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• ~1053 ergs, 1058 
neutrinos in ~10 
seconds

• All neutrino species, 
10~30 MeV

• Dominate energetics  

• Influence 
nucleosynthesis

• Probe into SNe

νe + n → p + e-   

WFO
T≈0.9MeV

T≈0.75MeV

T≈0.25MeV
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nucleosynthesis

2n + 2p → α   

4He(αn,γ)9Be   
4He(αα,γ)12C   

…

seeds (A = 50 ~100)

n’s + seed → heavy (A=100 ~ 200)
r-process

neutron
star

heating
region

νe + p ⇌ n + e+   
_νe + n ⇌ p + e-   

cooling
region

Neutrinos in Supernovae
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ν oscillations in SN 
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neutrinosphere 

νk

νq
νp
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energy emission
points

emission
direction

 (r, E,#,',⇥,�)

(3+3)D

Coherent forward 
scattering only outside 
neutrino sphere.
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energy emission
points

propagation
direction

 (r, E,#,',⇥)

(2+3)D

previous assumptions +
Axial symmetry around the 
Z axis.
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energy

propagation
direction

 (r, E,#,')

(1+3)D

previous assumptions +
Spherical symmetry about 
the center (Consistency?)
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energy

propagation
direction

 (r, E,#)

(1+2)D 
Multi-Angle/Bulb Model

previous + assumptions +
Azimuthal symmetry around 
any radial direction
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(1+1)D
Single-Angle

 (r, E)

energy

previous assumptions +
Trajectory independent 
neutrino flavor evolution

Equivalent to an expanding 
homogeneous neutrino gas
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YES!! You can make 
discoveries through 

numerical calculations.
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But are you sure 
whether the numerical 

calculations are 
correct?
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Back-of-the-envelope 
Estimates
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Neutrino Self-Coupling

i
d

d�
|⇥�,p� = Ĥ|⇥�,p�

mass squared 
matrix

neutrino energy

electron density

ν-ν forward scattering
(self-coupling)

H⌫⌫ =
p
2GF

Z
dp0(1� p̂ · p̂0)(⇢p0 � ⇢̄⇤p0)

H =
M2

2E
+

p
2GF diag[ne, 0, 0] + H⌫⌫
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3 Energy Scales

• vacuum term: Λvac=Δm2/2E

• matter (electron) density: Λmat=√2̅GFne

• neutrino density: Λν=√2̅GF(nν-nν̅)

H =
M2

2E
+

p
2GF diag[ne, 0, 0] + H⌫⌫
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Three Flavor MSW

• Λvac≈Λmat: MSW resonance

• Λvac(Δm2⊙, 10MeV) ~ (49 km)-1

• Λvac(Δm2atm, 10MeV) ~ (1.6 km)-1

•  Λmat(1012 g/cc) ~ (0.005 mm)-1

• Both mass splittings are effective

Λvac=Δm2/2E Λmat=√2 ̅GFne
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Bumpy Matter Profile

• Λvac≈Λmat: MSW resonance

• d(ln Λmat)/dr ≳ Λvac: non-adiabatic

• Track propagation of shockwaves             
(Schirato & Fuller, 2002; and others)

• Flavor depolarization at turbulence (cannot 
distinguish spectra of different flavor)        
(Friedland & Gruzinov, 2006; and others)

Λvac=Δm2/2E Λmat=√2 ̅GFne
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Collective Oscillations
• Λvac depends on neutrino energy ⇒ ΔΛvac: 

dispersion in energies

• ΔΛvac (~ Λvac) ≲ Λν〈1-cosΘ〉: neutrinos with 
different energies oscillate in phase

νk

νq
ΘΛν〈1-cosΘ〉∝ r-2 r-2 = r-4

Λvac=Δm2/2E Λν=√2 ̅GF(nν-nν̅)
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Self-Suppression
• ΔΛvac (~ Λvac) ≪ Λν〈1-cosΘ〉: synchronization; 

no significant oscillations unless experiencing 
MSW resonance         (Pastor et al 2001, 2002)

• Criterion for significant collective oscillations: 
ΔΛvac (~ Λvac) ~ Λν〈1-cosΘ〉    (HD, Fuller & Qian, 2005)

Λvac=Δm2/2E Λν=√2 ̅GF(nν-nν̅)
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Matter Suppression

• Λmat ≳ Λν〈1-cosΘ〉: suppression of collective 
oscillations?

