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(a)	
  Neutron	
  degeneracy.	
  
(b)	
  Mixture	
  of	
  neutron	
  and	
  proton	
  degeneracy.	
  
(c)	
  None	
  of	
  the	
  above.	
  

What	
  provides	
  the	
  pressure	
  that	
  stabilizes	
  
neutron	
  stars	
  against	
  gravity?	
  



Lecture	
  Plan	
  
•  Lecture	
  1	
  (now!)	
  

–  Core	
  collapse	
  supernovae	
  (CCSNe),	
  	
  
the	
  nuclear	
  equa4on	
  of	
  state,	
  and	
  neutron	
  star	
  structure.	
  

–  Numerical	
  rela4vity,	
  general-­‐rela4vis4c	
  hydrodynamics,	
  and	
  
neutron	
  star	
  merger	
  simula4ons	
  with	
  the	
  Einstein Toolkit.	
  

•  “Workshop”	
  (this	
  a^ernoon)	
  
–  Neutron	
  star	
  structure	
  calcula4ons	
  
–  Black	
  hole	
  forma4on	
  in	
  stellar	
  collapse	
  
–  Neutron	
  star	
  merger	
  simula4ons	
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•  Lecture	
  2	
  (tomorrow!)	
  
–  LIGO	
  and	
  Gravita4onal-­‐Wave	
  Astronomy	
  
–  Phenomenology	
  of	
  neutron	
  star	
  mergers.	
  
–  Extreme	
  core	
  collapse	
  events	
  and	
  the	
  CCSN-­‐LGRB	
  rela4onship.	
  
–  Gravita4onal	
  waves	
  from	
  core-­‐collapse	
  supernovae.	
  
	
  



Core	
  Collapse	
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Mini4al	
  >	
  8-­‐10	
  MSUN	
  

⇢c ⇡ 1010 g cm�3

Tc ⇡ 0.5MeV
Ye,c ⇡ 0.43

[not	
  drawn	
  to	
  scale]	
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160	
  ms	
  a^er	
  
core	
  bounce.	
  
	
  
2D	
  simula4on	
  
of	
  O8+08	
  

CCSN	
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What	
  are	
  the	
  Physics	
  Ingredients?	
  

•  Gravity	
  	
  
•  Nuclear	
  physics	
  /	
  nuclear	
  
equa4on	
  of	
  state	
  /	
  nuclear	
  
reac4ons	
  (strong	
  force)	
  

•  Neutrino	
  physics	
  	
  
(weak	
  force)	
  

•  Fluid	
  dynamics	
  /	
  MHD	
  (EM)	
  

•  Transport	
  theory	
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Neutron	
  Star	
  Mergers	
  
•  Neutron	
  Star	
  +	
  Neutron	
  Star	
  (NSNS)	
  
•  Black	
  Hole	
  +	
  Neutron	
  Star	
  (BHNS)	
  

•  Inspiral	
  driven	
  by	
  gravita4onal-­‐wave	
  (GW)	
  emission.	
  
	
  

M1	
  ~	
  M2	
  ~	
  1.4	
  MSun	
  
-­‐>	
  galac4c	
  NSNS	
  binaries!	
  

MBH	
  ~	
  7-­‐10	
  x	
  MNS	
  (Belczynski+10)	
  	
  
(but	
  no	
  BHNS	
  systems	
  known)	
  

credit:	
  J.	
  Read	
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Double	
  Neutron	
  Star	
  Mergers:	
  Case	
  A	
  

credit:	
  
R.	
  Haas,	
  SXS	
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Double	
  Neutron	
  Star	
  Mergers:	
  Case	
  B	
  

credit:	
  
R.	
  Haas,	
  SXS	
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BHNS	
  Mergers	
  

Foucart+14	
  
J.	
  Claypoole	
  

Duez+	
  
SXS	
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Postmerger	
  Disks	
  

credit:	
  
M.	
  Duez,	
  SXS	
  

30	
  ms	
  a^er	
  merger	
  
Radius	
  ~110	
  km	
  
Thickness	
  ~45	
  km	
  

⌧ . 15
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compression, advection of heat into the black hole, and ra-
diative cooling. The disk’s thermal energy is defined as

Ethermal =
∫

ρ∗[ϵ− ϵcold(ρ,Ye)]d3x, (15)

where ϵ and ϵcold(ρ,Ye) are the actual specific internal en-
ergy and the specific internal energy at the lowest temper-
ature in the EOS table, for which the gas is degenerate.
We find Ethermal ≈ 1052 erg. The total neutrino luminosity is
Lν ∼ 1053–54 ergs−1. Therefore, the cooling timescale due to
neutrinos is

Tcool ∼
Ethermal

Lν
≈ 10ms–100ms. (16)

It is important to remember that the disk is partly pressure-
supported. Thus radiative energy loss may come from the po-
tential energy reservoir via disk contraction, in addition to the
more obvious thermal energy reservoir via disk cooling. In-
deed we find that evolving without neutrino cooling leads to a
disk that is not only hotter but also much more extended and
less dense. The timescale for composition change is Ne/Rν ,
where Ne is the number of electrons in the disk and Rν is the
total net lepton number change rate due to neutrinos. This
is initially also about 10 ms. Then, 20 ms after merger, bal-
ance between νe and νe emission is roughly achieved, and
the composition subsequently changes more slowly. Thus,
the neutrino emission significantly influences the energy and
composition of the disk over its lifetime.

6. DISK FORMATION AND FALLBACK

As can be seen from Fig. 3, as the accretion stream collides
with itself, shocks heat the gas for roughly one millisecond,
until the density-averaged entropy settles at ∼8kB baryon−1.
A hot accretion disk forms in the vicinity of the black hole. In
Fig. 7, we show density snapshots of the disk at a represen-
tative time ∼30 ms later, and in Fig. 8, we show azimuthally
averaged equatorial density as a function of circumferential
radius. The maximum density remains at a fairly steady level
of ∼1012 gcm−3. As shown in the bottom panel of Fig. 8, the
densities and temperatures are sufficient to render the interior
of the torus optically thick to all species of neutrinos, with
optical depths (averaged over neutrino energy) of order 10.

The disk is initially extremely distorted and nonaxisymmet-
ric. For a completely stable disk, one would expect the inner
regions, where the dynamical timescale is shortest, to settle to
a stationary axisymmetric state before the outer regions—as
was seen, for example, in a recent BHNS Γ-law EOS merger
carried out with the same code (Lovelace et al. 2013). We
see instead that it is only the middle disk that settles to an ap-
proximately axisymmetric state after about 30 ms. In the inner
disk, very close to the black hole, clear, order unity deviations
from axisymmetry in the form of trailing one-armed spirals
persist throughout the evolution (see the bottom panel in Fig.
7). These perturbations appear at the disk’s inner edge, rotate
at roughly the rate of the local fluid (∼ms periods), expand
outward and dissipate, and then reform many times during the
disk evolution. Such behavior suggests that a fluid instability
may be preventing the disk from promptly settling.

Further insight into the structure of the disk comes from the
profiles of the specific orbital energy (E ≡ −ut − 1) and angu-
lar momentum (L = −uφ/ut) shown in Fig. 9. Each panel in-
cludes three curves. One is the actual E or L profile, measured

Figure 7. Three-dimensional distribution of neutrino energy loss and fluid
density from L3, 30 ms after merger, depicted in evolution coordinates at a
slanted view. Top panel: effective local neutrino power, Qν (no redshift ap-
plied), summed over all species (in units of ergkm−3 s−1). Middle and bottom
panels: meridional and equatorial slices of density in the fluid rest frame.
The equatorial slice reveals a spiral mode. In all three panels, densities below
109.5 gcm−3 have been masked out to show the structure of the disk. The disk
radius and half-thickness are 110 km and 45 km, respectively.
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r-­‐Process	
  Nucleosynthesis	
  

credit:	
  
J.	
  Lippuner,	
  SXS	
  

Electron	
  
frac4on	
  Ye	
  

BHNS	
  merger	
  
Foucart+14	
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r-­‐Process	
  Nucleosynthesis	
  

credit:	
  
J.	
  Lippuner,	
  SXS	
  

Merger	
  ouplows:	
  very	
  neutron	
  rich	
  material	
  
See	
  lectures	
  by	
  Qian,	
  Kasen,	
  Fröhlich	
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What	
  are	
  the	
  Physics	
  Ingredients?	
  
