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Outline

Neutrino oscillations: a historical introduction

Oscillation physics 101

Neutrino oscillations in SN-like environments

Rich physics: known knowns

Rich physics: known unknowns

Some applications: Galactic SN in a terrestrial 
detector, nucleosynthesis, explosion?
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Q: find an inaccuracy in this illustration

Source: Symmetry magazine feature
http://www.symmetrymagazine.org/article/february-2013/

neutrinos-the-standard-model-misfits
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Review of Particle Physics: C. Caso et al. (Particle Data Group), European Physical Journal C3, 1 (1998)

νµνµνµνµ J = 1
2

Mass m < 0.17 MeV, CL = 90%
Mean life/mass, τ/mνµ

> 15.4 s/eV, CL = 90%

Magnetic moment µ < 7.4 × 10−10 µB , CL = 90%

ντντντντ J = 1
2

Mass m < 18.2 MeV, CL = 95%
Magnetic moment µ < 5.4 × 10−7 µB , CL = 90%
Electric dipole moment d < 5.2 × 10−17 e cm, CL = 95%

Number of Light Neutrino TypesNumber of Light Neutrino TypesNumber of Light Neutrino TypesNumber of Light Neutrino Types

(including νe, νµ, and ντ )

Number N = 2.994 ± 0.012 (Standard Model fits to LEP data)
Number N = 3.07 ± 0.12 (Direct measurement of invisible Z

width)

Massive Neutrinos andMassive Neutrinos andMassive Neutrinos andMassive Neutrinos and
Lepton Mixing, Searches forLepton Mixing, Searches forLepton Mixing, Searches forLepton Mixing, Searches for

For excited leptons, see Compositeness Limits below.

See the Particle Listings for a Note “Neutrino Mass” giving details of
neutrinos, masses, mixing, and the status of experimental searches.

While no direct, uncontested evidence for massive neutrinos or lepton
mixing has been obtained, suggestive evidence has come from solar neu-
trino observations, from anomalies in the relative fractions of νe and νµ
observed in energetic cosmic-ray air showers, and possibly from a νe ap-
pearance experiment at Los Alamos. Sample limits are:

Stable Neutral Heavy Lepton Mass LimitsStable Neutral Heavy Lepton Mass LimitsStable Neutral Heavy Lepton Mass LimitsStable Neutral Heavy Lepton Mass Limits

Mass m > 45.0 GeV, CL = 95% (Dirac)
Mass m > 39.5 GeV, CL = 95% (Majorana)

Neutral Heavy Lepton Mass LimitsNeutral Heavy Lepton Mass LimitsNeutral Heavy Lepton Mass LimitsNeutral Heavy Lepton Mass Limits

Mass m > 69.0 GeV, CL = 95% (Dirac νL coupling to e, µ, τ
with

∣∣Uℓ j
∣∣2 > 10−12)

Mass m > 58.2 GeV, CL = 95% (Majorana νL coupling to e,
µ, τ with

∣∣Uℓ j
∣∣2 > 10−12)

HTTP://PDG.LBL.GOV Page 10 Created: 6/12/1998 14:32PDG 1998
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Review of Particle Physics: C. Caso et al. (Particle Data Group), European Physical Journal C3, 1 (1998)

Solar NeutrinosSolar NeutrinosSolar NeutrinosSolar Neutrinos

Detectors using gallium (Eν 0.2 MeV), chlorine (Eν 0.8 MeV),
and Ĉerenkov effect in water (Eν 7 MeV) measure significantly
lower neutrino rates than are predicted from solar models. The deficit
in the solar neutrino flux compared with solar model calculations
could be explained by oscillations with ∆m2 ≤ 10−5 eV2 causing
the disappearance of νe .

Atmospheric NeutrinosAtmospheric NeutrinosAtmospheric NeutrinosAtmospheric Neutrinos

Underground detectors observing neutrinos produced by cosmic rays
in the atmosphere have measured a νµ/νe ratio much less than ex-
pected and also a deficiency of upward going νµ compared to down-
ward. This could be explained by oscillations leading to the disap-
pearance of νµ with ∆m2 ≈ 10−3 to 10−2 eV2.

ν oscillation: νe ̸→ νe (θ = mixing angle)ν oscillation: νe ̸→ νe (θ = mixing angle)ν oscillation: νe ̸→ νe (θ = mixing angle)ν oscillation: νe ̸→ νe (θ = mixing angle)

∆m2 < 9 × 10−4 eV2, CL = 90% (if sin22θ = 1)
sin22θ < 0.02, CL = 90% (if ∆(m2) is large)

ν oscillation: νµ (νµ) → νe (νe) (any combination)ν oscillation: νµ (νµ) → νe (νe) (any combination)ν oscillation: νµ (νµ) → νe (νe) (any combination)ν oscillation: νµ (νµ) → νe (νe) (any combination)

∆m2 < 0.075 eV2, CL = 90% (if sin22θ = 1)
sin22θ < 1.8× 10−3, CL = 90% (if ∆(m2) is large)

HTTP://PDG.LBL.GOV Page 11 Created: 6/12/1998 14:32
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Citation: D.E. Groom et al. (Particle Data Group), Eur. Phys. Jour. C15, 1 (2000) (URL: http://pdg.lbl.gov)

Number of Light Neutrino TypesNumber of Light Neutrino TypesNumber of Light Neutrino TypesNumber of Light Neutrino Types

(including νe, νµ, and ντ )

Number N = 2.994 ± 0.012 (Standard Model fits to LEP data)
Number N = 3.00 ± 0.06 (Direct measurement of invisible Z

width)

Massive Neutrinos andMassive Neutrinos andMassive Neutrinos andMassive Neutrinos and
Lepton Mixing, Searches forLepton Mixing, Searches forLepton Mixing, Searches forLepton Mixing, Searches for

For excited leptons, see Compositeness Limits below.

See the Particle Listings for a Note “Neutrino Mass” giving details of
neutrinos, masses, mixing, and the status of experimental searches.

There is now rather convincing evidence that neutrinos have nonzero
mass from the apparent observation of neutrino oscillations, where the
neutrinos come from π (or K ) → µ → e decays in the atmosphere; the
mesons are produced in cosmic-ray cascades.