• No. Uniform matter distribution does not 
suppress collective oscillations in the 
homogeneous and isotropic neutrino gas.     
(HD, Fuller & Qian, 2005)

Λmat=√2 ̅GFne Λν=√2 ̅GF(nν-nν̅)
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HD & Friedland (2010)
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Matter Suppression

Θδr

(cosΘ)-1δr

wavefronts
of coll. osc.
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φ φ+δφ
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Matter Suppression
• Dispersion in Λmatdλ/dr: ΔΛmat

• Criterion for significant collective oscillations: 
ΔΛmat ~ Λν〈1-cosΘ〉
• ΔΛmat ≳ Λν〈1-cosΘ〉⇒ suppression of 

collective oscillations (Esteban-Pretel et al, 2008)

• ΔΛmat∝r-2 ρ(r) ⇒ suppression only at early-

time and/or very close to NS
Λmat=√2 ̅GFne Λν=√2 ̅GF(nν-nν̅)Λvac=Δm2/2E
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• Λν〈1-cosΘ〉 depends on neutrino emission 
angle ⇒ dispersion in angles ΔΛν (~Λν〈1-

cosΘ〉)
• Criterion for significant collective oscillations: 
ΔΛvac ~ ΔΛν ~ Λν〈1-cosΘ〉      (HD & Friedland, 2010)

Multiangle Suppression

Λvac=Δm2/2E Λν=√2 ̅GF(nν-nν̅)

H⌫⌫ =
p
2GF

Z
dp0(1� p̂ · p̂0)(⇢p0 � ⇢̄⇤p0)
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Multiangle Suppression
H!!¼

ffiffiffi
2

p
GF½n!e

ðrÞ%n !!e
ðrÞ&½1%cos#ð1þxÞ=2&; (1)

where x (
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1% R2=r2

p
and cos# ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1% sin2#RR

2=r2
p

in
terms of the angle of emission #R, and the neutrino number
densities n!i

ðrÞ ¼ 2fið1% xÞ=ð4"R2cÞ are proportional to
the fluxes fi ¼ Li=hEii.

Strictly speaking, one should also include the geometric
factor 1= cos#, just like dense matter. Its effect, however,
appears only at a higher order: for sufficiently large r,
H!! / R2=4r2 þ #2=2þ ) ) ) , while the geometric correc-
tion appears only at Oð#4Þ. This illustrates an important
point: the dispersion in "Hmat is small compared to Hmat,
while the dispersion in H!! is of the same order as H!!.
Therefore, unless the matter is very dense, the latter effect
turns out to be more important.

To understand what sets the location of the instability
rinst, let us first recall that in a single-angle calculation
collective transformations are driven by the vacuum term
Hvac ¼ "m2=2E!, or, more accurately, by its dispersion
"Hvac with energy (a common part can be removed, just
like for the matter potential [35]). In the multiangle setup,
the dispersion of H!! with angle #, "H!! *H!!ð# ¼
arccosxÞ %H!!ð# ¼ 0Þ, adds in. Since "H!! ( just like
H!!) scales as r%4, it dominates over "Hvac at small r.
The regime when "H!! ‘‘overpowers’’ "Hvac is seen to
give no oscillation. The flavor conversion therefore starts
when the two become comparable:

"Hvac *"H!!: (2)

Plugging in the numbers, one indeed finds rinst * 120 km.
Furthermore, since "H!! falls off as r%4, while Hvac is
independent of r, rinst should depend on the luminosity as

L1=4
! . This is precisely what is seen in Figs. 1 and 2.
Further insight into this physics can be obtained from

analyzing the oscillation mode in the ðE!; #RÞ plane.
In Fig. 3, in the top row we show the pattern of conversion
at r ¼ 133:6 km, where the instability just triggered con-
version. As we have argued, the evolution at this point
should be driven by a combination of "Hvac and "H!!.
In the bottom rows of Fig. 3 we show the isocontours of
Hvac þH!!. We can explicitly see that the two sources of
the dispersion are comparable at this radius [36] and,
furthermore, that the pattern of conversion matches the
pattern of the isocontours remarkably well.