9

FIG. 5: Merger for the non precessing cases R14i0 (left) and R12i0 (right). The top panel shows the system at the time at which half of the
neutron star material has been accreted onto the black hole. We show densities down to ρmin ∼ 10−7M−2

⊙ ∼ 6 × 1010g/cm3. The bottom
panel shows the remnant 5ms later, plotting densities down to ρmin ∼ 10−8M−2

⊙ ∼ 6×109g/cm3 and cutting out the x > 0, y < 0 quadrant.
The differences in scale between the 4 figures can be determined knowing that the size of the black hole is always RBH ∼ 15 km.
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FIG. 6: Baryon mass remaining outside of the black hole as a func-
tion of time, for the 3 non-precessing cases R14i0, R13i0 and R12i0.
We shift all the curves by the time t50% at which half of the matter
has been accreted onto the black hole.

1. The orbital velocity profile is slightly sub-Keplerian (by
about 10%), while the sound speed is ∼ 0.25Ωr and thus com-

1 Distances are measured in terms of the circumferential radius in the equa-
torial plane, rcirc = 1

2π

∫ 2π
0

√
gφφdφ, where φ is the azimuthal angle.

patible with a thick, thermally supported disk of scale height
H = 0.25r. This is consistent with the actual scale height of
the disk, H ∼ 0.2 − 0.3r. Finally, the inner edge of the disk
is particularly hot: we plot an estimate of the entropy

s = ln
(κeff

κ

)
= ln

(
P

P (ρ0, T = 0)

)
(15)

(the effective constant κeff is defined by P = κeffρ20), and
find s ∼ 9 for r ∼ 60 km. Within the disk, we still have
s ∼ 4 − 5. As the disk settles down over ∼ 10 − 20ms, we
would expect the entropy to exhibit a minimum at the peak
of the surface density distribution, as was observed in lower
mass ratio systems [20, 24].

3. Ejecta

The ejection of unbound material by compact binary merg-
ers is a prerequisite for some electromagnetic counterparts,
most notably emissions due to the radioactive decay of the
neutron-rich ejecta [6, 55]. This ejecta can be obtained
through various physical processes: unbound material in
the tidal tail, but also magnetically-driven [21] or neutrino-
driven [22] winds. The study of winds goes beyond the scope
of this article, as this requires accurate long-term evolution
of the remnant disk and the inclusion of physical processes
that are neglected in this work (magnetic fields, neutrino ra-

•  Gravity	
  	
  
•  Nuclear	
  physics	
  /	
  nuclear	
  
equa4on	
  of	
  state	
  /	
  nuclear	
  
reac4ons	
  (strong	
  force)	
  

•  Neutrino	
  physics	
  	
  
(weak	
  force)	
  

•  Fluid	
  dynamics	
  /	
  MHD	
  (EM)	
  

•  Transport	
  theory	
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Take	
  Away:	
  

•  Core-­‐collapse	
  supernovae	
  and	
  neutron	
  star	
  mergers	
  
involve	
  the	
  same	
  rich	
  physics.	
  

•  Both	
  are	
  cosmic	
  laboratories	
  for	
  	
  
fundamental	
  physics.	
  

•  Both	
  are	
  3D	
  mul4-­‐scale	
  problems.	
  	
  



Core	
  Collapse,	
  
The	
  Nuclear	
  Equa4on	
  of	
  State,	
  	
  
and	
  Neutron	
  Star	
  Structure	
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Mini4al	
  >	
  8-­‐10	
  MSUN	
  

⇢c ⇡ 1010 g cm�3

Tc ⇡ 0.5MeV
Ye,c ⇡ 0.43

[not	
  drawn	
  to	
  scale]	
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ρc	
  ≈	
  1010	
  g/cm3	
  
T	
  ≈	
  1	
  MeV	
  
Ye	
  ≈	
  0.5	
  

(in	
  reality:	
  	
  T	
  lower	
  	
  
and	
  Ye	
  slightly	
  lower)	
  

What	
  produces	
  the	
  pressure?	
  

ions	
  (iron-­‐group	
  nuclei)	
  

electrons	
  

photons	
  

What	
  dominates?	
  



Ion	
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  in	
  the	
  Iron	
  Core	
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•  Ideal	
  Boltzmann	
  gas	
  of	
  non-­‐interac4ng	
  par4cles.	
  
	
  

n =
⇢

µmu
µ =

 
X

i

Xi

Ai

!�1

P
ion

= n
ion

kT

For	
  pure,	
  say,	
  56Ni:	
  	
   µ = 56

P
ion

=
⇢NA

56
kT = 1.7⇥ 1026

✓
⇢

1010 g cm�3

◆✓
T

1MeV

◆
dyn cm�2



Photon	
  EOS	
  in	
  the	
  Iron	
  Core	
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•  Ideal	
  Bose	
  gas:	
  
	
  

P� =
1

3
aT 4 = 4.6⇥ 1025

✓
T

1MeV

◆4

dyn cm�2



Electron	
  EOS	
  in	
  the	
  Iron	
  Core	
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•  Ideal	
  Fermi	
  gas,	
  but	
  electrons	
  are	
  rela%vis%c	
  and	
  
degenerate:	
  
	
  ⌘ =

µe

kT
� 1 � =

kT

mec2
� 1

degeneracy	
  parameter	
   rela4vity	
  parameter	
  

In	
  this	
  case:	
  
Pe = K⇢� = 1.2435⇥ 1015Y 4/3

e ⇢4/3

Pe = 1028
✓
Ye

0.5

◆4/3 ✓ ⇢

1010 g cm�3

◆4/3

dyn cm�2



Equa4on	
  of	
  state	
  in	
  the	
  Iron	
  Core	
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ρc	
  ≈	
  1010	
  g/cm3	
  
T	
  ≈	
  1	
  MeV	
  
Ye	
  ≈	
  0.5	
  

(in	
  reality:	
  	
  T	
  lower	
  	
  
and	
  Ye	
  slightly	
  lower)	
  

Pe = 1028
✓
Ye

0.5

◆4/3 ✓ ⇢

1010 g cm�3

◆4/3

dyn cm�2

P� =
1

3
aT 4 = 4.6⇥ 1025

✓
T

1MeV

◆4

dyn cm�2

P
ion

= 1.7⇥ 1026
✓

⇢

1010 g cm�3

◆✓
T

1MeV

◆
dyn cm�2
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ρc	
  ≈	
  1010	
  g/cm3	
  
T	
  ≈	
  1	
  MeV	
  
Ye	
  ≈	
  0.5	
  

(in	
  reality:	
  	
  T	
  lower	
  	
  
and	
  Ye	
  slightly	
  lower)	
  

•  Chandrasekhar:	
  	
  
	
  MCh,e↵ ⇡ 1.44

✓
Ye

0.5

◆2

M�

No	
  equilibrium	
  solu4ons	
  exists	
  for	
  
rela4vis4c	
  &	
  degenerate	
  electron	
  gas	
  for	
  

M > MCh,e↵

+	
  correc4ons:	
  
	
  	
  	
  	
  GR,	
  thermal,	
  
	
  	
  	
  	
  surface	
  P	
  etc.	
  

-­‐>	
  radial	
  instabilty	
  -­‐>	
  core	
  collapse!	
  
Two	
  ways	
  to	
  get	
  there:	
  

(1)  Silicon	
  shell	
  burning	
  adding	
  mass	
  to	
  
	
  the	
  core.	
  

(2)  Reduc4on	
  of	
  Ye.	
  
-­‐>	
  electron	
  capture	
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•  At	
  high	
  temperature	
  (>	
  0.5	
  MeV),	
  strong	
  forward	
  and	
  backward	
  
reac4ons	
  between	
  nuclei	
  and	
  nucleons	
  proceed	
  rapidly.	
  