Stable Neutral Heavy Lepton Mass LimitsStable Neutral Heavy Lepton Mass LimitsStable Neutral Heavy Lepton Mass LimitsStable Neutral Heavy Lepton Mass Limits

Mass m > 45.0 GeV, CL = 95% (Dirac)
Mass m > 39.5 GeV, CL = 95% (Majorana)

Neutral Heavy Lepton Mass LimitsNeutral Heavy Lepton Mass LimitsNeutral Heavy Lepton Mass LimitsNeutral Heavy Lepton Mass Limits

Mass m > 83.3 GeV, CL = 95%
(Dirac νL coupling to e, µ, τ ; conservative case(τ ))

Mass m > 73.5 GeV, CL = 95%
(Majorana νL coupling to e, µ, τ ; conservative case(τ ))

Solar NeutrinosSolar NeutrinosSolar NeutrinosSolar Neutrinos

Detectors using gallium (Eν
>∼ 0.2 MeV), chlorine (Eν

>∼ 0.8 MeV),
and Ĉerenkov effect in water (Eν

>∼ 7 MeV) measure significantly
lower neutrino rates than are predicted from solar models. The deficit
in the solar neutrino flux compared with solar model calculations
could be explained by oscillations with ∆m2 ≤ 10−5 eV2 causing
the disappearance of νe .

HTTP://PDG.LBL.GOV Page 11 Created: 9/19/2000 13:11
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For comparison

hep-ph/
9810316;
Fig. 18
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What do we call a 
particle?

A mass eigenstate

think, e.g., e vs µ vsτ

Before the discovery of oscillations, 
neutrinos were the only particles 
defined as flavor eigenstates (by 
their interactions with the W boson)

W±

e
µ

τ

νe

νµ

ντ

ν1
ν2

ν3

ν1, ν2, ν3 

We now know what neutrino particles are

They have been given imaginative 
names Note large misalignment

between the two 
neutrino bases
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Let’s see what Symmetry 
magazine calls a particle
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André de Gouvêa Northwestern

NEUTRINOS

HAVE MASS
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[albeit very tiny ones...]

So What?

May 26, 2013 Synergisms

How do we measure 
neutrino masses?

Neutrino have a mass

Other particles have 
masses ...
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André de Gouvêa Northwestern
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So What?

May 26, 2013 Synergisms

But neutrino 
masses are 

unusual
and neutrinos interact 
weakly, decouple at low 

energy (non-renormalizable 
operator!)

We can’t slow them down to 
weigh at our leisure
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Need extraordinary 
measures

Endpoint spectra of a decay process EXTREMELY accurately

beta-decay of tritium; Katrin

Majorana mass term is an operator that violates something

Neutrinoless double-beta decay; EXO, Majorana, GERDA

Slow neutrinos down by redshift; use gravity for detection

cosmology; CMB, LSS, lensing

Use interferometry

oscillation experiments

12Monday, July 21, 14



Interferometry 101
Usual argument: start with the 
ultra-relativistic expansion

assume the two states have the 
same momentum, then

Or, assume they have the same 
energy

Or, assume they have the same 
velocity

In fact, it’s neither

ae�i�Eta

b b

E =
p
m2 + p2 ' p2 +m2/2p

�E ' �m2/2p
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Interferometry 101
In fact, it’s neither

For example, for the 8B decay reaction in 
the Sun there are amplitudes to go into 
three final states with different particles

Q: show that the standard expression for ỎE 
is valid

Q: It may seem that we can just measure 
the energy of the neutrino accurately 
enough to decide which final state it went 
into.

 How’s this consistent with oscillations?

! 8Be+ e+ + ⌫3

! 8Be+ e+ + ⌫2

8B ! 8Be+ e+ + ⌫1

�E ' �m2/2p

Accurate energy 
measurement entails 
loss of position 
measurement

Hint: think 
uncertainty principle
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What we presently know 
about neutrinos

Two mass splittings, 

Δm2atm ~2.3 x10-3 eV, 

Δm2sol ~7.1 x10-5 eV

Three mixing angles, 

θ23~ 45∘±8∘, 

θ12~ 34∘±1∘, 

θ13~ 8.7∘±0.3∘

θ13: from unknown to best 
measured in a blink of an eye

Known unknowns:
mass hierarchy
CP phase δ,

Dirac or Majorana
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Atmospheric neutrinos

For atmospheric 
neutrinos with a few 
GeV energies

losc~E/Δm2atm~103km, 
good distance scale to 
probe on the scales of 
the earth

Super-Kamiokande!

νμ->ντoscillation favored

8
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FIG. 3: Zenith angle distributions of FC e-like, µ-like, PC,
and UPµ are shown for data (filled circles with statistical
error bars), MC distributions without oscillation (boxes) and
best-fit distributions (dashed). The non-oscillated MC shows
the distribution without fitting and the box height shows the
statistical error. In the case of non-zero θ13, matter enhanced
excess of electron-like events is expected in the zenith angle of
−1 < cos θ < −0.2 regions in the multi-GeV 1-ring and multi-
ring electron-like samples. The νµ in the resonance regions
populate mainly in the multi-GeV single-ring muon, multi-
ring muon, two PC, and UP stopping µ samples.

16Monday, July 21, 14



Reactor neutrinos, 
KamLAND

For reactor 
antineutrinos with a 
few MeV energies

losc~E/Δm2sol~102km, 
good distance scale to 
probe on the scales of 
Japan

The most precise 
measurement of Δm2sol

4

TABLE I: Estimated systematic uncertainties for the neutrino oscil-
lation parameters ∆m2

21, θ12, and θ13 for the earlier/later periods of
measurement, denoted in the text as DS-1/DS-2. The overall uncer-
tainties are 4.1% / 4.5% for DS-1/DS-2.

