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Ghostly particle

(1 AU = 1.5×1013 cm)

Cross Section (low energy):

Mean Free Path:

� ⇠ G2
FE

2
⌫

' 10�44

✓
E⌫

1MeV

◆2

cm2

� =
1

�⇢waterNA

' 1019
✓

E⌫

1MeV

◆�2

cm

u
up

2.4 MeV

!

" c
charm

1.27 GeV

!

" t
top

171.2 GeV

!

"

d
down

4.8 MeV

-#

" s
strange

104 MeV

"

-# b
bottom

4.2 GeV

"

-#

!e
electron
neutrino

<2.2 eV

0

" !µ
muon
neutrino

<0.17 MeV

0

" !"
tau

neutrino

<15.5 MeV

0

"

e
electron

0.511 MeV

-1

" µ
muon

105.7 MeV

"

-1 "
tau

1.777 GeV

"

-1

#
photon

0

0

1

g
gluon

0

1

0

Z
091.2 GeV

0

1

weak
force

W
±

80.4 GeV

1

±1

weak
force

mass$

spin$

charge$

Q
u

ar
k
s

L
ep

to
n

s

B
o
so

n
s 

(F
o

rc
es

)

I II III

name$

Wikimedia: Standard Model of Elementary Particles
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Neutrino Astronomy

Super-K: Super Kamiokande
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Neutrino Astronomy

�x + e� � �x + e�
ES: Elastic Scattering

4p + 2e� �⇥ 4He + 2�e + energy
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Neutrino Astronomy
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• ~1053 ergs, 1058 
neutrinos in ~10 
seconds

• All neutrino species, 
10~30 MeV

• Dominate energetics  

• Influence 
nucleosynthesis

• Probe into SNe

νe + n → p + e-   

WFO
T≈0.9MeV

T≈0.75MeV

T≈0.25MeV
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nucleosynthesis

2n + 2p → α   

4He(αn,γ)9Be   
4He(αα,γ)12C   

…

seeds (A = 50 ~100)

n’s + seed → heavy (A=100 ~ 200)
r-process

neutron
star

heating
region

νe + p ⇌ n + e+   
_νe + n ⇌ p + e-   

cooling
region

Neutrinos in Supernovae
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Neutrinos in SNe

�E�e ⇥ < �E�̄e⇥ < �E�µ,�⇥ ,�̄µ,�̄⇥ ⇥

➡  

➡  

➡  

�e and �̄e a�ect supernova dynamics
and nucleosynthesis

What if �e � �µ,⇥ and/or �̄e � �̄µ,⇥?
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Vacuum Oscillations
neutrinos are generated/detected in flavor states

|⇥1⇥ = cos �v|⇥e⇥+ sin �v|⇥µ⇥ with mass m1

|⇥2⇥ = � sin �v|⇥e⇥+ cos �v|⇥µ⇥ with mass m2

neutrino mass eigenstates ≠ neutrino flavor states

vacuum mixing angle

vac. osc. freq. ⇥ =
�m2

2E�

i

d

dx


h⌫e| ⌫i
h⌫µ| ⌫i

�
=

1

2


�! cos 2✓v ! sin 2✓v

! sin 2✓v ! cos 2✓v

� 
h⌫e| ⌫i
h⌫µ| ⌫i

�

�m2 = m2
2 �m2

1

Tuesday, July 22, 14



ISSAC 2014, La Jolla, July 2014

Vacuum Oscillations

vac. osc. freq. ⇥ =
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MSW Effect

e� e�

⌫
x

⌫
x

Z0

does not affect 
neutrino oscillations

W±

⌫e e�

e� ⌫e

Wolfenstein (1978)
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MSW Effect

vac. osc. freq. ⇥ =
�m2

2E�

electron number density
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d
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Mikheyev, Smirnov (1985)
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Three Flavor Mixing
weak flavor states vacuum mass eigenstates