•  “Chemical	
  equilibrium”	
  is	
  reached:	
  

Ziµp +Niµn = µi

n =
X

i

niAi

Mass	
  conserva4on:	
  	
  
total	
  number	
  density	
  of	
  nulceons	
  

nYe = np + 2n↵ +
X

i

Zini

Charge	
  conserva4on	
  

•  Leads	
  to	
  a	
  set	
  of	
  Saha-­‐like	
  equa4ons	
  for	
  abundances	
  	
  Yi =
ni

n

YZi,Ai =

GZi,Ai

2

A
(mukT/(2⇡~)(3/2[A�1])

(⇢NA)
A�1Y Z

p Y N
n exp

✓
Q

kT

◆

Q = Zmp +Nmn �M(N,Z) A = N + Z

nuclear	
  part.	
  fn.	
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Nuclear	
  Sta4s4cal	
  Equilibrium	
  (ρ	
  >	
  107	
  g/cm3,	
  T	
  >	
  0.5	
  MeV)	
  
-­‐>	
  P	
  =	
  P(ρ,T,Ye)	
  
Composi4on	
  determined	
  
by	
  Saha-­‐type	
  equa4on.	
  



Equa4on	
  of	
  State	
  in	
  Collapse	
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Nuclear	
  Sta4s4cal	
  Equilibrium	
  (ρ	
  >	
  107	
  g/cm3,	
  T	
  >	
  0.5	
  MeV)	
  
-­‐>	
  P	
  =	
  P(ρ,T,Ye)	
  
Composi4on	
  determined	
  
by	
  Saha-­‐type	
  equa4on.	
  

P ⇡ K⇢�

� =
d lnP

d ln ⇢

����
s

⇡ 4

3
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Nuclear	
  Sta4s4cal	
  Equilibrium	
  (ρ	
  >	
  107	
  g/cm3,	
  T	
  >	
  0.5	
  MeV)	
  
-­‐>	
  P	
  =	
  P(ρ,T,Ye)	
  
Composi4on	
  determined	
  
by	
  Saha-­‐type	
  equa4on.	
  

P ⇡ K⇢�

� =
d lnP

d ln ⇢

����
s

⇡ 4

3

Something	
  happens	
  
near	
  1014	
  g/cm3	
  !	
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� =
d lnP

d ln ⇢

����
s

Nuclear	
  Physics:	
  

Nuclear	
  Density:	
  

⇢nuc ⇠ 2.7⇥ 1014 g cm�3

“S4ffening”	
  
of	
  the	
  EOS	
  

nnuc ⇠ 0.16 fm�3
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� =
d lnP

d ln ⇢

����
s

Nuclear	
  Physics:	
  

Nuclear	
  Density:	
  

⇢nuc ⇠ 2.7⇥ 1014 g cm�3

nnuc ⇠ 0.16 fm�3

nucleons,	
  alphas,	
  nuclei	
  

pure	
  	
  
nucleons	
  

Phase	
  transi>on	
  from	
  
inhomogeneous	
  to	
  
homogeneous	
  (bulk)	
  
nuclear	
  maDer	
  

What	
  is	
  causing	
  the	
  s>ffening	
  of	
  the	
  nuclear	
  EOS?	
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•  Inner	
  Core	
  reaches	
  ρnuc,	
  rebounds	
  (“bounces”)	
  into	
  s>ll	
  
infalling	
  outer	
  core.	
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First	
  some	
  thermodynamics:	
  
First	
  Law	
  

d✏ = �Pd

✓
1

n

◆
+ Tds+

X

i

µid
⇣ni

n

⌘ n =
N

V

dV =
1

N
d

✓
1

n

◆
In	
  specific	
  quan44es	
  per	
  par4cle	
  (baryon):	
  

✏ = ✏(n, s, {Yi}) ✏ = ✏(n, s, Ye)but	
  NSE:	
  	
  

Prefer	
  to	
  work	
  in	
  	
  X = X(n, T, Ye)

f = f(n, T, Ye) = ✏� Ts

Helmholtz	
  free	
  energy:	
  

ni

n
= Yi

At	
  fixed	
  T,	
  n,	
  and	
  composi4on,	
  Helmholtz	
  Free	
  Energy	
  is	
  minimized	
  in	
  equilibrium.	
  

dQ = TdS = dE + PdV �
X

i

µidNi
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EOS	
  from	
  the	
  Free	
  Energy:	
  
f = f(n, T, Ye) = ✏� Ts

d

d( 1n )
= �n2 d

dn

P = n2 @f

@n

����
T,Ye

s = � @f

@T

����
n,Ye

µi =
@f

@ni

����
n,T

Obtain	
  thermodynamic	
  quan44es	
  via	
  deriva4ves	
  of	
  f:	
  

Finding	
  the	
  EOS	
  =	
  min(f)	
  for	
  a	
  given	
  n,	
  T,	
  Ye.	
  This	
  also	
  fixes	
  mass	
  frac4ons	
  of	
  	
  
cons4tuent	
  par4cles.	
  
Typical	
  cons4tuents:	
  n,	
  p,	
  α,	
  representa4ve	
  nucleus	
  with	
  (A,Z)	
  or	
  NSE	
  ensemble	
  {A_i,	
  Z_i}.	
  	
  
At	
  high	
  densi4es:	
  exo4ca	
  such	
  as	
  hyperons,	
  kaons,	
  etc.	
  
Generally:	
  f = f

baryon

+ fe + f� (electrons,	
  photons	
  independent	
  of	
  baryons)	
  	
  

df = �Pd

✓
1

n

◆
+ sdT +

X

i

µid
⇣ni

n

⌘
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•  Simplifica4on:	
  T=0,	
  pure	
  neutron	
  &	
  proton	
  gas.	
  Appropriate	
  (?)	
  
for	
  interior	
  of	
  cold	
  neutron	
  stars.	
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•  T=0,	
  pure	
  neutron	
  &	
  proton	
  gas.	
  	
  
	
  

f = ✏

pF = (3⇡2~3)1/3n1/3

� =
d lnP

d ln ⇢

����
s

P = n2 @✏

@n
/ n5/3

� =
d lnP

d ln ⇢

����
s

=
5

3

Not	
  sufficiently	
  s>ff!	
  
What	
  is	
  missing?	
  

✏(nn, np) =
3

5

p2F,n

2mn

nn

n
+

3

5

p2F,p

2mp

np

n

Neutron	
  stars	
  are	
  not	
  
supported	
  by	
  degeneracy	
  pressure.	
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•  T=0,	
  interac4ng	
  pure	
  neutron	
  &	
  proton	
  gas.	
  	
  
	
  

nucleon-­‐nucleon	
  (NN)	
  poten4al	
  energy	
  density	
  

⇢!

• Nuclear	
  force	
  is	
  NN	
  many-­‐body	
  
interac4on	
  =	
  “effec4ve”	
  strong	
  force	
  
interac4on.	
  
• Mediated	
  by	
  mesons:	
  	
  
π	
  (s=0),	
  σ	
  (s=0),	
  ω	
  (s=1),	
  ρ	
  (s=1)	
  
• Dependent	
  on	
  separa4on	
  and	
  spin	
  
orienta4on.	
  Scalar,	
  vector,	
  and	
  	
  
tensor	
  components.	
  	
  
Vector	
  component	
  is	
  repulsive.	
  

�

✏(nn, np) =
3

5

p2F,n

2mn

nn

n
+

3

5

p2F,p

2mp

np

n
+
Vnp(nn, np)

n
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VNN = �g2⇡
e�2µ⇡r

r
+ g2!

e�µ!r

r

Example:	
  Bethe	
  &	
  Johnson	
  74	
  
2-­‐pion	
  exchange	
  a8rac4ve;	
  omega-­‐exchange	
  repulsive	
  

µ⇡ = m⇡/(~c)
µ! = m!/(~c)

g2⇡/(~c) = 10

g2!/(~c) = 29.6“Repulsive	
  
	
  	
  Core”	
  

short-­‐ranged	
  a8rac4ve	
  force	
  

nuclei	
  live	
  here!	
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• Brute	
  force:	
  Solve	
  quantum	
  many-­‐body	
  interac4ons	
  with	
  VNN	
  	
  
(e.g.	
  via	
  Hartree-­‐Fock	
  approach).	
  

• Mean	
  field	
  approxima4on	
  (write	
  down	
  Lagrangian	
  for	
  nucleons	
  
moving	
  in	
  effec4ve	
  meson	
  fields),	
  introduce	
  parameters	
  to	
  match	
  
laboratory	
  nuclei	
  or	
  observa4ons.	
  

