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Outline

- Optically thin radiative hydrodynamics
- Relaxation towards the diffusion limit
- Hydrodynamics with gravity source term

- Relaxation towards the Burger’'s equation
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The Euler equations with a cooling/heating source term

0:(p) + Ox(pu) = 0
O,(pu) + 0x(ou* + P) =0

OE) + 0(E + Pu=T(p,T) — Alp, T)

1
2
Total Fluid Energy: E = —pu” + pe

2
Equation-Of-State: L — (‘y - 1)p6 = = LkBT
pUmy
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Cooling and heating in a coronal plasma

Net cooling rate (erg cm?®)

log T (K)
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Including metals at solar level log Ny (Cm_s)
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Relaxation towards the isothermal Euler equations

We approximate the heating/cooling source term as a relaxation term:

[(p,T) - Alp,T) =~ pkg Ll

Tcool
The equilibriu? temperature for solar metallicity is roughly given by:
Teo ~10* K ny < 0.3 H/cc
P -1/2
H
P 0° K ny>0.3H/cc
1 H/cc

For very short cooling time (long time behaviour), the previous system relaxes

to a new one: 6,(p) 4 8x(pu) = 0
0,(pu) + O5(pu* + P) = 0
P

with the isothermal pressure: PP = _kBTeq
HMpg
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Sub-characteristics condition

Adiabatic Euler system, sound speed: 2 yP
3 eigenvalues (u-c, u, u+c) ¢ = 0
Isothermal Euler system, sound speed: 2 P p)
: Cc = —=¢C
2 eigenvalues (u-c, u+c) o €q
adiab iso adiabiso adiab

The solution of the adiabatic Euler system with source terms will converge
uniformly towards the solution of the isothermal Euler system because the
eigenvalues of the isothermal system follow:

U-Cag < U-Ciso < U < U*Cijso < U*tCag
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Sub-characteristics condition

Hyperbolic system of conservation laws with source terms:
0,U + 0.F = S(U)
Equilibrium state is defined by S(Ueq) =0
We defined a sub-system on the sub-space WU = Ueq
ou+0d,f=0
where the new flux function is defined by f(u) = F(Ueq)

If the sub-system is also hyperbolic, then the main system with source term will
relax towards the sub-system solution if the following sub-characteristic condition is

full-filled: min(A ;) < A; < max(A )

Strong sub-characteristics condition:

A <A <Ay <A; <Ay < Ay_1 < Ay
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Hyperbolic systems with source terms

We need to solve Generalized Riemann Problem: wave speeds are not constant
anymore and the Riemann solution is not self-similar anymore.

t
A

Tcool Relaxation

Left state Right state
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Hyperbolic systems with source terms

Numerical implementation of the MUSCL Godunov scheme with source terms:

1- Modify the predictor step to account for the source term

g i AP ENY tans, o iy
\‘}‘1’)[ V (I— Ar) ) +S(‘ ‘)?
2- Use the Riemann solver of the original hyperbolic system.
n+l/2 n+1/z n+1/2
F+l F'(W,, l”[’w'+1'°R)

3- Update conservative variables using original flux and source term.
] B n+l/2  pn+l/2

U™ -4 Fii1/ Fi 12 N

At Ax ;

Computing the source term is the main difficulty:
- Use fully implicit method (first order accurate with operator splitting)
- Use second order accurate source term (Crank-Nicholson)

- Problem of well-balanced scheme (satisfy exactly the stationary regime)

Randall J. LeVeque, “Balancing source terms and flux gradients in high-resolution Godunov methods: the
quasi-steady wave-propagation algorithm”, 1998, Journal of Computational Physics, 146, 346,
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Sod test with cooling source term

Use RAMSES to solve the Euler equations with a source term.

| Compute pressure

io 1=1,nleaf
T2(1)=uold(ind_leaf (1), ndin+2)

do 1=1,nleaf
ekk(2)=0, 040
;'13inal,nd1x
do 1=1,nleaf
ekk(1)=ekk(2)+0 S%vold{ind lesf(1),2dam+1)**2/nH{21)
end do