�

⇤
|�e⇥
|�µ⇥
|�⇥ ⇥

⇥

⌅ =

�

⇤
c12c13 c13s12 s13

�c23s12ei⇤ � c12s13s23 c12c23ei⇤ � s12s13s23 c13s23

s23s12ei⇤ � c12c23s13 �c12s23ei⇤ � c23s12s13 c13c23

⇥

⌅
� �

⇤
|�1⇥
|�2⇥
|�3⇥

⇥

⌅

�m2
12 ⇥ �m2

⇥ ⇥ 7–8� 10�5eV2, ⇥12 ⇥ ⇥⇥ ⇥ 0.6

|�m2
23| ⇥ �m2

atm ⇥ 2–3� 10�3eV2, ⇥23 ⇥ ⇥atm ⇥
⇤

4

CP violation phase� is unknown

|�m2
13| ' |�m2

23| ' 2–3⇥ 10�3eV2, ✓13 ' 0.15
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Mass Hierarchy
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Oscillations in SN

i
d

d�
|⇥�,p� = Ĥ|⇥�,p�

H =
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2E
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p
2GF diag[ne, 0, 0] + H��

mass matrix

neutrino energy

electron density

ν-ν forward scattering
(self-coupling)
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Neutrino Self-Coupling

No oscillation effect

⌫p,e ⌫p,e

⌫q,x ⌫q,x

Fuller et al (1987)

⌫p,e

⌫p,e⌫q,e

⌫q,e ⌫p,e

⌫q,x

Pantaleone (1992)

⌫p,x

⌫q,e
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Density Matrix
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Neutrino Self-Coupling

i
d

d�
|⇥�,p� = Ĥ|⇥�,p�

H =
M2

2E
+

p
2GF diag[ne, 0, 0] + H��

mass matrix

neutrino energy

electron density

ν-ν forward scattering
(self-coupling)

H⌫⌫ =
p
2GF

Z
dp0(1� p̂ · p̂0)(⇢p0 � ⇢̄⇤p0)
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ν oscillations in SN 
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ν oscillations in SN 
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energy emission
points

emission
direction

 (r, E,#,',⇥,�)

(3+3)D

Coherent forward 
scattering only outside 
neutrino sphere.
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energy emission
points

propagation
direction

 (r, E,#,',⇥)

(2+3)D

previous assumptions +
Axial symmetry around the 
Z axis.
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energy

propagation
direction

 (r, E,#,')

(1+3)D

previous assumptions +
Spherical symmetry about 
the center (Consistency?)
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energy

propagation
direction

 (r, E,#)

(1+2)D 
Multi-Angle/Bulb Model

previous + assumptions +
Azimuthal symmetry around 
any radial direction
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(1+1)D
Single-Angle

 (r, E)

energy

previous assumptions +
Trajectory independent 
neutrino flavor evolution

Equivalent to an expanding 
homogeneous neutrino gas
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Semi-Analytic Treatment
H⌫⌫ =

p
2GF

Z
dp0(1� p̂ · p̂0)(⇢p0 � ⇢̄⇤p0)

• Single-angle approximation.

• Assume that the off-diagonal elements of ρ 
are 0.

• They are 0 in the adiabatic MSW flavor 
evolution.

• They average to 0 in the non-adiabatic 
case.

Qian & Fuller (1995)
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Numerical Treatment

• Homogeneous & 
isotropic neutrino 
gas.

• Small electron-
neutrino excess.

• Self-maintained 
coherence.

Samuel (1993)
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Numerical Treatment
Volume 318, number 1 PHYSICS LETTERS B 25 November 1993 
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Fig. 4. Residual self-maintained coherence behavior. Figs. 
4a, 4b, and 4c show the first, second, and third components, 
respectively, of the vector ratio rv as functions of the age of 
the Universe for a simulation with A = - 1 0  -15 eV 2 and 
sin 2 20 = 0.0001. 
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Fig. 5. Irregular behavior. Figs. 5a and 5b show the first and 
second components, respectively, of the vector ratio rv as 
functions of the age of the Universe for a simulation with 
A = - 1 0  -7 eV 2 and sin2 20 = 0.01. 

rameter space. In addition, ~0v and Ca become slightly 
different as one passes through the resonance. This 
creates some erratic motion for (v) and (w) which, 
in turn, enters into the nonlinear term resulting in a 
feedback of  erratic effects. 

Let us next return to the issue of  the new nonlinear 
conversion mechanism. To convert a large fraction of  
electron neutrinos into muon neutrinos, the vectors 
v j initially pointing near ~'1 must end pointing near 
-~1. In the MSW effect, this is accomplished by rotat- 
ing the magnetic field B by ,,~ 180 ° in the 1-2 plane. 
To be effective, the rotation must be adiabatic so that 
the neutrino vectors can follow B. The nonlinear con- 
version mechanism creates the ,,~ 180 ° rotation, valid 
even for rapid rotation, using the third component of  
B. It is nonlinear because the only contribution to B3 
in eqs. (3) and (4) is from the third component V~v3 

131 

Kostelecky & Samuel (1993)

• Homogeneous & 
isotropic neutrino 
gas.

