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What do we want to learn 
today?

• Sooner or later, you will be working on a project and someone will 
point out that there is a miserably complicated problem that you 
need to solve BEFORE you get to the result you are interested in. 

• “Some times a project is fun to work on because nobody knows 
anything about it, and then the experimentalists catch up with you 
and ask you what is going on.” -G.M. Fuller 

• Today, we’ll start with a very tough problem and break down the 
thought process of how develop a parallel computing approach to 
solving it.



Why we want to 
solve nonlinear 
neutrino flavor 

evolution
In the supernova 
environment, neutrino flavor 
states directly effect heating 
efficiency and nucleo- 
synthesis.

⌫e + n ! p+ + e�

⌫̄e + p+ ! n+ e+

F. Hanke, A. Marek, B. Müller & H. Th. Janka (arXiv:1108.4355)

For a baryon to be ejected 
for the supernova, it must 
absorb ~10 neutrinos to 
gain enough energy to 
escape the region around 
the PNS.

http://arxiv.org/abs/1108.4355
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Coherent Forward Scattering: 
Neutrino Flavor Evolution



4 mixing parameters

Neutrino Mixing: How do we associate flavor states	
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We know the mass-squared differences:

Neutrino Mass: how oscillation happens
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In the Flavor Basis:



The Matter Potential 

He =

0

B@
� 2

p
2GFne(r,✓,�)

3 0 0

0
p
2GFne(r,✓,�)

3 0

0 0
p
2GFne(r,✓,�)

3

1

CA

Hmat =

0

@

p
2GFne (r, ✓,�) 0 0

0 0 0
0 0 0

1

A

Again, only the  
traceless piece 

contributes.
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Nature only helps a bit, we still have 6 dimensions to 
deal with!
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Really, We’re Down to 3 
Dimensions

• The only dimensions left which might need fine 
resolution are r, E, and   . 

• The size of a single        is set by the SU(3) symmetry 
of neutrino flavors: 288 bytes. 

• The size of the system of coupled states we are 
solving is now [ncosth,negy,3,3] x 2. 

• ~100 kB per process, but ncosth^2 messages need 
to be passed ~100 GB message traffic per time step!
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How I learned to stop 
worrying and love Allreduce()
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• Basic Leapfrog algorithm: 

• High frequency oscillations. 

!

!

• This is bad news for tracking complex phases in 
wave functions

Why does the obvious thing 
fail?

i
d

dt
 
⌫,i

= H
tot

 
⌫,i

=) local solutions where !
osc

/ diag (H
tot

)

 (0)  (1)

 (0)  (2)  (3)

�r

�r/2 �r/2

H⌫⌫

⇣
 (0)

⌘

H⌫⌫

⇣
.5 (0) + .5 (1)

⌘
H⌫⌫

⇣
.5 (0) + .5 (2)

⌘

Err = Re( (0) �  (3))2 + Im( (0) �  (3))2 ⇠ �r

l
osc

l
osc

=
2⇡

!
osc

⇠ 10 cm

⇠ 10�6

R
Flavor Transformation

⇠ 103 km
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• Employ the Magnus method to work explicitly in the 
eigen basis of the local Hamiltonian.

Find the Local Eigen Basis
i
@

@t
 ⌫,i = (Hvac,i +He,i +H⌫⌫,i) ⌫,i

 ⌫,i (r +�r) ' exp (�iH⌫,i�r) ⌫,i (r)

X

b

HabVbc = ⇣cVac, a, b, c = 1, 2, 3 } Computationally 
expensive, but  

potentially much 
longer step sizeexp (�iH⌫,i�r) = V

0

@
e

�i⇣1�r
0 0

0 e

�i⇣2�r
0

0 0 e

�i⇣3�r

1

AV †
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êzf

 ⌫,i (r +�r) ' exp (�iH⌫,i�r) ⌫,i (r)

X

b

HabVbc = ⇣cVac, a, b, c = 1, 2, 3

exp (�iH⌫,i�r) = V

0

@
e

�i⇣1�r
0 0

0 e

�i⇣2�r
0

0 0 e

�i⇣3�r

1

AV †

�r

V

= V †
ac
�

2
Vac

s⇣c



Visualizing the Magnus 
Method

s⌫ ⌘  †
⌫
�

2
 ⌫

d

dt
s = s⇥HSU(2) ! SO(3)
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• Basic Leapfrog algorithm: 

• Rotating about local basis. 

!

• An improvement for tracking complex phases

Back to our Original Idea

 (0)  (1)

 (0)  (2)  (3)

�r

�r/2 �r/2

H⌫⌫

⇣
 (0)

⌘

H⌫⌫

⇣
.5 (0) + .5 (1)

⌘
H⌫⌫

⇣
.5 (0) + .5 (2)

⌘
X

b

HabVbc = ⇣cVac, a, b, c = 1, 2, 3

Err = Re
⇣
 (0) �  (3)

⌘2
+ Im

⇣
 (0) �  (3)

⌘2
⇠ �r

2⇡/⇣c
or

�r

�Vac
⇠ 10�6

typically �r � l
osc

=) ⇠ 10

6
integration steps
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Now there is a plan!
• Step 1: Exploit the symmetry of the problem.  6 

Dimensions are reduced to 3. 

• Step 2: Be efficient with your message passing and 
perform as much computation on local distributed 
processes (like a GPU) as you can get away with. 

• Step 3: Think physically.  If it looks like a duck, and 
quacks like a duck, it’s probably a duck (to a 
reasonable approximation). 



Not all simplicity is 
necessary f⌫ (E⌫ ,#k) ⌘

1

F2 (⌘⌫ (#k))T 3
⌫ (#k)

E2
⌫

exp (E⌫/T⌫ (#k)� ⌘⌫ (#k)) + 1

j⌫ (E⌫ ,#k) =
L⌫ (#k)

4⇡2R2
HhE⌫ (#k)i

f⌫ (E⌫ ,#k)
dn⌫ (E⌫ ,#k) =

2⇡j⌫ (E⌫ ,#k) cos#kd (cos#k)R2
H

r2
✓q

1� (sin#kRH/r)2 � cos#KRH/r

◆

Local memory usage is increased by 20 MB, or ~5% 


