dot-dashed line in panel (c).

DUAN, FULLER, CARLSON, AND QIAN PHYSICAL REVIEW D 74, 105014 (2006)

105014-10

HD, et al (2006)

MSW

Synchronization
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Comparison

HD, et al (2006)

use !" and !!" to denote the neutrinos and antineutrinos
that are emitted in flavor state " at the neutrino sphere.)
One sees that spurious neutrino flavor transformation (dot-
dashed line) could occur at low radius with a combination
of insufficient number of angle bins, a loose error control,
and neglect of n0b. If we employ L! ! 1051 erg=s and
choose a stringent error tolerance (" 10#10) at each step,
we find that it takes * 500 angle bins in order to achieve
convergence and run-to-run consistency. Because the B
potential increases with neutrino luminosity, we expect
that even more angle bins would be required to obtain
convergence at larger neutrino luminosity.

Our numerical simulations generally employ * 500
angle bins and * 500 energy bins for each neutrino spe-
cies. Typically, our codes execute * 105 steps during each
production run. It is clear that multiangle simulations are
only feasible using large-scale parallel computation.

B. Simulation results

In Fig. 4(a), we plot hP!e!e$r%i with the normal neutrino
mass hierarchy (#m2 > 0) on both the radial ( cos#0 ! 1)
and tangential ( cos#0 ! 0) trajectories. For comparison,
we also plot hP!e!e$r%i for the L! ! 0 (A potential only)
case, which is obtained from the single-angle simulation by
setting L! ! 0. The L! ! 0 case corresponds to the limit
where neutrinos go through MSW resonances indepen-
dently of each other. In the full synchronization limit, all
neutrinos and antineutrinos undergo flavor transformation
in the same way as does a !e with energy Esync in the
standard MSW mechanism. Using only the matter poten-
tial, we have calculated P!e!e for a !e with energy Esync

propagating along the radial trajectory. The result is shown
in Fig. 4(a). The results of our simulations are clearly
different from those in the L! ! 0 and full synchronization
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FIG. 4 (color online). Plots of average survival probability hP!e!e i (left panels) and hP !!e !!e i (right panels) with the normal (upper
panels) and inverted (lower panels) neutrino mass hierarchies, respectively. The solid and dotted lines give average survival
probabilities along trajectories with cos#0 ! 1 and cos#0 ! 0, respectively, as computed in the multiangle simulations. The dot-
dashed lines and the dashed lines characterize the limits where neutrinos and antineutrino undergo flavor transformation individually
(L! ! 0 and A potential only) and simultaneously (full synchronization), respectively. The dashed line is not distinguishable from the
dot-dashed line in panel (c).

DUAN, FULLER, CARLSON, AND QIAN PHYSICAL REVIEW D 74, 105014 (2006)

105014-10
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Homogeneous Gas

⇥H⇥ = ⇥Hvac + ⇥Hmatt + ⇥H��

⌅Hvac = �êv
z Depend on neutrino energy; 

disrupt collective oscillations
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⇥

2GFneê
f
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“Ignored” for collective oscillations
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⌅

2GFntot
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� ⇤

�⇤
d⇥⇥f⇥��s⇥�

= �µ⇥�s⇤

Independent of neutrino enegy; 
Drive collective oscillations

d
dr

⌅s� = ⌅s� � ⌅H�
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Collective Oscillations
rotational symmetry of EoM

collective precession of flavor isospins

rotating “magnetic field”

new flavor transformation mechanism

magnetic spin resonance
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Collective Oscillations

�m2 < 0

inverted hierarchy
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Multi-angle calculation
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Precession Mode

static frame corotating frame 
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êy

êz
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ωêz

−ωprêz
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"̃Hω = (ω − ωpr)êz−µ〈"s〉"sω

all ⌅s� precess about êz with a common angular speed �pr
precession

ansatz

HD, Fuller, Carlson & Qian (2006)

pseudo
field
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Adiabatic Process

inverted mass hierarchy
antineutrinoneutrino

E� E�̄

⇥ = +
�m2
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Spectral Swap/Split
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Linear Stability Analysis
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New Developments 
and Challenges
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Moment Method

Shalgar & HD (in preparation)
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Neutrino Halo
(Cherry et al, 2012)
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Spontaneous Symmetry 
Breaking?

• A symmetry in the EoM does not guarantee that 
its solution(s) will also be symmetric.

• Even if the system may be approximately 
symmetric initially, a non-symmetric mode may 
quickly dominate if it is unstable.

• Numerical calculations suggest that supernova 
neutrino oscillations may not be axially symmetric 
even in the (1+2)D model. [Raffelt et al, 2013; Mirizzi, 2013]
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Homogeneous Gas Again

• Multipole modes are decoupled in the linear Regime

• l=0: μeff= μ, unstable in IH

• l=1: μeff= -μ/3 unstable in NH

• l>1: μeff= 0, always stable

(Duan, 2013)
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Inverted Hierarchy
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Normal Hierarchy
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Implications for SN ν
• Collective oscillations can occur in either mass 

hierarchy.

• Oscillations can occur deeper in the NH case 
than the IH case.

• The angle-dependent modes break the axial 
symmetry and the spherical symmetry -- new 
computing paradigm is needed.
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Summary

• Neutrinos offer a unique and direct probe 
into the center of stars, including 
supernovae.

• Neutrinos are essential to supernova 
dynamics and nucleosynthesis.

• Collective neutrino oscillations — a 
collective quantum phenomenon on the 
scale of 10 ~100 km?
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How do you want do 
your calculations?
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