• Small electron-
neutrino excess.

• Self-maintained 
coherence.
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Numerical Treatment

• Single-angle 
approximation

• Large mass-
squared difference

• Synchronized 
neutrino 
oscillations

Pauli matrices while Pp!t" and Pp!t" are the usual polarization vectors for ! and !!! modes with momentum p,
respectively. The diagonal elements "##!p; t" are the occupation numbers of flavor # with momentum p.

In the region of interest neutrinos stream freely so that we may ignore collisions. Therefore, the radial evolution
equation is the usual precession formula, augmented by the !-! refractive term [15]

@r

!
Pp

Pp

"

#
#

$$$

2
p

GF

%

Neẑz $
Z

dqCpq!Pq % Pq"
&

&"m2

2p
B
'

'
!
Pp

Pp

"

: (2)

Here B # !sin2$; 0;% cos2$" is a ‘‘magnetic field,’’ $ is
the vacuum mixing angle, and ẑz is a unit vector in the z
direction in flavor space. Further, Ne # YeNB is the elec-
tron density with Ye the electron fraction and NB the
baryon density. Finally, Cpq ( 1% p̂p ) q̂q, implying that
collinear neutrinos do not cause a mutual refraction
effect.

As a matter density profile for the hot bubble region we
use the one shown in Ref. [10] which roughly falls off as
r%3. As a boundary condition we assume equal luminos-
ities L! for all flavors of order L0 ( 1051 erg s%1. The
spectra are taken to be Fermi-Dirac distributions with
mean energies hE!e

i # 11 MeV, hE !!!e
i # 16 MeV, and

hE!%; !!!%
i # 25 MeV, respectively. These choices may not

be entirely realistic [16], but for consistency with previous
work we stick with these traditional assumptions.

In the absence of oscillations and for radially moving
neutrinos the diagonal elements of the density matrix at
radius r and for neutrino momentum p are

"##!p; r" #
L!

4&r2
120

7&4T4
!#

p2

exp!p=T!#
" $ 1

; (3)

where T!#
# hE!#

i=3:151. For the !-! refractive effect
the angular divergence of the neutrinos is crucial. As in
previous works [13,14] we use a flux-averaged value; i.e.,
in Eq. (2) we substitute

Z

dqCpq!Pq % Pq" ' Pp ! F!r" !P% P" ' Pp : (4)

Here, P and P are the total polarization vectors and
F!r" # 1

2 *1% !1% R2
!=r2"1=2+ is a geometrical factor

with R! the neutrino-sphere radius (see [13] for a more
detailed discussion of the geometrical dependence). Both
F!r" and the luminosity fall off as r%2 so that the !-!
refractive term scales as r%4 at large r. In the neutrino-
driven wind phase the medium density typically falls off
as r%3 so that at large distances the ordinary medium
dominates. However, at distances of 15–30 km the neu-
trinos may dominate.

R-process nucleosynthesis.—A key necessary condition
for this process to occur in the SN hot bubble region is
that the environment must be neutron rich. The neutron-
to-proton ratio is fixed by the ' processes !e $ n $
p$ e% and !!!e $ p $ n$ e$, while charge neutrality
requires n=p # 1=Ye % 1 [10]. Therefore, a minimal re-
quirement is Ye < 0:5, but a successful r process may
require Ye & 0:45. Near weak-interaction freeze-out

(WFO), at a radius 30–35 km, only the direct ' processes
are important and the electron fraction is

Ye ,
!

1$ L! !!!e" !((
L!!e"(

"%1
; (5)

where ( ( hE2
!e
i=hE!e

i and !(( is the analog for !!!e. We take
the !e and !!!e cross sections on nucleons to be equal; see,
however, [17,18]. In the absence of neutrino oscillations
and with our choice of neutrino flux parameters one finds
Ye ’ 0:41, allowing for a successful r process.

Spectral swapping by oscillations.—If neutrino oscil-
lations occur within the WFO radius, the effective !e and
!!!e flux spectra change and modify Ye. As a first example
we use "m2 # 10 eV2 and tan2$ # 10%3 which yield the
Ye profile shown in Fig. 1. For the curve marked 0,
neutrino background effects were ignored; the other
curves are for the indicated values of L!.