• Phenomenological	
  approach:	
  Liquid	
  drop	
  model	
  with	
  parameters	
  
from	
  theory	
  (VNN),	
  experiments,	
  and	
  observa4ons.	
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Bethe	
  &	
  von	
  Weizsäcker	
  1935/37	
  

M(N,Z) = Zmp +Nmn �BE

Nuclear	
  masses:	
  

BE = aV A� a�A
2/3 � aC

Z(Z � 1)

A1/3
� asym

(N � Z)2

A
+ �(N,Z)

aV ' 16MeV a� ' 18MeV aC ' 0.7MeV asym ' 23MeV

Volume	
  
term	
  

Surface	
  
term	
  

Coloumb	
  
term	
  

Symmetry	
  
Term	
  

Pairing	
  
Term	
  

�(N,Z) =

8
<

:

��0 Z,N even

0 Z +N odd

�0 Z,N odd

�0 =
aP
A1/2

aP ' 12MeV
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• Near	
  nuclear	
  satura4on	
  density	
  ns	
  ~	
  0.16	
  fm-­‐3,	
  expand	
  energy	
  per	
  baryon:	
  

(e.g.	
  La�mer	
  &	
  Swesty	
  1991,	
  La�mer	
  &	
  Prakash	
  2007,	
  La�mer	
  &	
  Lim	
  2013)	
  

f = ✏At	
  T=0:	
  	
  
x = Yp = Ye

K ' 240MeV

ESym(ns) = Sv ⇡ 29.0� 32.7MeV

K 0 ⇡ 1780� 2380MeV

incompressibility	
  

symmetry	
  energy	
  

skewness	
  

• Write	
  out	
  energy	
  of	
  bulk	
  nuclear	
  ma8er	
  according	
  to	
  nuclear	
  force	
  model	
  
(e.g.,	
  Skyrme	
  1959)	
  and	
  use	
  T=0,	
  n=ns,	
  and	
  above	
  expansion	
  to	
  set	
  
parameters	
  of	
  nuclear	
  force.	
  
•  Introduce	
  model	
  for	
  nuclei	
  &	
  alpha	
  par4cles,	
  then	
  minimize	
  f.	
  

experimental	
  &	
  
astrophysical	
  
constraints	
  

✏(n, x) = �16MeV +
1

18
K

✓
1� n

ns

◆2

+
K

0

27

✓
1� n

ns

◆3

+ Esym(n)(1� 2x)2 + ...



Neutron	
  Star	
  Structure	
  

C.	
  D.	
  O8	
  @	
  HIPACC	
  Summer	
  School	
  2014,	
  2014/07/22	
   40	
  

Newtonian:	
   dM

dr
= 4⇡r2⇢

GR:	
  

(no	
  maximum	
  mass!)	
  

gravita4onal	
  mass	
  	
  

baryonic	
  mass	
  

dMg

dr
= 4⇡r2⇢(1 + ✏/c2)

Radius	
  is	
  circumferen%al	
  radius!	
  

•  Solve	
  by	
  ODE	
  integra4on	
  from	
  r=0,	
  invert	
  P(ρ)	
  at	
  each	
  step	
  to	
  obtain	
  ρ.	
  

dP

dr
= �G(⇢(1 + ✏/c2) + P/c2)

M + 4⇡r3p/c2

r(r � 2GM/c2)

dMb

dr
=

4⇡r2q
1� 2GM

rc2

⇢
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Figure 3
Typical M−R curves for hadronic equations of state (EOSs) (black curves) and strange quark matter (SQM)
EOSs ( green curves). The EOS names are given in Reference 13, and their P−n relations are displayed in
Figure 2. Regions of the M−R plane excluded by general relativity (GR), finite pressure, and causality are
indicated. The orange curves show contours of R∞ = R(1 − 2 GM /Rc 2)−1/2. The region marked rotation is
bounded by the realistic mass-shedding limit for the highest-known pulsar frequency, 716 Hz, for PSR
J1748-2446J (14). Figure adapted from Reference 15.

energies. The pressure is

p(u, x) = u2ns

(
∂e
∂u

)

x
≃ u2ns

[
Ko

9
(u − 1) + K ′

o

54
(u − 1)2 + d S2

du
(1 − 2x)2

]
+ pℓ + · · · , 5.

where pℓ is the lepton pressure. In the vicinity of u ≃ 1, with x ≪ 1, pℓ is small and the pressure is
almost completely determined by dS2/du. Laboratory constraints on the nuclear symmetry energy
are discussed in Section 6.

2.2. The Maximally Compact Equation of State
Koranda et al. (16) suggested that absolute limits to neutron star structure could be found by
considering a soft low-density EOS coupled with a stiff high-density EOS, which would maximize
the compactness M/R. The limiting case of a soft EOS is p = 0. The limiting case of a stiff EOS is
d p/dε = (c s /c )2 = 1, where cs is the adiabatic speed of sound that should not exceed the speed of
light; otherwise, causality would be violated. The maximally compact EOS is therefore defined by

p = 0 for ε < ε0; p = ε − ε0 for ε > ε0. 6.
This EOS has a single parameter, ε0, and therefore the structure equations (Equation 2) can be
expressed in a scale-free way:

dw

d x
= − (y + 4πx3w)(2w − 1)

x(x − 2y)
;

d y
d x

= 4πx2w. 7.

Here, w = ε/ε0, x = r
√

Gε0/c 2, and y = m
√

G3ε0/c 4. Varying the value of w at the origin
(w0) gives rise to a family of solutions described by dimensionless radius X and total mass Y. The
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Knowing	
  masses	
  and	
  radii	
  would	
  really	
  help!!!	
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represents the minimum radius possible for a given mass, given the contour’s value of Mmax. For
example, if M max ! 2 M ⊙, a 1.4-M ⊙ neutron or quark star necessarily has R ! 8.25 km. It also
follows that any M−R curve passing through a given (M, R) point has a smaller value of Mmax than
that of the maximally compact EOS passing through the same (M, R) point. This hypothesis can
be easily demonstrated by overlaying M−R trajectories for an alternate EOS, such as the MIT
bag-like model, p = (ε − ε0)/3 (Figure 3). For the indicated point (1.4 M ⊙, 10 km), this alternate
EOS has a maximum mass of only 1.79 M ⊙, whereas the maximum mass of the maximally compact
EOS is 2.69 M ⊙.

3. NEUTRON STAR MASSES

3.1. Mass Measurements

The most accurate measurements concerning neutron stars are mass determinations from pul-
sar timing. To date, approximately 33 relatively precise masses have become available. In these
systems, five Keplerian parameters can be precisely measured (23); these parameters include the
binary period P, the projection of the pulsar’s semimajor axis on the line of sight a p sin i (where i
is the orbit’s inclination angle), the eccentricity e, and the time T0 and longitude ω of periastron.
Two of these observables yield a mass function,

f p =
(

2π

P

)2 (
a p sin i

)3

G
= (M c sin i )3

M 2 , 12.

where M = M p + M c is the total mass, Mp is the pulsar mass, and Mc is the companion mass.
The minimum possible companion mass Mc is equal to fp.

The inclination angle i is often the most difficult parameter to infer, but even if it were known
a priori, the above equation would specify a relation between only Mp and Mc, unless the mass
function fc of the companion were also measurable. The mass function of the companion is mea-
surable in the rare case when the companion itself is a detectable pulsar or a star with an observable
spectrum, as in an X-ray binary. Fortunately, binary pulsars are compact systems, and general rel-
ativistic effects can often be observed. These effects include the advance of the periastron of the
orbit,

ω̇ = 3
(

2π

P

)5/3 (
GM

c 3

)2/3

(1 − e2)−1; 13.

the combined effect of variations in the transverse Doppler shift and gravitational redshift (time
dilation) around an elliptical orbit,

γ = e
(

P
2π

)1/3 M c (M + M c )
M 4/3

(
G
c 3

)2/3

; 14.

the orbital period decay due to the emission of gravitational radiation,

Ṗ = −192π

5

(
2πG

c 3

)5/3 (
1 + 73

24
e2 + 37

96
e4

)
(1 − e2)−7/2 M p M c

M 1/3 ; 15.

and the Shapiro time delay (24), caused by the propagation of the pulsar signal through the
gravitational field of its companion. The relativistic Shapiro delay produces a delay in pulse arrival
time (25),

δS(φ) = 2
GM c

c 3 ln
[

1 + e cos φ

1 − sin(ω + φ) sin i

]
, 16.
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Pulsar	
  with	
  binary	
  companion:	
  
Mass	
  func4on	
  for	
  pulsar	
   Companion	
  mass	
  

Total	
  system	
  mass	
  

Orbital	
  inclina4on	
  

•  Must	
  know/infer	
  companion	
  mass	
  and	
  inclina>on	
  to	
  get	
  MP.	
  