Detector-related (%) Reactor-related (%)
∆m2

21 Energy scale 1.8 / 1.8 νe-spectra [33] 0.6 / 0.6

Rate Fiducial volume 1.8 / 2.5 νe-spectra 2.4 / 2.4
Energy scale 1.1 / 1.3 Reactor power 2.1 / 2.1
Lcut(Ep) eff. 0.7 / 0.8 Fuel composition 1.0 / 1.0
Cross section 0.2 / 0.2 Long-lived nuclei 0.3 / 0.4
Total 2.3 / 3.0 Total 3.3 / 3.4

probability density functions (PDFs) for νe DC pairs and ac-
cidental DC pairs, respectively; both PDFs are functions of
the 6 DC-pair parameters: Ep, Ed, ∆R, ∆T , Rp, Rd. The
PDF for accidental DC pairs can be evaluated directly from
the data with an off-time cut; we use 10 ms < ∆T < 20 s. To
utilize the variation in the accidental DC rate with time, the
full data set is divided into five periods and the corresponding
facc is computed for each. The PDF for νe DC pairs is cal-
culated with a Monte Carlo (MC) simulation. The systematic
error in the simulated PDF is evaluated by comparing simu-
lated calibration data to real calibration data for the 68Ge and
241Am9Be sources.

For each 0.1 MeV interval in prompt energy, we choose
Lcut(Ep) to maximize S√

S+Bacc

, where S and Bacc are the
expected number of νe and accidental DC pairs, respectively,
with L(Ep) > Lcut(Ep). To exploit the time variation of
both the signal and background, the optimal Lcut(Ep) is de-
termined for each of the five time periods. Finally, only DC
pairs with L(Ep) > Lcut(Ep) are selected. The efficiency
and uncertainty of the cut are evaluated for each period us-
ing the MC; the Ep-dependent efficiency, averaged over the
five time periods, is shown in the top panel of Fig. 1. A no-
oscillation input spectrum is used to generate fνe

. The effect
of using an oscillated νe spectrum was checked with various
trial values of (θ12,∆m2

21) and found not to greatly affect the
selection. The number of accidental DC pairs remaining af-
ter all cuts is determined to be 102.5 ± 0.1. The dominant
contributors to these accidental DC pairs are 2.6 MeV γ-rays

TABLE II: Estimated backgrounds excluding geo-νe after first- and
second-level cuts.
Background Contribution
1 Accidental 102.5 ± 0.1
2 9Li/8He 24.8 ± 1.6

3
{

13C(α, n)16Og.s., np → np 171.7 ± 18.2
13C(α, n)16Og.s., 12C(n, n ′)12C∗ (4.4 MeV γ) 7.3 ± 0.8

4
{

13C(α, n)16O, 1st e.s. (6.05 MeV e+e−) 15.9 ± 3.3
13C(α, n)16O, 2nd e.s. (6.13 MeV γ) 3.7 ± 0.7

5 Fast neutron and atmospheric neutrino < 12.3
Total 325.9 ± 26.1
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FIG. 1: Prompt energy spectrum of νe candidate events above 0.9
MeV energy threshold (vertical dashed line). The data together with
the background and reactor νe contributions fitted from an unbinned
maximum-likelihood three-flavor oscillation analysis are shown in
the main panel. The number of geo-νe’s is unconstrained in the fit.
The shaded background histograms are cumulative. The top panel
shows the energy-dependent selection efficiency; each point is the
weighted average over the five time periods described in the text.

from external 208Tl β-decays.
In addition to accidental background events, there are

other processes which produce background DC pairs. The
13C(α, n)16O nuclear reaction in the LS is the largest such
background. The dominant α source is 210Po, a long-lived
daughter nucleus of 222Rn. This reaction produces neutrons
with energies up to 7.3 MeV, and mostly contributes DC
pairs with prompt energies below 2.6 MeV. By counting the
quenched scintillation signals from the 5.3 MeV α particles,
we find (5.95± 0.29)× 109 α-decays in full data set. The
rate of the 13C(α, n)16O background and its prompt energy
spectrum is estimated by simulation. The total cross sec-
tion and final-state partial cross sections for 16O, σi (where
i = 0 , 1 , 2 for the ground, first and second excited states
of 16O), are based on [38, 39], but the relative normaliza-
tions of the σi were tuned by an in-situ calibration using a
210Po13C source [40]. The data require σ0 and σ1 be scaled
by 1.05 and 0.6, respectively, while no scaling is required for
σ2. Including the uncertainty on the number of α-decays, we
assign an uncertainty of 11% for the ground state and 20%
for the excited states. We estimate that the total number of
13C(α, n)16O DC pairs remaining in the full data set after
the first- and second-level cuts is 198.6 ± 23.0. DS-2, which
benefited from reduced 210Po contamination due to LS purifi-
cation, contributes only 7% of the 13C(α, n)16O events after
all selection cuts.
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Reactor neutrinos, Daya 
Bay

For reactor 
antineutrinos with a 
few MeV energies

losc~E/Δm2atm~1 km, 
good distance scale to 
probe next to a 
power station

F.P. An et al: Improved Measurement of Electron Antineutrino Disappearance at Daya Bay 3

1 Introduction

Observations of neutrinos and antineutrinos pro-
duced in the sun, the atmosphere, reactors, and
from particle beams provide overwhelming evidence
that the flavors of neutrinos change (oscillate) [1–5].
The preponderance of data support a three-neutrino
framework where three flavor states (νe,νµ,ντ ) are
superpositions of three mass states (ν1,ν2,ν3). This
mixing can be quantified using a unitary 3× 3 mix-
ing matrix described in terms of three mixing angles
(θ12,θ23,θ13) and a CP violating phase (δ) [6, 7]. Neu-
trino oscillations are also dependent on the differences
in the squares of the neutrino masses.

The Daya Bay collaboration recently measured a
non-zero value for sin2 2θ13 = 0.092± 0.016(stat.)±
0.005(syst.) [8], an observation consistent with previ-
ous and subsequent experimental results [4, 9–11]. In
absolute terms, the value of θ13 is now known with
better precision than either of the other two mixing
angles. Constraining the value of θ13 increases the
constraints on the other mixing parameters (mixing
angles and mass squared differences) through a global
fit of all available oscillation data [12, 13].