The oscillations can be calculated analytically in the
limit L! - L0 where the neutrino background strongly
dominates. We define I ( P% P, integrate Eq. (2) over
the neutrino spectra to get the evolution equations for P
and P, and subtract them to obtain

@rI #
Z

dp
"m2

2p
B' *Pp $ Pp+ $

$$$

2
p

GFNeẑz ' I: (6)

The neutrino background term is proportional to I' I
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FIG. 1. Ye as a function of radius for the indicated choice of
oscillation parameters. The labels indicate L! in units of L0 #
1051 erg s%1; L! # 0 implies the absence of neutrino back-
ground effects.
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191101-2 191101-2

Pastor & Raffelt (2002)

Tuesday, July 22, 14



ISSAC 2014, La Jolla, July 2014

FLAT

• Highly 
modularized 
program

• Multi-purpose

• single-angle vs. 
multi-angle

• 2 flavors vs. 3 
flavors

Computational Science & Discovery 1 (2008) 015007 H Duan et al

NeuBin

NeuBeam
energy bins

N
B

G
ro

up _EM 
physics &
geometry

single-angle multi-angle

_PM
numerical
scheme

single-thread multi-thread

_IO
data
I/O

NETCDF ASCII

adaptive trapezoidal ruleregular mid-point rule

active-active active-sterile 3X3 active

Driver
command line
options

Figure 2. Illustration showing the structure of FLAT. This code is a collection of modules. These
modules are represented here as various building blocks in the left part of the figure. An executable
binary can be compiled by choosing appropriate modules for a particular problem. This is illustrated
in the right part of the figure. Building blocks with the same geometric shape and the same top/bottom
layer(s), but with different colors, represent modules that have the same interface functions but perhaps
employ different physical approximations or numerical algorithms. Changing a particular physical
setting or a numerical algorithm can be achieved by swapping out the appropriate module(s) in the
code with other module(s) with the same interface functions.

new NeuBeam module can be created. The NeuBeam SS module can be swapped out with this new module
without modification to the remaining components of FLAT. The corresponding upgrade of the code is done
automatically.

On top of the NeuBeam modules are the NBGroup modules. There are three kinds of NBGroup
modules: NBGroup EM, NBGroup IO, and NBGroup PM. These modules specify the physical environment,
the input/output (I/O) methods, and the numerical algorithm to solve differential equations, respectively.
These three types of modules share the same core data, i.e. the current flavor states of all neutrinos, and,
at the same time, perform nearly independent tasks. This special relation among NBGroup modules is realized
through the inheritance of classes and virtual functions. An NBGroup class is defined first. This class contains
all the data that are used by at least two kinds of NBGroup modules. This class also declares a variety of
virtual functions such as NBGroup::set bg(), NBGroup::check(), and NBGroup::evolve(). Each of
these virtual functions is defined in a child class of NBGroup, but may be called by other child classes.

Each of the NBGroup EM modules defines an NBGroup EM class as a child class of NBGroup. A
key interface function of these modules is NBGroup EM::set bg() which, by definition of a virtual
function, is the ‘real function’ to be executed when virtual function NBGroup::set bg() is called.
NBGroup EM::set bg() calculates Ĥ matt, the ordinary matter background contribution to the total Hamilto-
nian Ĥ . NBGroup EM::set bg() also calculates Ĥ ⌫⌫ , the background neutrino medium contribution to Ĥ .

6
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�m2 = 3� 10�3 eV2 ⇥ �m2
atm, ⇥v = 0.1, L� = 0
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�m2 = 3� 10�3 eV2 ⇥ �m2
atm, ⇥v = 0.1, L� = 1051 erg/s
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�m2 = �3⇥ 10�3 eV2 ' �m2
atm, ✓v = 0.1, L⌫ = 1051 erg/s
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HD, Fuller, Qian & Carlson (2006)

 

d

dt
~&!E" # ~&!E!" $ ~Heff (53a)

# ~&!E!" $ %!"V!E!" &!"HV '"!!!t"ŵ(; (53b)

where a vector with a tilde symbol is the same as that
without but viewed in the corotating frame. As !!t" de-
creases, ~Heff rotates from the direction of "!ŵ to that of
!"V!E!" &!"HV. If this process is slow enough, ~&!E!"
stays aligned or antialigned with ~Heff , depending on the
initial conditions, and will be either aligned or antialigned
with HV when ! approaches zero. We define

 $!E!" ) "!%"V!E!" &!(%&!E!" *!(t#0: (54)

One can check that ~&!E!", and therefore &!E!", will be
aligned with HV as t!1 if $> 0, and will be antia-
ligned with HV if$< 0. There can be a sharp transition in
the orientation of & at energy E! # EC, where "V!EC" #
!. The general features of this toy problem are shown in
Fig. 10.