•  Different	
  kinds	
  of	
  binaries:	
  	
  
X-­‐ray	
  binaries	
  (accre4ng	
  NSs),	
  double	
  NS	
  binaries,	
  
NS–normal-­‐star	
  binaries,	
  NS–WD	
  binaries.	
  

•  Companion	
  mass:	
  via	
  stellar	
  models	
  or	
  rela4vis4c	
  effects.	
  

•  Inclina4on:	
  most	
  difficult.	
  In	
  rela4vis4c	
  binaries:	
  	
  
Shapiro	
  >me	
  delay	
  (delay	
  of	
  pulsar	
  pulses	
  by	
  gravity	
  of	
  
companion)	
  

NASA	
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NASA	
  LaVmer	
  14,	
  
hDp://stellarcollapse.org	
  

NS+NS	
  

WD+NS	
  

NS	
  +	
  normal	
  star	
  

X-­‐ray	
  binaries	
  

PSR	
  J0348+0432	
  
2.01+-­‐0.04	
  M☉	
  
	
  
	
  

Most	
  massive:	
  
PSR	
  J1614-­‐2230	
  
1.97+-­‐0.04	
  M☉	
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Figure 3
Typical M−R curves for hadronic equations of state (EOSs) (black curves) and strange quark matter (SQM)
EOSs ( green curves). The EOS names are given in Reference 13, and their P−n relations are displayed in
Figure 2. Regions of the M−R plane excluded by general relativity (GR), finite pressure, and causality are
indicated. The orange curves show contours of R∞ = R(1 − 2 GM /Rc 2)−1/2. The region marked rotation is
bounded by the realistic mass-shedding limit for the highest-known pulsar frequency, 716 Hz, for PSR
J1748-2446J (14). Figure adapted from Reference 15.

energies. The pressure is

p(u, x) = u2ns

(
∂e
∂u

)

x
≃ u2ns

[
Ko

9
(u − 1) + K ′

o

54
(u − 1)2 + d S2

du
(1 − 2x)2

]
+ pℓ + · · · , 5.

where pℓ is the lepton pressure. In the vicinity of u ≃ 1, with x ≪ 1, pℓ is small and the pressure is
almost completely determined by dS2/du. Laboratory constraints on the nuclear symmetry energy
are discussed in Section 6.

2.2. The Maximally Compact Equation of State
Koranda et al. (16) suggested that absolute limits to neutron star structure could be found by
considering a soft low-density EOS coupled with a stiff high-density EOS, which would maximize
the compactness M/R. The limiting case of a soft EOS is p = 0. The limiting case of a stiff EOS is
d p/dε = (c s /c )2 = 1, where cs is the adiabatic speed of sound that should not exceed the speed of
light; otherwise, causality would be violated. The maximally compact EOS is therefore defined by

p = 0 for ε < ε0; p = ε − ε0 for ε > ε0. 6.
This EOS has a single parameter, ε0, and therefore the structure equations (Equation 2) can be
expressed in a scale-free way:

dw

d x
= − (y + 4πx3w)(2w − 1)

x(x − 2y)
;

d y
d x

= 4πx2w. 7.

Here, w = ε/ε0, x = r
√

Gε0/c 2, and y = m
√

G3ε0/c 4. Varying the value of w at the origin
(w0) gives rise to a family of solutions described by dimensionless radius X and total mass Y. The
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2	
  M☉	
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  2014,	
  2014/07/22	
  

•  So	
  far	
  no	
  robust	
  NS	
  radius	
  (or	
  mass&radius)	
  measurements.	
  

•  Main	
  approaches:	
  (see	
  La�mer	
  2012)	
  

-  X-­‐ray	
  observa4on	
  of	
  quiescent	
  and	
  burs4ng	
  NSs	
  	
  
in	
  galac4c	
  X-­‐ray	
  binaries.	
  

-  GW	
  signal	
  from	
  4dal	
  deforma4on	
  and	
  disrup4on	
  of	
  NS	
  in	
  
BHNS	
  merger.	
  

-  GW	
  signal	
  from	
  4dal	
  deforma4on	
  and	
  postmerger	
  oscilla4ons	
  
in	
  NSNS	
  merger.	
  

-  Neutrino	
  signal	
  from	
  the	
  proto-­‐NS	
  in	
  the	
  next	
  galac4c	
  CCSN.	
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Figure 11
(a) Probability distributions for pressure as a function of energy density using the M−R probability distributions from Figure 10.
(b) Probability distributions for the M−R curve. The diagonal dashed line is the causality limit, and the dotted curve is the 716-Hz
rotation constraint. 1-σ and 2-σ contours are shown as dashed and solid lines, respectively. Also shown is the estimated mass and radius
error region, including only distance errors, for RX J1856-3754 (92). Figure adapted from Reference 100.

expansion bursts are modeled. On the one hand, if one assumes Rph = R, the predicted radii from
burst sources would become ∼2 km smaller (99); however, in this case, the Mmax constraint from
PSR J1614-2230 can barely be satisfied (100). On the other hand, if the burst data are excluded, the
inferred M−R relation is essentially unaltered from the baseline results achieved by incorporating
the burst sources with the possibility that Rph ≥ R (A.W. Steiner, private communication). In this
case, the observed M−R results are largely a consequence of the wide range of observed R∞ values
of the quiescent globular cluster sources (Figure 10), which forces the M−R trajectory to enter
its vertical trajectory at relatively small radii (∼12 km). Otherwise, the existence of both small and
large observed values of R∞ would not be compatible with realistic masses.

M−R information has also been inferred from pulse-shape modeling of X-ray bursts. Although
predictions from observations of individual sources have large errors, Leahy et al. (105) conclude
that only an M−R curve with a constant radius of 12 km for 1 M ⊙ < M < 2.3M ⊙ would be
consistent with observations of all sources studied, namely XTE J1807-294, SAX J1808-3658, and
XTE J1814-334. Such a result is remarkably similar to the conclusions drawn in Reference 100
(Figure 11).

Nevertheless, Suleimanov et al.’s (101) study of longer X-ray bursts implies considerably
larger radii: R ! 14 km. Those results are further supported by spin-phase-resolved spectroscopy
of isolated neutron stars (106) that yield small neutron star redshifts: z ≃ 0.16. This value for z,
coupled with M > 1.2 M ⊙, implies that R > 14 km. Because these results are also incompatible
with available experimental information discussed in the next section, it is important to resolve
these differences. More sophisticated modeling of photospheric radius expansion bursts and
neutron star atmospheres, together with refinements of distances, will be required for additional
progress.
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Warning:	
  Does	
  not	
  fix	
  model	
  dependence	
  of	
  M,	
  R	
  es4mates!	
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expansion bursts are modeled. On the one hand, if one assumes Rph = R, the predicted radii from
burst sources would become ∼2 km smaller (99); however, in this case, the Mmax constraint from
PSR J1614-2230 can barely be satisfied (100). On the other hand, if the burst data are excluded, the
inferred M−R relation is essentially unaltered from the baseline results achieved by incorporating
the burst sources with the possibility that Rph ≥ R (A.W. Steiner, private communication). In this
case, the observed M−R results are largely a consequence of the wide range of observed R∞ values
of the quiescent globular cluster sources (Figure 10), which forces the M−R trajectory to enter
its vertical trajectory at relatively small radii (∼12 km). Otherwise, the existence of both small and
large observed values of R∞ would not be compatible with realistic masses.

M−R information has also been inferred from pulse-shape modeling of X-ray bursts. Although
predictions from observations of individual sources have large errors, Leahy et al. (105) conclude
that only an M−R curve with a constant radius of 12 km for 1 M ⊙ < M < 2.3M ⊙ would be
consistent with observations of all sources studied, namely XTE J1807-294, SAX J1808-3658, and
XTE J1814-334. Such a result is remarkably similar to the conclusions drawn in Reference 100
(Figure 11).