For reactor-based experiments, in a three-neutrino
framework, an unambiguous determination of θ13 can
be extracted via the survival probability of the elec-
tron antineutrino νe at short distances (O(km)) from
the reactors

Psur ≈ 1−sin2 2θ13 sin
2(1.267∆m2

31L/E) , (1)

where ∆m2
31 can be approximated by ∆m2

atm =
(2.32+0.12

−0.08)×10−3eV2 [14], E is the νe energy in MeV
and L is the distance in meters between the νe source
and the detector (baseline). The near-far arrange-
ment of antineutrino detectors (ADs), as illustrated in
Fig. 1, allows for a relative measurement by compar-
ing the observed νe rates at various distances. With
functionally identical ADs, the relative rate is inde-
pendent of correlated uncertainties, and uncorrelated
reactor uncertainties are minimized.

The results reported here were derived using the
same analysis techniques and event selection as our
previous results [8], but were based on data collected
between December 24, 2011 and May 11, 2012, a 2.5
fold increase in statistics. A blind analysis strategy
was adopted for our previous results, with the base-
lines, the thermal power histories of the cores, and
the target masses of the ADs hidden until the analy-
ses were finalized. Since the baselines and the target
masses have been unveiled for the six ADs, we kept
the thermal power histories hidden in this analysis

until the analyses were finalized.

Fig. 1. Layout of the Daya Bay experiment.

The dots represent reactor cores, labeled as

D1, D2, L1, L2, L3 and L4. Six antineutrino

detectors (ADs) were installed in three exper-

imental halls (EHs).

2 The Experiment

2.1 Site

The Daya Bay nuclear power complex is located
on the southern coast of China, 55 km to the north-
east of Hong Kong and 45 km to the east of Shen-
zhen. A detailed description of the Daya Bay exper-
iment can be found in [15, 16]. As shown in Fig. 1,
the nuclear complex consists of six reactors grouped
into three pairs with each pair referred to as a nu-
clear power plant (NPP). All six cores are function-
ally identical pressurized water reactors, each with a
maximum of 2.9 GW thermal power [17]. The last
core started commercial operation on Aug. 7, 2011.
The distance between the cores for each pair is 88 m.
The Daya Bay cores are separated from the Ling Ao
cores by about 1100 m, while the Ling Ao-II cores are
around 500 m away from the Ling Ao cores.

Table 1. Vertical overburden, muon rate Rµ,

and average muon energy <Eµ > of the three

EHs.

Overburden (m.w.e) Rµ (Hz/m2) <Eµ > (GeV)

EH1 250 1.27 57

EH2 265 0.95 58

EH3 860 0.056 137

Three underground experimental halls (EHs) are
connected with horizontal tunnels. For this analy-
sis, two antineutrino detectors (ADs) were located
in EH1, one in EH2, and three near the oscillation
maximum in EH3 (the far hall). The overburden in
equivalent meters of water (m.w.e.), simulated muon
rate and average muon energy are listed in Table 1.
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Solar neutrino 
oscillations

The first neutrino oscillation effect was 
observed in 1968, by the Homestake 
experiment in the US

100,000 gallons of dry-cleaning fluid 
(tetrachloroethylene) 4,850 feet 
underground. Every few weeks, 
extracted Ar, formed by 

Expected ~ 51 atoms of Ar, but saw 
only ~ 17

⌫e +
37 Cl ! e� +37 Ar
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http://www.bnl.gov/bnlweb/
raydavis/BB_sept1967.pdf

No mention of 
oscillations
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Matter matters

Wolfenstein 1978: matter effect, by analogy with the Kaon 
regeneration in matter

Coherent forward scattering (index of refraction) is 
different for νe and νµ, ντ (birefringence)

Correct equations (up to the sign and √2)

But, the evolution equations in the falling solar density 
profile are not actually solved

Similar scenario later plays out for collective 
oscillations in supernovae

a large part of Wolfenstein’s paper is on new physics FCNC 
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MSW, 1985-86
Mikheev and Smirnov solved 
the evolution equation in the 
solar density profile

Found large conversion possible 
for small vacuum mixing

Their paper was rejected

 They attempted repackaging in 
the supernova neutrino context, 
bury the word “resonance”

see arxiv:0706.0454

5

The authors are indebted to L. Wolfenstein, G. T.
Zatsepin, A. Yu. Ignat’ev, D. K. Nadezhin, V. A.
Rubakov, V. G. Ryasni, and M. E. Shaposhnikov for
useful discussions.
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Comments (June 2007)

1. This paper presents, in particular, our first ana-
lytic results on the adiabatic conversion of neutrinos
in matter. It has been written in summer-fall 1985. In
attempt to avoid problems with publication (we had
before), we tried to hide the term “resonance”, and
did not discussed applications to the solar neutrinos;
also we have not included references to our previous
papers on the resonance enhancement of neutrino os-
cillations.

This short paper has been submitted to JETP
Letters in the fall 1985 and successfully ... rejected.
It was resubmitted to JETP in December of 1985.
The results of the paper have been reported at the
6th Moriond workshop in January 1986 and included
in several later reviews. The paper was reprinted in
“Solar Neutrinos: The first Thirty Years”, Ed. J. N.
Bahcall, et al., Addison-Wesley 1995.

2. The differential equation of third order for the
survival probability P , Eq. (1), has been derived
from a system of three differential equations for P ,
R ≡ Re⟨νe|νµ⟩, and I ≡ Im⟨νe|νµ⟩. The system of
equations has been obtained in our first paper: Sov.
J. Nucl. Phys. 42, 913 (1985), (Yad. Fiz. 42, 1441
(1985)).

3. Analytic results of sec. 3, have been derived
neglecting the high order derivatives d3P/dt3 and
d2P/dt2 in Eq. (1) which is implied by the adiabatic
condition. The resulting equation,

M(M2 + 4M̄2)
dP

dt
− 2M̄2

dM

dt
(2P − 1) = 0,

can be easily integrated:

P =
1

2
+

(

P0 −
1

2

)

√

n2
0

+ 1

n0

n√
n2 + 1

.

With the initial condition

P (0) = 1 −
1

2
sin2 2θ0

m = 1 −
1

2(n2
0
+ 1)

it leads to the adiabatic conversion formula (16).
Noticing that

n√
n2 + 1

= cos 2θm,
n0

√

n2
0

+ 1
= cos 2θ0

m

one realizes immediately that Eqs. (16) and (18) coin-
cide with the adiabatic formulas that usually appear
in literature.