This analysis applies to collective neutrino flavor trans-
formation in the hot bubble if (1) neutrinos and antineu-
trinos are in the collective mode even in the region where

A+ ", and (2) the frequency of rotating NFIS’s varies
significantly more slowly than the neutrino density n!. In
this case, !!t" corresponds to the rotating total NFIS,
which decays as the neutrino density goes down with
increasing radius. Because !e dominates in number over
other neutrinos and antineutrinos, the factor %&!E!" *!(t#0
in Eq. (54) is essentially the scalar product of the NFIS of
the neutrino in question and that of the total &!e , which is
positive for !e and negative for #!e. For the normal mass
hierarchy (#m2 > 0), one has !> 0 [note this behavior in
Fig. 8(a) and 8(b)]. Noticing that "! < 0 [Eq. (32)], one
finds that $ is always negative for & #!e!E #!e", which will be
antialigned with HV ’ êf

z in the end, as we have seen in
Fig. 9(b). One has$< 0 for &!e!E!e" if E!e < EC and$>
0 if E!e > EC, where

 EC #
!!!!!!!!
#m2

2!

!!!!!!!!: (55)

We see that &!ez is either approximately &1=2 or '1=2,
depending on whether E!e is less than or greater than EC.
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are single-angle calculation results.
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Multiple Spectral Splits
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Collective oscillations of supernova neutrinos swap the spectra f!e
ðEÞ and f !!e

ðEÞ with those of another

flavor in certain energy intervals bounded by sharp spectral splits. This phenomenon is far more general

than previously appreciated: typically one finds one or more swaps and accompanying splits in the ! and !!
channels for both inverted and normal neutrino mass hierarchies. Depending on an instability condition,

swaps develop around spectral crossings (energies where f!e
¼ f!x

, f !!e
¼ f !!x

as well as E ! 1 where

all fluxes vanish), and the widths of swaps are determined by the spectra and fluxes. Washout by

multiangle decoherence varies across the spectrum and splits can survive as sharp spectral features.

DOI: 10.1103/PhysRevLett.103.051105 PACS numbers: 97.60.Bw, 14.60.Pq

Introduction.—The neutrino flux from a core-collapse
supernova (SN) is a powerful probe of particle physics and
astrophysics [1]. SN neutrinos interact not only with the
stellar medium, producing the Mikheyev-Smirnov-
Wolfenstein flavor conversion, but also with other neutri-
nos and antineutrinos. The latter interactions modify the
flavor evolution in a nonlinear fashion and give rise to
collective forms of oscillation [2–7], a subject of intense
recent investigation [8–31].

The most important observational consequence of the
collective effects is an exchange of the !e ( !!e) spectrum
with the !x ( !!x) spectrum in certain energy intervals. We
call such a flavor exchange a ‘‘swap,’’ whereas ‘‘splits’’ are
sharp boundary features at the edges of each swap interval.
Spectral splits may become observable in the high-
statistics neutrino signal from the next galactic SN, leading
to valuable clues about the underlying physics [19,23,26].

The well-understood ‘‘classic swap’’ covers the entire !!
spectrum and that of ! above an energy fixed by the
approximate conservation of the !e deleptonization flux
[16–18]. In this Letter we show that spectral swaps and
concomitant splits are more ubiquitous than has been
appreciated in the past. One example is the puzzling low-
energy split in the !! spectrum that was noted for the
inverted neutrino mass hierarchy [20,21]. However, with
flavor spectra typical for SN neutrinos one should expect
multiple splits in either hierarchy.

We focus on neutrino-neutrino interactions alone and
study two-flavor oscillations driven by the atmospheric
mass difference and 1–3 mixing. As has been established
before [14], the usual matter effect in the region of col-
lective oscillations (up to a few 100 km) can be accounted
for by choosing a small (matter suppressed) effective mix-
ing angle which we take to be "eff ¼ 10$5. Mikheyev-
Smirnov-Wolfenstein conversions occur typically at larger
distances. Their effects then factorize and can be included
separately [24].