Nevertheless, Suleimanov et al.’s (101) study of longer X-ray bursts implies considerably
larger radii: R ! 14 km. Those results are further supported by spin-phase-resolved spectroscopy
of isolated neutron stars (106) that yield small neutron star redshifts: z ≃ 0.16. This value for z,
coupled with M > 1.2 M ⊙, implies that R > 14 km. Because these results are also incompatible
with available experimental information discussed in the next section, it is important to resolve
these differences. More sophisticated modeling of photospheric radius expansion bursts and
neutron star atmospheres, together with refinements of distances, will be required for additional
progress.

506 Lattimer

A
nn

u.
 R

ev
. N

uc
l. 

Pa
rt.

 S
ci

. 2
01

2.
62

:4
85

-5
15

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.a

nn
ua

lre
vi

ew
s.o

rg
by

 C
al

ifo
rn

ia
 In

st
itu

te
 o

f T
ec

hn
ol

og
y 

on
 0

9/
05

/1
3.

 F
or

 p
er

so
na

l u
se

 o
nl

y.

-­‐>	
  inferring	
  the	
  EOS	
  



47	
  

Radius	
  constraints?	
  

C.	
  D.	
  O8	
  @	
  HIPACC	
  Summer	
  School	
  2014,	
  2014/07/22	
  

NS62CH19-Lattimer ARI 18 September 2012 8:10

M
as

s (
M
◉)

Radius (km)

2.5 MS0
MS2

PAL1 20

18

16

14

12

8

MPA1
AP3

ENGAP4

PAL6

FSU

GM3

MS1

SQM1

SQM3

GS1

2.0

1.5

1.0

0.5

0.0
8 10 12 14 16

GR

P < ∞

Causality

RotationJ1748-2446J 716 Hz

R∞ km–1 = 10

Figure 3
Typical M−R curves for hadronic equations of state (EOSs) (black curves) and strange quark matter (SQM)
EOSs ( green curves). The EOS names are given in Reference 13, and their P−n relations are displayed in
Figure 2. Regions of the M−R plane excluded by general relativity (GR), finite pressure, and causality are
indicated. The orange curves show contours of R∞ = R(1 − 2 GM /Rc 2)−1/2. The region marked rotation is
bounded by the realistic mass-shedding limit for the highest-known pulsar frequency, 716 Hz, for PSR
J1748-2446J (14). Figure adapted from Reference 15.

energies. The pressure is

p(u, x) = u2ns

(
∂e
∂u

)

x
≃ u2ns

[
Ko

9
(u − 1) + K ′

o

54
(u − 1)2 + d S2

du
(1 − 2x)2

]
+ pℓ + · · · , 5.

where pℓ is the lepton pressure. In the vicinity of u ≃ 1, with x ≪ 1, pℓ is small and the pressure is
almost completely determined by dS2/du. Laboratory constraints on the nuclear symmetry energy
are discussed in Section 6.

2.2. The Maximally Compact Equation of State
Koranda et al. (16) suggested that absolute limits to neutron star structure could be found by
considering a soft low-density EOS coupled with a stiff high-density EOS, which would maximize
the compactness M/R. The limiting case of a soft EOS is p = 0. The limiting case of a stiff EOS is
d p/dε = (c s /c )2 = 1, where cs is the adiabatic speed of sound that should not exceed the speed of
light; otherwise, causality would be violated. The maximally compact EOS is therefore defined by

p = 0 for ε < ε0; p = ε − ε0 for ε > ε0. 6.
This EOS has a single parameter, ε0, and therefore the structure equations (Equation 2) can be
expressed in a scale-free way:

dw

d x
= − (y + 4πx3w)(2w − 1)

x(x − 2y)
;

d y
d x

= 4πx2w. 7.

Here, w = ε/ε0, x = r
√

Gε0/c 2, and y = m
√

G3ε0/c 4. Varying the value of w at the origin
(w0) gives rise to a family of solutions described by dimensionless radius X and total mass Y. The

490 Lattimer

A
nn

u.
 R

ev
. N

uc
l. 

Pa
rt.

 S
ci

. 2
01

2.
62

:4
85

-5
15

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.a

nn
ua

lre
vi

ew
s.o

rg
by

 C
al

ifo
rn

ia
 In

st
itu

te
 o

f T
ec

hn
ol

og
y 

on
 0

9/
05

/1
3.

 F
or

 p
er

so
na

l u
se

 o
nl

y.

2	
  M☉	
  



Literature	
  on	
  the	
  Nuclear	
  EOS	
  

C.	
  D.	
  O8	
  @	
  HIPACC	
  Summer	
  School	
  2014,	
  2014/07/22	
   48	
  

• Shapiro	
  &	
  Teukolsky,	
  Black	
  Holes,	
  White	
  Dwarfs,	
  and	
  Neutron	
  Stars,	
  
Wiley-­‐VCH,	
  1983	
  

• Haensel,	
  Pothekhin,	
  Yakhovlev,	
  Neutron	
  Stars	
  –	
  Equa4on	
  of	
  State	
  
and	
  Structure,	
  Springer,	
  2007	
  

• Bethe	
  1990,	
  Rev.	
  Mod.	
  Phys.	
  62,	
  801	
  

• Bethe,	
  Brown,	
  Applegate,	
  La�mer	
  1979,	
  Nuc.	
  Phys.	
  A	
  324,	
  487	
  

• La�mer,	
  Pethick,	
  Ravenhall	
  1985,	
  Nuc.	
  Phys.	
  A	
  432,	
  646	
  

• La�mer	
  &	
  Swesty	
  1991,	
  Nuc.	
  Phys.	
  A	
  535,	
  331	
  

• La�mer	
  &	
  Prakash	
  2007,	
  Phys.	
  Rep.,	
  442,	
  109	
  

• La�mer	
  2012,	
  Ann.	
  Rev.	
  Nuc.	
  Par.	
  Sc.,	
  62,	
  485	
  



Numerical	
  Rela4vity,	
  
General-­‐Rela4vis4c	
  Hydrodynamics	
  

and	
  the	
  Einstein	
  Toolkit	
  

C.	
  D.	
  O8	
  @	
  HIPACC	
  Summer	
  School	
  2014,	
  2014/07/22	
   49	
  



General	
  Rela4vity	
  

C.	
  D.	
  O8	
  @	
  HIPACC	
  Summer	
  School	
  2014,	
  2014/07/22	
   50	
  

G = c = M� = 1

Will	
  soon	
  set:	
  

Einstein	
  Tensor:	
  
“Geometry”	
  
“Curvature”	
  
(symmetric)	
  

h8p://ion.uwinnipeg.ca/~vincent/4500.6-­‐001/Cosmology/embedding.gif	
  

Stress-­‐Energy	
  Tensor:	
  
mass/energy/momentum/	
  
pressure/stress	
  densi4es	
  
sourcing	
  curvature.	
  
(symmetric)	
  

General	
  Rela4vity:	
  
A	
  geometric	
  theory	
  
of	
  gravity	
  

Ten	
  independent	
  tensor	
  components	
  in	
  4D	
  space4me	
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• Metric	
  gμν	
  is	
  fundamental	
  concept	
  in	
  GR.	
  Used	
  to	
  measure	
  
physical	
  distances	
  in	
  curved	
  space4me.	
  Can	
  derive	
  “curvature”	
  from	
  
metric.	
  

ds

2 = gµ⌫dx
µ
dx

⌫ (Note:	
  Einstein	
  sum	
  conven4on)	
  

• Par4al	
  deriva4ves	
  
@

@x

↵
X = @↵X = X,↵

are	
  coordinate	
  dependent.	
  

• Covariant	
  deriva4ves	
  are	
  coordinate	
  independent:	
  
D�X

↵ = X↵
;� = @�X

↵ + �↵
��X

�

“Christoffel	
  Symbol”	
  contains	
  	
  
first	
  deriva4ves	
  of	
  metric.	
  