Sov. Phys. JETP 64 (1) July 1986
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MSW then is accepted by 
the neutrino practitioners

Large conversion for 
small mixing angles

And people know 
that mixing angles 
are naturally small

“Generic” mechanism, 
since the solar density 
profile spans orders of 
magnitude
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Figure 1: Electron density in the Sun according to the BP2000 [8] solar model. The dashed
line shows the best-fit exponential ne/NA = 245 exp(−10.54R/R⊙).

solar neutrino flux. One way to get this suppression was to have a large mixing angle and
oscillations in vacuum. The resonance idea provided another way. It showed that a large flavor
conversion could occur even if in vacuum |Heµ| ≪ |Hµµ − Hee|.

In a nutshell, the idea is to have the matter term cancel the difference of the diagonal
elements at some depth in the Sun. If, at some depth x̃, |A(x̃) − ∆ cos 2θ| < ∆ sin 2θ, the
conversion will take place according to idφµ/dt ≃ ∆ sin 2θφe. Notice that the condition

A(x0) = ∆ cos 2θ (9)

a priori does not require any large fine-tuning of the neutrino parameters, since the electron
density in the Sun smoothly varies over several orders of magnitude (see Figure 1).

To get enough conversion, the distance δx over which the cancellation persists must be long
enough so that a significant fraction of the oscillation cycle can be completed,

∆ sin 2θ(δx) >∼ 1. (10)

If one assumes that the profile around the resonance x = x0 is approximately linear A(x) ≃

4
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Meanwhile, the HEP community 
remains largely skeptical

Georgi & Luke, Nucl Phys B347, 1-11 (1990)

Other quotes in Bahcall, physics/0406040 
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In hindsight

The θ12 mixing angle eventually turns out to 
be large

The hierarchy of small mixings is not 
present in the lepton sector

The mass-squared splitting turns out to be 
fine-tuned to the matter density in the 
center of the Sun
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Solar neutrinos: data

Data shows that electron 
neutrino survival 
probability is energy-
dependent

Nontrivial, requires a 
coincidence of something

The matter density in the 
Sun, the solar mass 
splitting and the neutrino 
energy ~ 1 MeV conspire 

p
2G

F

n� ⇠ �m2
sol

/2E
⌫
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Solar neutrino flavor 
oscillations 101

Solar neutrinos: simple quantum mechanics problem

Vacuum
Matter

Hee =
p
2GFNeH

osc

= H
vac

+H
matter

i@t| ii = H
osc

| ii

�m2
atm/2E⌫

�m2
�/2E⌫

Hamiltonian eigenvalues (for normal hierarchy)

Not to
scale!
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2-state oscillations

The evolution is adiabatic (no level jumping), since losc << density 
scale height (|d lnρ/dr|-1)

Q: convince yourself of that

Hint: for most of the Sun, the density scale height is Rsun/10, 
while losc is comparable to the width of Japan (why? KamLAND)

P2(⇥e � ⇥e) = sin2 � sin2 �� + cos2 � cos2 ��

cos2 ��

sin2 ��

cos2 �vac

sin2 �vac
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Figure 1: Electron density in the Sun according to the BP2000 [8] solar model. The dashed
line shows the best-fit exponential ne/NA = 245 exp(−10.54R/R⊙).

solar neutrino flux. One way to get this suppression was to have a large mixing angle and
oscillations in vacuum. The resonance idea provided another way. It showed that a large flavor
conversion could occur even if in vacuum |Heµ| ≪ |Hµµ − Hee|.

In a nutshell, the idea is to have the matter term cancel the difference of the diagonal
elements at some depth in the Sun. If, at some depth x̃, |A(x̃) − ∆ cos 2θ| < ∆ sin 2θ, the
conversion will take place according to idφµ/dt ≃ ∆ sin 2θφe. Notice that the condition

A(x0) = ∆ cos 2θ (9)

a priori does not require any large fine-tuning of the neutrino parameters, since the electron
density in the Sun smoothly varies over several orders of magnitude (see Figure 1).

To get enough conversion, the distance δx over which the cancellation persists must be long
enough so that a significant fraction of the oscillation cycle can be completed,

∆ sin 2θ(δx) >∼ 1. (10)

If one assumes that the profile around the resonance x = x0 is approximately linear A(x) ≃

4
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2-state oscillations

Also, coherence between the mass eigenstates is lost

Q: convince yourself of that

Hint: How does the oscillation length compare to the size 
of the production region?

P2(⇥e � ⇥e) = sin2 � sin2 �� + cos2 � cos2 ��

cos2 ��

sin2 ��

cos2 �vac

sin2 �vac

VacuumCore
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3-state oscillations
The third state provides a ~ 4.5% correction

Notice that the projection of the electron 
neutrino on the third state is        , unaffected 
by matter

P3(⌫i ! ⌫i) = sin ✓413 + cos ✓413P2(⌫i ! ⌫i)

' 0.955P2(⌫i ! ⌫i)

Vacuum
Matter �m2

atm/2E⌫

�m2
�/2E⌫

Not to
scale!

sin ✓213 sin ✓213

sin ✓213
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Now, back to the data

The low-energy 
neutrinos (< 1 MeV) are 
in the vacuum 
oscillation regime 
(matter doesn’t matter)

while the high energy 
8B neutrinos are in the 
matter dominated 
regime (produced as ν2)

P3(⌫e ! ⌫e) ! cos

4 ✓13(sin
4 ✓12 + cos

4 ✓12)

P3(⌫e ! ⌫e) ! cos

4 ✓13 sin
2 ✓12

vacuum
matter
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Comment on fine-tuning
All solutions possible in 2000 had 
to be tuned in some way

VAC: osc length to 1 A.U.

LOW: resonance in the Earth

SMA: on the boundary of 
adiabatic and non-adiabatic + 
tuned to the central solar 
density

LMA: tuned to the central 
solar density

A. de Gouvea, A.F., H. Murayama, PLB 490, 125 (2000)
A.F., PRL 85, 936 (2000) 
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Ordinary MSW in the spin representation

• Like any two-state QM system, the 
neutrino flavor state can be thought of as a 
spin. We can depict its evolution by 
showing the trajectory of the expectation 
value of the spin,              ,  on a sphere

• The oscillation Hamiltonian acts as an 
external magnetic field. The matter 
potential changes the z-component of the 
field. 