> i=1,nleaf
T2(1)=(gamma-1.0)* (T2 (1) -ekk(1))

| Compute TZ2=T/mu an Kelvin
io 1=1,nleaf
T2(2)=T2(2) /rH (2}

| Compute cooling time step in second
dtcool = dtnew(ilewvel)

ompute net energy sank
io 1=1,nleaf
'dqlta_'l‘?.(‘l) = nH{2)/(gaama-1 0)*(1 0-T2{2))*(1 O-exp(-dtcool/0 02))

| Update total fluid enecagy
do 1=1,nleaf
T2(1) = wold(ind_leaf (i), ndin+2)

1f (coolang) ther
o 1=1,nleaf
T2(1) = T2(1)+delta_T2(1)
end do
io 1=1,nleaf
vold{and leaf(:),ndim+2) = T2(1)

Patch cooling_fine.f90

Modify the namelist file.

SINIT PARAMS
nreqions2
reqron_bype(l)="square’
reqaon type(2) = square’
x_gentsrfr 25,0.7
length x=0 5,0
d_reqion~1.0,0
u reqaon=0.0,0

p_reqion=1.0,0
/

oM n

SHYDRO_PARAMS
qannas=1. 4
courant_factor=0.8
slope_typesZ
schema='muscl’
rienann="'hllc’

/

SPHYSICS _PARAMS
cooling=. true

/
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Sod test with cooling source term

Adiabatic shock tube
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Sod test with cooling source term

[sothermal shock tube
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Sod test with cooling source term

Cooling shock tube
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&BOUNDARY PARAMS
nboundary=2
ibound_min=-1, +1
ibound_max=-1, +1
bound_type= 1, 3
d_bhound=0.1,0.1
u_bound=-10.0, -10.0
P bound=0.1,0.1

/

&INIT PARAMS

nregion=1
region_type(l)="'square’
x_center=0.5

length x=2.0
d_region=0.1
u_region=-10.0
p_region=0.1

/

&HYDRO_PARAMS
gamma=1. 4

courant factor=0.8
slope type=1
scheme="muscl’
riemann="hllc'

/
&PHYSICS_PARAMS
cooling=. true.

/
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Radiative shock waves
Use RAMSES to create a shock wave, reflecting on a wall.
Cooling with Teq = 1 and tau=0, 0.05 and infinity.

Radiative layer of thickness L=ups.tau

[ L L L L ]
isothermal

10.0 ¢ y ; ; —
: \ adiabatic
: cooling f
:‘E; L i
8 1.0 —
o) C ]
0.1 = =
: L L L | L L L | L L L | L L L | L L L :

0.0 0.2 0.4 0.6 0.8 1.0

X

Do we resolve the cooling wave ?

Yes if Ax < ¢t (Peclet number less than one).
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Hyperbolic systems with source terms

A problem arises in the previous numerical scheme.

The equilibrium hyperbolic system (isothermal Euler equations) has a different
Riemann solver than the original one (adiabatic Euler equations).

Exemple: the Lax-Friedrich Riemann solver, gives

P; + oru? + Pp + pput? Up — O1U
(P+puly = oS i+ P

2
Ax
Righter-most term is a numerical diffusion term with coefficient v = (|u| + ¢) —

2

P s P
Adiabatic sound speed ¢ = % is larger than the isothermal one ¢~ = ;

J

so that the resulting scheme is more diffusive than the equilibrium one.
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The Euler equations with a gravity source term

0i(p) + 0:(pu) = 0

0:(pu) + 0x(pu” + P) = pg
0(E)+0,(E+Pu=pu-g

Gravitational acceleration g — —V(I) from the Poisson equation A(I) - 47!' Gp

By analogy with the previous analysis, we can define the characteristic
time scale for gravitational collapse as the isothermal free-fall time:

T
¢ — —
ff Go
Ax Ax
We can define the gravitational Peclet number as: Pe - — = —
Ct ff A 7
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Homogeneous collapse

Consider the isothermal collapse of an self-gravitating gas sphere.

Velocity field: u = —H(f)r  with H(t)2 - 8—37£Gp(t)( B %2)

Using the Lax-Friedrich Riemann solver, we have the following flux:

(H(®)r + a)

(P + pu®)* =~ p(f) (a2 + H(D)*r* - AxH(t))

At the origin, numerical diffusion is larger than thermal pressure if:

H(HA 12
a< M ~ —AXx o Ax> Q
2 Tff 12

We need to resolve the Jeans length by at least ten cells in order to
minimize numerical diffusion.