Spectral crossings and spectral swaps.—Consider first
the SN cooling phase where plausible choices are [32]
F!e

:F !!e
:F!x

¼ 0:85:0:75:1:00 for the neutrino fluxes,
!E!e

¼ 12, !E !!e
¼ 15, and !E!x ¼ !E !!x

¼ 18 MeV for the

average energies, and f!ðEÞ / E3e$4E= !E for the spectral
shape. Based on the single-angle approximation for neu-
trino propagation [11,14,20,28], Fig. 1 shows the flavor
spectra before and after collective oscillations. For the
inverted mass hierarchy (IH) we find a swap for both !
and !! and thus a total of four splits. For the normal
hierarchy (NH) the swaps extend to infinite E, providing
one split in the ! and !! spectrum each.
Flavor oscillations leave f!e

ðEÞ þ f!x
ðEÞ unchanged, so

"f!ðEÞ & f!e
ðEÞ $ f!x

ðEÞ contains all relevant informa-

Antineutrinos

IH

Neutrinos

IH

0 10 20 30 40
Energy [MeV]

NH

0 10 20 30 40 50
Energy [MeV]

NH

FIG. 1 (color online). SN neutrino spectra before (dashed
lines) and after (solid lines) collective oscillations, but before
possible Mikheyev-Smirnov-Wolfenstein conversions. The pan-
els are for ! and !!, each time for IH and NH. Light gray (red)
lines e flavor, dark gray (blue) x flavor. Shaded regions mark
swap intervals.
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3 Flavor Instability

Fig. 2. These at first may be even more surprising: the two-
flavor spectrum is reproduced only when !m2

! ¼ 0; as
soon as it is nonzero, even very small, the high-energy
split disappears. Since for !m2

! ¼ 7:7# 10$7 eV2 (1% of
its true value) the corresponding oscillation length is
104 km—much longer than the scales in the problem—
one might think the two-flavor limit should be reached.
Instead, the spectrum in this case is closer to the realistic
three-flavor one than to the two-flavor one.

To understand this result, it proves useful to examine the
evolution as a function of radius in the matter mass basis
[49,52]. Neutrinos, initially in the mass eigenstates, de-
velop an instability which leads to large collective oscil-
lations [27,37,38]. What is interesting in our case is that,
shortly after the collective oscillations develop between the
atmospheric eigenstates (!2;3), the third state (!1) joins in.
Therefore, not only is the initial configuration unstable, but
the two-flavor trajectory is also unstable in the three-flavor
space. A small nonzero !m2

! is enough to displace the
system from the two-flavor subspace; the instability makes
it then run away from it (driven primarily by !m2

atm). The
role of small !m2

! is thus similar to that of small "13 in the
development of the Kostelecky-Samuel instability
[27,37,38].

Since the evolution is no longer constrained to the two-
flavor subspace, its final state may be expected to be differ-
ent. Indeed, it is. In the two-flavor case, the final state has a
swap !2 $ !3 on the interval 6 & E! & 22 MeV [53]. In
contrast, the final state of the three-flavor calculation is
significantly more complicated [52] (see [49] for more
details). The pattern is the same only up to E! %
10 MeV, with the third state !1 being a spectator, !1 !
!1. For 10 & E! & 20 MeV we instead observe a cyclical
permutation: !2 ! !3, !3 ! !1, !1 ! !2, while for E! *
20 MeV it is the !3 state that is a spectator and the other
two swap spectra: !1 $ !2, !3 ! !3. Since the initial
spectra of !1 and !3 are identical, no second split is seen
at 1000 km.

Figure 2 also shows another important role of!m2
!: as it

nears its physical value, the spectrum at high energy be-
comes closer to the emitted !x spectrum. This means the
neutrinos at the end of the collective oscillations are ‘‘put’’
into the Hamiltonian eigenstates. This happens when the
evolution is adiabatic [39,41,42]. Observe that adiabaticity
is broken even when !m2

! is 20%–50% of its physical
values. This means that adiabaticity for physical !m2

! is
only marginal in this channel.
Indeed, let us compare the neutrino vacuum oscillation

length to the scale height of the neutrino-neutrino poten-
tial. The latter is a power law / r$4, so the scale height is
jd lnH!!=drj$1 % r=4% 75–100 km for r% 300–400 km.
The atmospheric splitting for E% 15 MeV gives a charac-
teristic scale 2E=!m2

atm % 2 km, so a high degree of adia-
baticity is expected (and seen for the low-energy !e split).
In contrast, for the solar splitting, 2E=!m2

! % 77 km, so
the evolution is only borderline adiabatic [54].
The weakness of adiabaticity also helps to understand

the "!e spectra: the antineutrinos are not placed into mass
eigenstates. To increase adiabaticity, one can artificially
increase the value of !m2