• In the adiabatic case, the spin follows the 
changing “magnetic field”.

�e

�µ�

��|⇤⇥|�⇥

Hvac

H�

H(r) =
�m2

mat

2E�

�
� cos 2�mat sin 2�mat

sin 2�mat cos 2�mat

⇥
= ⌥H(r) · ⌥⇥
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 Supernova neutrinos:
the richest neutrino oscillation 

problem known
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SN ν oscillations: 
physics cartoon 

ν-sphere Collective

turbulence

front shock

“regular MSW”

νe νμ ντ

νe νμ ντ
_ _ _
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Dynamical density profile

• Front shock reaches the regions where “atmospheric” and “solar” 
transformations happen, while neutrinos are being emitted

• See Schirato & Fuller (2002)       astro-ph/0205390 
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Moving shock and 
MSW transformations

➡ The shock is 
infinitely sharp from 
the neutrinos’ point 
of view (photon 
mean free path). 

➡When it arrives at 
the resonance, the 
evolution becomes 
non-adiabatic.

For inverted hierarchy, the same happens in antineutrinos.

sin2 ��

cos2 ��

sin2 �13
F (�µ,⇥ )

F (�e)

F (�µ,⇥ )

sin2 ��

cos2 ��

sin2 �13
F (�µ,⇥ )

F (�e)

F (�µ,⇥ )

37Monday, July 21, 14



3D simulations show 
turbulence

• 3d simulations of the 
accretion shock instability 
Blondin, Mezzacappa, & 
DeMarino (2002)

• See http://www.phy.ornl.gov/
tsi/pages/simulations.html

• No central heating. Still,

• extensive, well-developed 
turbulence behind the 
shock
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Reproduced in a backyard 
water experiment

• Foglizzo, Masset, Guilet, 
Durand, Phys. Rev. Lett. 
108, 051103 (2012)

• Made PRL cover and APS 
Viewpoint highlight
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Neutrino signature of 
SASI

• The large sloshing 
motion could result in 
rapid variation of the 
neutrino event rate 
during the accretion 
phase

• It was suggested to look 
for this with IceCube

IceCube event ratesIceCube event rates

● Instantaneous rate for 
2D at 10 kpc:

● 
SN, 2D

 ~ 900 ms-1

[Lund et al., 2010.]

● Instantaneous rate for 
3D at 1 kpc:

● 
SN, 3D

 ~  55000 ms-1

[Lund et al., 2012.]

Lund, Marek, Lunardini, Janka, Raffelt,
  arXiv:1006.1889 
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More 3D simulations

• beautiful simulation 
from the web page of 
K.Kifonidis                         
http://www.mpa-
garching.mpg.de/~kok/

• Neutrino flavor 
transformations happen 
in the dynamically 
changing profile of the 
expanding shock and 
turbulence
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Turbulence and MSW
• The level-jumping probability depends on fluctuations

• relevant scales are small, O(10 km)

• take large-scale fluctuations from simulations, scale 
down with a Kolmogorov-like power law 

• contributions of different scales to the level-
jumping probability are given by the following 
spectral integral 

P � GF⇥
2n�

0

⇤
dkC(k)G

�
k

2� sin 2�

⇥
, G(p) ⇥ �(p� 1)

p
�

p2 � 1
.

for details, see Friedland & Gruzinov, astro-ph/0607244
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Turbulence makes neutrinos 
diffuse in the flavor space

• Need to estimate the rate of diffusion

• Needed: high-resolution simulations from the beginning through 
the first several seconds

• Given large-scale fluctuations in published simulations (order 1), 
completely depolarized regime expected 

⇢final !
✓
1/2 0
0 1/2

◆

for details, see Friedland & Gruzinov, astro-ph/0607244
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Neutrino “self-refraction”
• Neutrinos undergo flavor 

conversion in the background 
of other neutrinos

• The neutrino induced 
contribution depends on the 
flavor states of the 
background neutrinos

• One has to evolve the 
neutrino ensemble as a whole

• Rich many-body physics, with  
many regimes 

3

Hamiltonian,

HFCNC =

√
2GF n2

2

[

const +

(

ϵ′ ϵ
ϵ −ϵ′

)]

, (4)

where GF is the Fermi constant and n2 is the number
density of scatterers in the medium.

As a toy example, consider a beam of electron neutri-
nos incident on a thin slab of matter of thickness L made
of FCNC interacting particles, as illustrated in Fig. 1.
Assume that the neutrino masses are sufficiently small so
that the effects of vacuum oscillation can be neglected.
The flavor conversion rate in the slab can then be found
using the following straightforward physical argument.
Let f be the amplitude for an electron neutrino to scat-
ter as a muon neutrino in a given direction on a particle in
the target. If the scattering amplitudes for different tar-
get particles add up incoherently, the flux of muon neutri-
nos in that direction is ∝ Ns|f |2, where Ns is the number
of scatterers. In the case of forward scattering, however,
the scattering amplitudes add up coherently and, hence,
the forward flux of muon neutrinos is ∝ N2

s |f |2. Indeed,
in the small L limit Eq. (4) gives

PFCNC
νe→νµ

≃ ϵ2(GF n2L)2/2 , (5)

which has the form PFCNC
νe→νµ

∝ N2
s |f |2, since ϵ ∝ f . No-

tice that by choosing a small L limit we were able to
ignore the secondary conversion effects in the slab, i.e.,
to assume that for all elementary scattering events the
incident neutrinos are in the νe state.

To summarize, for small enough L, the flavor conver-
sion rate due to coherent FC scattering in the forward
direction is proportional to the square of the modulus of
the product of the elementary scattering amplitude and
number of scatterers. This quadratic dependence on Ns

is what makes the coherent forward scattering important
even when the incoherent scattering can be neglected.