Otherwise, spurious fragmentation of the cloud occurs before collapse.
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Numerical test with a collapsing cloud

Truelove et al. (1997) considered an initial m=2 perturbation for the

spherical collapse of the homogeneous cloud. Using a,PPM solver, they
found that spurious fragmentation is avoided for Ax < ZJ

|

Correct solution e

Spurious solution
| | 2

axioM " X 2 ( i ) 2 |

J. K. Truelove et al., “The Jeans condition: a new constraint on spatial resolution in
simulation of isothermal self-gravitational hydrodynamics”, ApJ, 1997, 489, L179
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Artificial pressure support

In order to resolve the Jeans length, we add to the thermal pressure a dynamical,
Jeans-length related, pressure floor defined as P ,=16Ax?Gp?

This sets an artificial __ Net cooling rate (erg cm®)
thermal Jeans length in the
problem. ]

Keeping a fixed artificial 5 E
Jeans length, one can then
refine the grid and check for
convergence.

log T (K)
Y

This artificial Jeans length

sets the minimum cloud
mass, equal to the thermal ' R, =
Jeans mass M,. -6 -4 -2 0 2

log ny (cm™)

Truelove et al. 1997; Bates & Burkert 1997; Machacek et al. 2001, Robertson & Kravtsov 2008
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Artificial pressure support

A,;=80 pc with 4 cells A,;=80 pc with 8 cells
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Cold sine wave collapse

Use RAMSES to create a cold sine wave velocity perturbation (Zeldovich pancake)

integer: :
real{dp)::
real {dp), dimension({l:nvector, 1l:nvar), save:: | Primitive variables

1d=1; 1u=2; ip=ndim+2
twopi=2. 0*acos(-1.0) . .
do lij=1,nn Patch condinit.f90
q(1i,1d)=1.0
q (1, 1u)=sin{twopi* (x{1,1)))
q(1,1p)=1le-5
end do
: &AMR_P&R&MS
| Convert primitive to conservative variables ieveiﬂln=;
co e - e evelmax=
ngridmax=20000
nexpand=1

Before shell crossing and shock formation, we know i

the analytical solution.
&INIT PARAMS

nregion=0

Because the initial temperature is very low, we have /

spurious heating. SHYDRO PARAMS

: L du 1 a1
We define a compression time: = i L L

: L Tcomp dx H(1) slope type=1
Spurious effects arise if: scheme="nuscl'

riemann="'hllc’

CT K i i
comp Periodic BCs.
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Cold sine wave collapse at t=0.1

Density profile
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Cold sine wave collapse at t=0.1

Temperature profile
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Cold sine wave collapse: effect of the solver

Density profile
—
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Cold sine wave collapse: effect of the solver

Temperature profile
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Cold sine wave collapse: primitive scheme solution

Temperature profile
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Hybrid scheme for high-Mach-number flows

Conservative scheme: total energy flux and pressure evaluation

1
OWE)+0(E+Pu=pu-g P=(y-1 E—Epuz

Primitive scheme: internal energy flux and pressure evaluation

0,(e) + 0xeu = —POu P=(y-1)e

For high-Mach-number flows, compression is stiff with respect to sound waves.

Cold hydrodynamics is better described by Burger’s equation.

Following Jin & Levermore fix for stiff problems, we define the hybrid scheme:

Use total energy update if: ¢ > BAx |0y SHYDRO_PARAMS
gamma=1. 66667
and internal energy update i ¢ < BAX |0xu| courant_factor=0. 8

slope type=1
scheme="muscl’
riemann="hllc’
pressure_fix=. true.

See also V. Springel, G. Bryan (dual energy scheme) l;eta_fix:l- ol
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Conclusion

- The hyperbolic system with source term relaxes to the equilibrium system
- Euler equations: adiabatic with cooling === isothermal (hyperbolic)
- Radiative transfer: transport with absorption == diffusion (parabolic)

- When source terms are stiff, numerical diffusion in the original hyperbolic
system can dominate the equilibrium solution and lead to spurious results.

- This depends on the Peclet number:
- You can either refine like hell (using AMR)

- You can use hybrid schemes !
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