!. We reran the calculation with
!m2

! 5 and 10 times larger than its actual value. The
resulting spectra, shown in Fig. 3, indeed exhibited a
more ‘‘conventional’’ split, centered around E "! %
19 MeV, although still fairly broad (%5 and %3 MeV
half-widths correspondingly). The mixed "!e spectrum
found for physical !m2

! can be thought of as an extremely
broad split, with a width comparable to the entire range of
the antineutrino energies. (The width of the split is related
to the degree of adiabaticity [42].)
Conclusions.—The late-time spectra provide an interest-

ing physical system for studying collective transforma-
tions. Two- and three-flavor calculations of the
phenomenon yield qualitatively different results. The
two-flavor trajectory is unstable to small displacements
in the three-flavor space. As we saw, even a tiny nonzero
value of !m2

! is enough to give a different !e spectrum.
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FIG. 2 (color online). Impact of decreasing the solar mass
splitting !m2

! on the neutrino spectra at 1000 km. Notice that,
while a strictly vanishing !m2

! gives the two-flavor result, even a
tiny nonzero value of !m2

! qualitatively changes the answer.
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FIG. 3 (color online). Impact of increasing the solar mass
splitting !m2

! on the neutrino spectra at 500 km. Large !m2
!

makes the evolution more adiabatic, leading to the formation of a
(broad) spectral split.
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In Magnetic Field

Assume neutrinos to be Majorana particles.

de Gouvêa & Shalgar (2012, 2013)

6

0 10 20 30 40 50
Energy (MeV)

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

Φ
(E

)

νe
νx

0 10 20 30 40 50
Energy (MeV)

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

Φ
(E

)

νe
νx

FIG. 4: Initial (dashed, r = 50 km) and final (solid, r = 200 km) νe, ν̄e, νx, ν̄x neutrino fluxes as a function of the neutrino
energy, including the effect of transition magnetic moment for neutrinos (left) and antineutrinos (right), for a normal mass
hierarchy and µB(r) = 10−2(µDB)SM (see Sec.III). See [36] for an animation of the radial evolution of the fluxes.
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FIG. 3: Initial (dashed, r = 50 km) and final (solid, r = 200 km) νe, ν̄e, νx, ν̄x neutrino fluxes as a function of the neutrino
energy for θ = 0 and µB(r) = 10−2(µDB)SM (see Sec.III), for a normal (left) and inverted (right) neutrino mass hierarchy.
See [36] for an animation of the radial evolution of the fluxes.

We draw attention to the fact that µB(r) = 10−2(µDB)SM is larger (by a couple of orders of magnitude) than
the “baseline” standard model expectation for massive Majorana neutrinos discussed in Sec. III. Numerically, we find
that µB(r) = 10−4(µDB)SM does not lead, given the initial fluxes considered here, to a significant effect. We return
to this issue in the next section.
Naively, one could anticipate that when both θ and µB are nonzero, the combined collective oscillation effects

would “add up,” and the final flux could be obtained by starting with the standard case (µB = 0) and applying the
logic mentioned earlier in order to estimate the effect of the nonzero µB. Our results for sin2 θ = 10−4, µB(r) =
10−2(µDB)SM are depicted, for a normal and inverted neutrino mass hierarchy, in Figs. 4, 5. The figures reveal more
structure in the final neutrino fluxes than naively anticipated. There are effects for both the normal and inverted mass
hierarchies, and all flavor neutrinos and antineutrinos are affected. As we mentioned earlier, in the absence of the
transition magnetic moment, the lepton number is conserved at each and every energy. Once the transition magnetic
moment is “turned on,” lepton number is violated at individual energies. Total lepton number (integrated over all
neutrino energies), however, is conserved.
Different initial fluxes lead to quantitatively different results. We consider initial fluxes, depicted in Figure 6(left)

(see [16]) where the ratios Lνe : Lνx and Lν̄e : Lνx are significantly higher than the ones in computed in [24], and
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Matter-Neutrino 
Resonance

2

∂s̄

∂l
= s̄× [−∆HV + Veẑ+ 2µν(s+ αs̄)] , (2)

where HV = (− sin 2θV , 0, cos 2θV ) depends on the vac-
uum mixing angle, θV , µν is the neutrino-neutrino in-
teraction strength, and α is the ratio of the unoscillated
ν̄e and νe fluxes. We use θV = 0.15, which is consistent
with the recommended value of θ13 [45]. The sign of ∆
determines the hierarchy. We assume that the neutrinos
start in pure flavor states, so s and s̄ initially point in
the ẑ and −ẑ directions.
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(a)Antineutrinos initially dominate.
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(b)Matter initially dominates.
FIG. 1: Top panel, both plots: Survival probabilities
Pνe (solid red line) and Pν̄e (dashed blue line). Bottom
panel, both plots: Potentials in units of ∆. The purple
solid line shows the magnitude of the neutrino-electron
potential, Ve(l), and the green dashed line shows the
unoscillated neutrino-neutrino interaction potential,
|Vνν | = µ(l)(α− 1).