• Any	
  physically	
  meaningful	
  theory	
  must	
  be	
  covariant	
  	
  
(coordinate	
  independent).	
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Figure:	
  C.	
  Reisswig	
  

ADM	
  
3+1	
  split	
  of	
  space>me	
  

Folia4on	
  of	
  space4me	
  

3-­‐hyper-­‐	
  
surface	
  

•  12	
  first-­‐order	
  hyperbolic	
  evolu%on	
  equa4ons.	
  
•  4	
  ellip4c	
  constraint	
  equa4ons	
  
•  4	
  coordinate	
  gauge	
  degrees	
  of	
  freedom:	
  α,	
  βi.	
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3+1	
  split	
  –	
  key	
  objects:	
  

g00 = �↵2 + �i�
i g0i = ��ij�

j gij = �ij

Extrinsic	
  curvature:	
  	
  ≈	
  4me	
  deriva4ve	
  of	
  3-­‐metric	
  

@t�ij = �2↵Kij +Di�j +Dj�i

4-­‐velocity:	
  

3-­‐velocity:	
  Eulerian	
  observer	
  moving	
  along	
  4me-­‐like	
  normal	
  nμ.	
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(Historic:	
  Arnowi8-­‐Deser-­‐Misner;	
  York)	
  

@t�ij = �2↵Kij +Di�j +Dj�i

Sij = �iµ�j⌫T
µ⌫

⇢ADM = nµn⌫T
µ⌫

Ricci	
  tensor	
  

S,K – traces of Sij ,Kij

R+K2 �KijK
ij � 16⇡⇢ADM = 0

Si = ��iµn⌫Tµ⌫

DjK
ij � �ijDjK � 8⇡Si = 0

Constraints:	
  
Hamiltonian	
  

Momentum	
  

@tKij = �DiDj↵+ ↵


RijKKij � 2KimKm

j

�8⇡
�
Sij �

1

2
�ijS

�
� 4⇡⇢ADM�ij

�

+�mDmKij +KimDj�
m +KmjDi�

m



Prac4cal	
  Numerical	
  Rela4vity	
  

C.	
  D.	
  O8	
  @	
  HIPACC	
  Summer	
  School	
  2014,	
  2014/07/22	
   55	
  

• Have	
  not	
  yet	
  specified	
  gauge	
  condi4ons:	
  Anything	
  goes?	
  

• GR	
  dynamics	
  will	
  twist,	
  squeeze,	
  stretch	
  
coordinates.	
  
• GR	
  can	
  develop	
  coordinate	
  singulari4es	
  
and	
  physical	
  singulari4es.	
  
• For	
  numerically	
  stable	
  evolu4on,	
  must	
  
avoid	
  singulari4es	
  and	
  control	
  
coordinate	
  distor4on.	
  

Nasa	
  

• ADM	
  form	
  of	
  the	
  Einstein	
  equa4on	
  is	
  unstable!	
  	
  
-­‐>	
  small	
  errors	
  in	
  constraints	
  get	
  amplified	
  over	
  4me!	
  
•  In	
  prac4ce,	
  must	
  use	
  different	
  (and	
  stable)	
  formula4on	
  (good	
  ones	
  
available	
  since	
  early	
  2000s):	
  BSSN,	
  Z4c,	
  Generalized	
  Harmonic.	
  
• Finite	
  differences	
  or	
  spectral	
  methods	
  for	
  discre4za4on.	
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Ini4al	
  Data	
  
(sa4sfy	
  constraints)	
  

Evolve	
  one	
  
Timestep	
  

Evaluate	
  RHS	
  

Apply	
  Update	
  

High-­‐Order	
  
Runge-­‐Ku8a	
  
Integrator	
  

Analysis/Output	
  

space4me	
  
curvature	
  

gauge	
  
hydrodynamics	
  /	
  

radia4on	
  

Complica4on:	
  Adap4ve	
  Mesh	
  Refinement	
  

Xn+1 = Xn + L(Xn)�t
(first	
  order)	
  

�t < �x/c
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Mass	
  conserva4on	
  

Energy-­‐momentum	
  	
  
conserva4on	
  

rela4vis4c	
  specific	
  enthalpy	
  

covariant	
  deriva4ve;	
  here:	
  divergence	
  
takes	
  into	
  account	
  that	
  space	
  is	
  curved.	
  

(neglec4ng	
  magne4c	
  fields)	
  

Tµ⌫ = ⇢huµu⌫ � Pgµ⌫
jµ = ⇢uµ

Stress	
  Energy	
  Tensor	
  of	
  an	
  ideal	
  fluid	
  
(inviscid,	
  no	
  magne4c	
  field)	
  

mass	
  flux	
  

Conserva4on	
  of	
  mass,	
  momentum,	
  and	
  energy:	
  



conserved	
  mass	
  

conserved	
  momenta	
  

conserved	
  energy	
  

GR	
  Hydrodynamics	
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Flux-­‐conserva4ve	
  Formula4on:	
  

fluxes	
  

curvature	
  source	
  
“gravita4onal	
  
	
  	
  	
  accelera4on”	
  
+	
  any	
  interac4on	
  
	
  	
  	
  	
  terms	
  etc.	
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Primi4ve	
  and	
  Conserved	
  Variables	
  

primi4ve	
  

conserved	
  

Why	
  worry	
  about	
  primi4ve	
  vars	
  at	
  all?	
  
-­‐>	
  EOS	
  is	
  a	
  func4on	
  of	
  the	
  prim.	
  vars!	
  

Consequence:	
  	
  
Must	
  compute	
  primi4ve	
  variables	
  from	
  evolved	
  	
  
conserved	
  variables	
  a^er	
  each	
  step!	
  
	
  
There	
  is	
  no	
  closed	
  expression	
  	
  
-­‐>	
  must	
  use	
  Newton	
  itera4on	
  to	
  solve	
  for	
  primi4ve	
  variables.	
  
	
  
(This	
  makes	
  GR	
  Hydro	
  (and	
  SR	
  hydro)	
  more	
  expensive	
  than	
  	
  	
  
Newtonian	
  hydro)	
  
	
  

⇢, T, ✏, Ye, v
i

D̂, ⌧̂ , D̂Ye, Ŝi
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GRHydro,	
  the	
  EinsteinToolkit	
  3D	
  GR	
  Hydro	
  Code	
  

Basic	
  scheme: 	
  high-­‐resolu4on	
  shock-­‐capturing,	
  finite-­‐volume	
  
	
  data	
  are	
  cell	
  averages,	
  stored	
  at	
  cell	
  centers	
  	
  
	
  “reconstruc4on”	
  (interpola4on)	
  to	
  cell	
  interfaces.	
  
	
  Approximate	
  solu4on	
  of	
  local	
  Riemann	
  problems.	
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Simplified	
  GRHydro	
  Flow	
  Chart	
  

Reconstruct	
  Primi4ves	
  

Riemann	
  

Source	
  Terms	
  

Prim2Con	
  

Add	
  to	
  RHS	
  

Update	
  

Boundaries	
  

Con2Prim	
  

Update	
  Tμν	
  

x	
  3	
  Repeated	
  
for	
  each	
  
integra4on	
  
substep.	
  

Curvature	
  

Curvature	
  

(Hydro	
  +	
  Curvature)	
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Mösta+14	
  
Löffler+12	
  

• Collec4on	
  of	
  open-­‐source	
  so^ware	
  components	
  for	
  the	
  
simula4on	
  and	
  analysis	
  of	
  general-­‐rela4vis4c	
  
astrophysical	
  systems.	
  

h8p://einsteintoolkit.org	
  

If	
  it	
  can’t	
  be	
  reproduced,	
  	
  
it	
  ain’t	
  science.	
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Mösta+14	
  
Löffler+12	
  

• Collec4on	
  of	
  open-­‐source	
  so^ware	
  components	
  for	
  the	
  
simula4on	
  and	
  analysis	
  of	
  general-­‐rela4vis4c	
  
astrophysical	
  systems.	
  
• Supported	
  by	
  NSF	
  via	
  collabora4ve	
  grant	
  to	
  
Georgia	
  Tech,	
  LSU,	
  RIT,	
  and	
  Caltech.	
  
• ~110	
  users,	
  53	
  groups;	
  ~10	
  ac4ve	
  maintainers.	
  
• Goals:	
  

h8p://einsteintoolkit.org	
  

- Reproducibility.	
  