Notice that exactly the same arguments apply if one
considers the usual flavor-diagonal matter term due to
the electron background in a rotated basis, for instance,
in the basis of vacuum mass eigenstates. In this basis,
the matter Hamiltonian has off-diagonal terms, resulting
in transitions between the vacuum mass eigenstates.

B. Neutrino background: physical introduction

We seek the same description for the case of neutrino
background. Let us therefore modify the setup in Fig. 1
and replace the slab by a second neutrino beam, such
that the neutrino momenta in the two beams are orthog-
onal (see Fig. 2). To keep the parallel between this case
and the FCNC case, we will continue to refer to the orig-
inal beam as “the beam” and to the second beam as “the
background”. The neutrinos in each beam can be taken
to be approximately monoenergetic [31]. We again as-
sume that the neutrino masses are sufficiently small so

"Beam"

"Background"

νe

νe νµ

νx = cos ανe + sin ανµ

FIG. 2: Toy problem to illustrate neutrino flavor conversion
in the neutrino background.

"Beam"

"Background"

νe
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νx
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FIG. 3: Elementary scattering event that causes a change of
the flavor composition of the beam

that, although flavor superposition states could be cre-
ated outside the intersection region, the effects of vacuum
oscillation inside the intersection region can be neglected.
Any flavor conversion that takes place in the system is
therefore due to neutrino-neutrino interactions in the in-
tersection region.

Let us first compute the amount of flavor conversion
in the beam using Eqs. (1,3). The conversion is expected
because of the presence of the off-diagonal terms in these
equations. The result depends on the flavor composition
of the background. If the background neutrinos are all
in the same flavor state

νx = cosανe + sinανµ (6)

and their density is n2, the Hamiltonian for the evolution
of a beam neutrino takes the form

H =

√
2GF n2

2

[

const +

(

cos 2α sin 2α
sin 2α − cos 2α

)]

. (7)
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density of scatterers in the medium.

As a toy example, consider a beam of electron neutri-
nos incident on a thin slab of matter of thickness L made
of FCNC interacting particles, as illustrated in Fig. 1.
Assume that the neutrino masses are sufficiently small so
that the effects of vacuum oscillation can be neglected.
The flavor conversion rate in the slab can then be found
using the following straightforward physical argument.
Let f be the amplitude for an electron neutrino to scat-
ter as a muon neutrino in a given direction on a particle in
the target. If the scattering amplitudes for different tar-
get particles add up incoherently, the flux of muon neutri-
nos in that direction is ∝ Ns|f |2, where Ns is the number
of scatterers. In the case of forward scattering, however,
the scattering amplitudes add up coherently and, hence,
the forward flux of muon neutrinos is ∝ N2

s |f |2. Indeed,
in the small L limit Eq. (4) gives
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≃ ϵ2(GF n2L)2/2 , (5)

which has the form PFCNC
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s |f |2, since ϵ ∝ f . No-

tice that by choosing a small L limit we were able to
ignore the secondary conversion effects in the slab, i.e.,
to assume that for all elementary scattering events the
incident neutrinos are in the νe state.

To summarize, for small enough L, the flavor conver-
sion rate due to coherent FC scattering in the forward
direction is proportional to the square of the modulus of
the product of the elementary scattering amplitude and
number of scatterers. This quadratic dependence on Ns

is what makes the coherent forward scattering important
even when the incoherent scattering can be neglected.

Notice that exactly the same arguments apply if one
considers the usual flavor-diagonal matter term due to
the electron background in a rotated basis, for instance,
in the basis of vacuum mass eigenstates. In this basis,
the matter Hamiltonian has off-diagonal terms, resulting
in transitions between the vacuum mass eigenstates.

B. Neutrino background: physical introduction

We seek the same description for the case of neutrino
background. Let us therefore modify the setup in Fig. 1
and replace the slab by a second neutrino beam, such
that the neutrino momenta in the two beams are orthog-
onal (see Fig. 2). To keep the parallel between this case
and the FCNC case, we will continue to refer to the orig-
inal beam as “the beam” and to the second beam as “the
background”. The neutrinos in each beam can be taken
to be approximately monoenergetic [31]. We again as-
sume that the neutrino masses are sufficiently small so
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that, although flavor superposition states could be cre-
ated outside the intersection region, the effects of vacuum
oscillation inside the intersection region can be neglected.
Any flavor conversion that takes place in the system is
therefore due to neutrino-neutrino interactions in the in-
tersection region.

Let us first compute the amount of flavor conversion
in the beam using Eqs. (1,3). The conversion is expected
because of the presence of the off-diagonal terms in these
equations. The result depends on the flavor composition
of the background. If the background neutrinos are all
in the same flavor state

νx = cosανe + sinανµ (6)

and their density is n2, the Hamiltonian for the evolution
of a beam neutrino takes the form

H =

√
2GF n2

2

[

const +

(

cos 2α sin 2α
sin 2α − cos 2α

)]

. (7)

Fuller et al, Notzold & Raffelt 1988; 
Pantaleone 1992; ...

Duan, Fuller, Qian, Carlson, 2006;
+ hundreds more

p
2GF

X

~p

ni(1� cos⇥~p~q)| ~pih ~p|

Figure from
Friedland & Lunardini,

  Phys. Rev.  D 68, 013007 (2003)

44Monday, July 21, 14



Simplest toy problem 
• Start with neutrinos of different energies, all initially in the same 

flavor superposition state cosθ0 |νe> + sinθ0 |νμ>

• Take the self-coupling to be large initially (much larger than the 
vacuum oscillation terms for these neutrinos).

• Gradually relax the self-coupling to zero. What is the final state 
of this system? 

1 2 3 4 5 6 7

0.2

0.4

0.6

0.8

1.0

time, arb. units

Pr
ob

ab
ili

ty
 o

f b
ei

ng
 ν

e

Spectrum is split!