We also investigated the normal mass hierarchy (NH)
scenario. The oscillations in this case for our reference
model also start at rinst * 120 km. We confirmed that rinst
again scales with neutrino luminosity as L1=4. The oscil-
lation pattern in the ðE!; #RÞ plane is different from the
IH case. Yet, once again, it follows the isocontours of
Hvac þH!! remarkably well. (In this case, the left-hand
and right-hand panels of the bottom row in Fig. 3 switch
places, because "m2 has the opposite sign.)

Animations depicting the flavor evolution as a function
of r, for both IH and NH, are available online [37].

Final neutrino spectra.—In Fig. 4, we plot the spectra ‘‘at
infinity’’ for both neutrino mass hierarchies. Compared to
the single-angle calculations, the multiangle ones give fea-
tures that are somewhat smeared out, especially in the NH
case, but are qualitatively similar [38]. This behavior, how-
ever, is not general. Our investigations show that for other
spectra, the single-angle and multiangle calculations give
qualitatively different answers not just at intermediate radii,
but also at infinity. These results will be reported elsewhere.
Generalizations.—For applications, one needs to know

how the suppression effect manifests itself in a variety of
conditions that may exist in a supernova. We have already

FIG. 3 (color online). Top: The pattern of flavor transforma-
tions at the start of the oscillations, corresponding to the simu-
lation shown by the thick curve in Fig. 1. Bottom: Isocontours of
H!! þHvac % ðHmax

!! þHmin
!! Þ=2, in units of "m2

atm=ð20 MeVÞ.
Both are plotted for r ¼ 133:6 km.

FIG. 4 (color online). Spectra of !e (left) and !!e (right) at
infinity, for both IH (top) and NH (bottom). Multiangle (MA)
results are shown with thick solid curves, single-angle results
(SA) with filled regions. Initial spectra are also shown, as
marked. Turbulence [40] and shock front [41] effects are ignored.

PRL 106, 091101 (2011) P HY S I CA L R EV I EW LE T T E R S
week ending

4 MARCH 2011

091101-3

Hvac
+

Hνν
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HD & Friedland (2010)
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Tools & Toy Models
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Vacuum Oscillations
neutrinos are generated/detected in flavor states

|⇥1⇥ = cos �v|⇥e⇥+ sin �v|⇥µ⇥ with mass m1

|⇥2⇥ = � sin �v|⇥e⇥+ cos �v|⇥µ⇥ with mass m2

neutrino mass eigenstates ≠ neutrino flavor states

vacuum mixing angle

vac. osc. freq. ⇥ =
�m2

2E�

i

d

dx


h⌫e| ⌫i
h⌫µ| ⌫i

�
=

1

2


�! cos 2✓v ! sin 2✓v

! sin 2✓v ! cos 2✓v

� 
h⌫e| ⌫i
h⌫µ| ⌫i

�

�m2 = m2
2 �m2

1
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Neutrino Flavor Isospin

Two-component system spin-1/2

2⇥ 2 Hermitian matrix H = H01+H · �
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Neutrino Flavor Isospin
�
e�

�e

⇥ �
µ/⇤

⇥µ/⇥⇥

⇥
Weak
Isospin

Flavor Isospin
d
d�

⌅s = ⌅s� ⌅H

i
d
d�

⇤� = H⇤�

= � ⇧H · ⇧⇥

2
⇤�

e-flavor ⇥ �-flavor maximally mixed

⌃s� � ⇤†
�
⌃�

2
⇤� ⇤ ⌅ ⇥

⌃s�̄ � (�y⇤�̄)†
⌃�

2
(�y⇤�̄) ⌅ ⇤ ⇥
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Wikimedia: Standard Model of Elementary Particles
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Vacuum Oscillations 
Again

sf
z = P�e�e �

1
2

⇥ ⇥ ±�m2

2E

2�v

⇤H = � ⇤Hvac
⌅Hvac ⇥ �êf

x sin 2�v + êf
z cos 2�v

⇥Hvac

êf
z

⇥s�
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