- Build	
  a	
  community	
  codebase	
  for	
  numerical	
  rela4vity	
  and	
  
computa4onal	
  rela4vis4c	
  astrophysics.	
  

- Enable	
  new	
  science	
  by	
  lowering	
  technological	
  hurdles	
  for	
  
researchers	
  with	
  new	
  ideas.	
  Enable	
  code	
  verifica4on/valida4on,	
  
physics	
  benchmarking,	
  regression	
  tes4ng.	
  

- Make	
  it	
  easy	
  for	
  users	
  to	
  take	
  advantage	
  of	
  new	
  technologies.	
  
- Provide	
  cyberinfrastructure	
  tools	
  for	
  code	
  and	
  data	
  management.	
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Mösta+14	
  
Löffler+12	
  

• Cactus	
  (framework),	
  Carpet	
  (adap4ve	
  mesh	
  refinement)	
  
• GRHydro	
  –	
  GRMHD	
  solver	
  
• McLachlan	
  –	
  BSSN/Z4c	
  space4me	
  solver	
  
(code	
  auto-­‐generated	
  based	
  on	
  Mathema4ca	
  script,	
  GPU-­‐enabled)	
  
•  Ini4al	
  data	
  solvers	
  /	
  importers	
  
• Analysis	
  tools	
  (wave	
  extrac4on,	
  horizon	
  finders,	
  etc.)	
  
• Visualiza4on	
  via	
  VisIt	
  (h8p://visit.llnl.gov)	
  
	
  

Available	
  Components:	
  

• Regular	
  releases	
  of	
  stable	
  code	
  versions.	
  	
  
Most	
  recent:	
  “Wheeler”	
  release,	
  May	
  2014	
  
• Support	
  via	
  mailing	
  list	
  and	
  weekly	
  open	
  conference	
  calls.	
  
• Working	
  examples	
  for	
  BH	
  mergers,	
  NS	
  mergers,	
  isolated	
  
NSs,	
  rota4ng,	
  magne4zed	
  core	
  collapse.	
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Mösta+14	
  
Löffler+12	
  

• GetComponents:	
  	
  
- Collec4ng	
  so^ware	
  components	
  from	
  distributed	
  loca4ons	
  
and	
  version	
  control	
  repositories.	
  

• SimFactory:	
  	
  
- Automa4c	
  configura4on	
  and	
  build	
  of	
  Einstein	
  Toolkit	
  on	
  
diverse	
  machines.	
  

- Automa4c	
  simula4on	
  management.	
  

• Formaline:	
  Code	
  provenance.	
  
- Snapshot	
  of	
  full	
  source	
  code	
  and	
  system	
  configura4on	
  
informa4on	
  stored	
  in	
  executable	
  and/or	
  git	
  repository.	
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• Run	
  a	
  NSNS	
  mergers	
  simula4on	
  with	
  the	
  ET	
  on	
  Gordon!	
  

• Solve	
  the	
  Tolman-­‐Oppenheimer-­‐Volkhoff	
  equa4on	
  to	
  
compute	
  neutron	
  star	
  structure!	
  

• Use	
  the	
  open-­‐source	
  GR1D	
  code	
  to	
  study	
  spherically-­‐
symmetric	
  core	
  collapse	
  to	
  neutron	
  stars	
  and	
  black	
  holes.	
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• Baumgarte	
  &	
  Shapiro,	
  Numerical	
  Rela4vity:	
  Solving	
  Einstein's	
  
Equa4ons	
  on	
  the	
  Computer,	
  2010,	
  Cambridge	
  U.	
  Press	
  

• Font	
  2008,	
  Numerical	
  Hydrodynamics	
  and	
  Magnetohydrodynamics	
  
in	
  General	
  Rela4vity,	
  Liv.	
  Rev.	
  Rel.	
  2008-­‐7	
  

• Löffler+2012,	
  The	
  Einstein	
  Toolkit:	
  A	
  Community	
  Computa4onal	
  
Infrastructure	
  for	
  Rela4vis4c	
  Astrophysics.	
  	
  
Class.	
  Quantum	
  Grav.,	
  29,	
  115001.	
  

• Mösta+2014,	
  GRHydro:	
  a	
  New	
  Open-­‐Source	
  General-­‐Rela4vis4c	
  
Magnetohydrodynamics	
  Code	
  for	
  the	
  Einstein	
  Toolkit,	
  Class.	
  
Quantum	
  Grav.,	
  31,	
  015005.	
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  Group	
  in	
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  (GGR)!!!	
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h8p://www.aps.org/units/ggr/	
  

Now	
  is	
  a	
  great	
  4me	
  to	
  join	
  to	
  help	
  us	
  gain	
  	
  
APS	
  division	
  status	
  by	
  2015,	
  

the	
  centennial	
  of	
  General	
  Rela4vity!	
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Magneto-­‐Hydrodynamics	
  

Nuclear	
  and	
  Neutrino	
  Physics	
  

General	
  Rela4vity	
  (GR)	
  

Boltzmann	
  Transport	
  Theory	
  

Dynamics	
  of	
  the	
  stellar	
  gas.	
  

Nuclear	
  EOS,	
  nuclear	
  	
  
reac4ons	
  &	
  ν	
  interac4ons.	
  

Gravity	
  

Neutrino	
  transport.	
  Fu
lly
	
  c
ou

pl
ed

!	
  

Physics	
  Ingredients:	
  

-­‐>	
  Same	
  mul%-­‐physics	
  needs	
  in	
  CCSN	
  and	
  NS	
  merger	
  simula4ons!	
  
-­‐>	
  NS	
  mergers:	
  More	
  rela>vis>c	
  situa>on	
  -­‐>	
  GR	
  is	
  more	
  important.	
  

Addi4onal	
  complica4on:	
  	
  
Mul4-­‐dimensional	
  (3D)	
  and	
  mul4-­‐scale	
  nature	
  of	
  CCSNe	
  and	
  mergers.	
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Simplest	
  case:	
  Capture	
  on	
  free	
  protons,	
  neutrinos	
  escape	
  

capture	
  if	
  	
  

At	
  zero	
  T,	
  non-­‐degenerate	
  
nucleons:	
  
	
  
In	
  core	
  collapse:	
  Capture	
  typically	
  at	
  μe	
  ∼	
  >10	
  MeV	
  -­‐>	
  excess	
  energy	
  given	
  to	
  ν.	
  	
  
	
  
Capture	
  rates:	
  (see,	
  e.g.,	
  	
  Bethe	
  et	
  al.	
  1979,	
  Bethe	
  1990,	
  Burrows,	
  Reddy	
  &	
  Thompson	
  2006)	
  

Complica4ons:	
   •  Capture	
  on	
  nuclei	
  more	
  complicated;	
  can	
  be	
  blocked	
  
due	
  to	
  neutron	
  shells	
  filling	
  up.	
  
•  Pauli	
  blocking	
  of	
  low-­‐energy	
  states,	
  since	
  neutrinos	
  
don’t	
  exactly	
  leave	
  immediately.	
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NASA	
  

•  Unstable	
  He	
  emission	
  on	
  NS	
  surface.	
  

•  Rapidly	
  rising	
  X-­‐ray	
  burst	
  (~1s),	
  slow	
  decay	
  (~100s).	
  

•  Photosphere	
  expansion:	
  	
  
Radia4on	
  pressure	
  pushes	
  NS	
  atmosphere	
  
(=photosphere),	
  balances	
  gravity.	
  

•  Observa4on	
  +	
  atmosphere	
  models	
  +	
  distance	
  
-­‐>	
  radius	
  and	
  mass	
  (but	
  model	
  dependent)	
  

Quiescent	
  NSs	
  

(see	
  La�mer	
  12	
  for	
  review)	
  

•  (Almost)	
  Black-­‐body	
  UV/X-­‐ray	
  emission	
  of	
  young	
  neutron	
  stars.	
  

•  Depends	
  on	
  NS	
  atmosphere	
  composi4on,	
  magne4c	
  field,	
  	
  
galac4c	
  UV/X-­‐ray	
  absorp4on.	
  Need	
  to	
  know	
  distance.	
  

•  Fits	
  based	
  on	
  atmosphere	
  models	
  give	
  radius	
  and	
  mass	
  es4mates.	
  	
   XMM/Newton	
  