We perform two types of calculations with this single-
energy configuration. In the first case, we begin with
Ve(l = 0) < |µν(l = 0) (1− α)| so that the neutrino self-
interaction potential is initially greater than the mat-
ter potential. We then allow µν to decline exponen-
tially, while keeping Ve constant, so that we can pass
through the region where Ve(l) = |µν(l) (1− α)|. In

the second case, we instead start with Ve(l = 0) >
|µν(l = 0) (1− α)| corresponding to the situation where
the matter potential initially dominates. We then keep
µ fixed and allow Ve(l) to decline so that, once again,
at some point Ve(l) = |µν(l) (1− α)|. We demonstrate
the results of this calculation in Fig. 1 with the spe-
cific functional forms Ve(l) = 1000∆, µν(l)(α − 1) =

10000∆e(−
∆

10
l) in Fig. 1(a), and Ve(l) = 10000∆e(−

∆

10
l),

µν(α− 1) = 1000∆, in Fig. 1(b). In both Figs., α = 4/3.
The top panels of these plots show that the scenario
where µν(l) (α− 1) initially dominates over Ve(l) pro-
duces a transition, while the reverse scenario does not.
Observe that the transition in Fig. 1(a) takes place

over an extended period of time. The form of the po-
tentials determines how long the system takes to go
from the beginning, Ve(li) ≈ µν(li) (α− 1) to the end,
Ve(lf ) ≈ µν(lf ) (1 + α). The duration of the transition is
δl1 ∼ τVe/µ ln((1 + α)/(α − 1)), where τVe/µ is the effec-
tive scale height of the ratio of the matter potential to the
neutrino potential,, τVe/µ = |d ln(Ve/µν)/dl|)−1. During
this time, the system maintains a position approximately
on the resonance, i.e. Vz(l) ≈ Ve(l) + µν(l) (sz + αs̄z)
hovers around zero. Both s and s̄ transform to maintain
a cancellation between the self-interaction and the matter
terms. This behavior differs both from standard MSW
[46, 47] where the system passes quickly through the
place where Vz(l) % 0 and also from synchronized oscil-
lation where the neutrinos and antineutrinos are locked.
The transition behavior can be described analytically.

Examining the sum of Eqs. (1) and (2) as well as the
behavior in Fig. 1(a), we see that precession around the
z-axis is nearly absent so that during the transition s+αs̄
grows along the z-axis only. By combining sx ≈ −αs̄x,
sy ≈ −αs̄y, and Vz(l) ≈ 0, along with the approximation
∆ cos 2θV ≈ 0 we find

sz ≈

(

α2 − 1
)

µν(l)2 − Ve(l)2

4Ve(l)µν(l)
, (3)

s̄z ≈ −

(

α2 − 1
)

µν(l)2 + Ve(l)2

4αVe(l)µν(l)
. (4)

In Fig. 1(a), starting at the initial resonance point, we
plot our analytic estimate of the survival probabilities
from Eqs. (3) and (4), using Pνe = sz + 1/2 and Pν̄e =
−s̄z + 1/2. The agreement with the numerical evolution
is evident. If we try the same for Fig. 1(b), we do not find
allowed solutions for the survival probability, in accord
with the figure.
It can be further seen that an initially dominant self-

interaction potential is not, in general, sufficient to in-
duce an MNR transition. The mixing angle, θV also
plays a role. Indeed, the vacuum term ∆ sin 2θV is
the only physical source of flavor violation in this sys-
tem. From inspection of the sum of Eqs. (1) and (2),
we see that the distance scale of the transition is δl2 ≈
α/(∆ sin 2θV 〈sy − αs̄y〉), where 〈·〉 is the average value
during the transition. For the scales δl1 and δl2 to be
compatible, 〈sy −αs̄y〉 must adjust to θV and τVe/µ, but
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