0 10 20 30 40
0.0

0.2

0.4

0.6

0.8

1.0

En

(after Raffelt & Smirnov, 2007)

45Monday, July 21, 14



Simplest toy problem: 
spin picture

~S

~Hvac(E⌫)

decrease
self-coupling

• as the self-coupling is gradually taken to zero, 
spins align or anti-align along the external field

~si(E⌫)

~si(E⌫)
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Toy problem
• νe and anti-νe in the initial state, no νx

• 2-flavors, single-angle (averaged coupling approximation)

• Anti-νe are entirely converted into anti-mu; 

• νe’s are split: low-energy part of the spectrum remains νe  
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Toy problem
• νe and anti-νe in the initial state, no νx

• 2-flavors, single-angle (averaged coupling approximation)

• Anti-νe are entirely converted into anti-mu; 

• νe’s are split: low-energy part of the spectrum remains νe  
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Collective motions in 
action

• Here is an example of  
collective evolution as a 
function of radius in one 
of our simplified 
calculations

• 2-flavor, single-angle
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Another example

• Note that the evolution 
is completely different
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Order-of-magnitude 
estimates 

• “Standard” MSW: transition from matter- 
to vacuum domination

• Turbulence: relevant density fluctuations on 
the scale of the neutrino osc. length on 
resonance

• Collective effects: transition from 
synchronized regime (strong self-coupling) 
to vacuum

a dramatic influence on the subsequent r-process, which in this case does not go beyond the

A ∼ 130 peak.

Our toy model confirms that the influence of the neutrino flavor transformations on su-

pernova nucleosynthesis depends sensitively on what stage of nucleosynthesis the material is

in when the transformation occurs. This is determined by the hydrodynamic trajectory of

the outflowing material. Fig. 2 shows approximate temperature ranges for each stage of the

nucleosynthesis along with the temperature as a function of radius for two sample hydro-

dynamic trajectories, described in Section 5. Fig. 2 also shows a sample electron neutrino

survival probability P (e) for 20 MeV neutrinos, calculated as described in Section 4 below. In

this example, the maximum rate of the flavor transformation occurs at roughly 140 km from

the neutron star. For the lower entropy trajectory shown by the dashed line, this corresponds

to the assembly of seed nuclei, and so we anticipate the nucleosynthetic consequences to be

similar to that shown by the purple line in the toy model plot, Fig. 1. For the higher entropy

trajectory given by the dot-dashed line in Fig. 2, the same location corresponds to an earlier

stage of nucleosynthesis, namely, the assembly of alpha particles. The influence of the flavor

transformation is expected to be more dramatic here, closer to that shown by the red line of

Fig. 1. Since large uncertainties remain in the astrophysical conditions of the r-process, we

investigate the nucleosynthesis using a sampling of parameterized wind trajectories in which

the swap may occur during earlier or later stages in the nucleosynthesis.

4. Collective neutrino oscillations

Let us now turn to modeling neutrino flavor oscillations. As we mentioned earlier, the main

mechanism of flavor conversion that is relevant to r-process nucleosynthesis is the collective

oscillations, caused by coherent neutrino-neutrino interactions, rather than the more familiar

MSW (matter-enhanced) conversion. We begin by reviewing the two processes.

Outside of the neutrinosphere, the neutrinos by definition do not experience any inco-

herent scattering. Yet, their coherent forward scattering on the background particles remains

important for the flavor evolution. The MSW effect [58, 59] is the textbook example of this

phenomenon. The scattering involved in this process is on electrons, protons, and neutrons of

the medium. The MSW process is well known to operate in the Sun and should also operate

in the supernova environment, as was recognized early on [60]. Yet, for the conditions typical

of an iron core supernova, this process does not impact the r-process.

To see this, consider the condition for the transformation, which is given by the compar-

ison of the vacuum and matter terms in the neutrino oscillation Hamiltonian,

∆m2/2Eν ∼
√
2GFNe. (4.1)

The l.h.s. is either of the two eigenvalue splittings in the vacuum oscillation term; the r.h.s. is

the corresponding splitting in the Wolfenstein matter term. Here, Eν is the neutrino energy,

Ne is the number density of background electrons and ∆m2 is either ∼ 7.7 × 10−5 eV2, or

– 5 –

to those of the neutrino-matter interactions and the vacuum oscillation term. This gives (e.g.,

[64]), |Nν −Nν̄ | ! |Ne− −Ne+ | and GF |Nν −Nν̄ | ! ∆m2/Eν , correspondingly.

The next step is to account for the angular factors in Eq. (4.1), which are important

for the conditions specific to the supernova. Indeed, at sufficiently large distances from the

neutrinosphere neutrino rays becomes nearly collinear and therefore the geometric factors

(1−cosΘ) become parametrically small. Comparing the neutrino self-interaction term to the

vacuum oscillation term, on gets

GF |Nν −Nν̄ |⟨1− cosΘ(rνν)⟩ ! ∆m2/Eν . (4.3)

Here, the brackets denote an appropriate averaging over angles. The l.h.s. falls rapidly with

radius, as ∝ Nν(r)(1 − cosΘ) ∝ r−4 [8], suggesting that any transformations have to occur

close to the neutrinosphere. Indeed, given the late-time emission rate of∼ 1051 erg/s/10 MeV ∼
1056 neutrinos per second, the radius of the neutrinosphere Rν ≃ 10 km, and the atmospheric

∆m2 = 2.7 × 10−3 eV2, Eq. (4.3) gives rνν ∼ O(100 km).

Importantly, a similar geometric correction does not apply when comparing the neutrino

self-interaction term to the background matter term (which would suppress collective oscil-

lations). This is because the overall effect of the background matter can be “rotated away”,

as explained in [65]. This important physical result is the reason why large collective flavor

transformations do occur under realistic supernova conditions [13, 14]. The residual disper-

sion of the matter phase on different trajectories, however, cannot be rotated away, so that

very dense matter does suppress collective oscillations [66]. The comparison of this dispersion

to neutrino self-interaction strength shows the inequality

|Nν −Nν̄ | ! |Ne− −Ne+| (4.4)

is unmodified [66].

Note that the same argument applies to the vacuum oscillation term, but in this case

the dispersion with energy is of the same size as ∆m2/Eν . Still, strictly speaking, it should

be understood that the r.h.s. of Eq. (4.3) contains the dispersion of the vacuum term (with

antineutrinos counting as negative energies).

Lastly, one should also consider the dispersion of the neutrino self-interaction on different

trajectories. It can be easily shown that, similarly to the matter term, this dispersion is

comparable to the average strength of the interaction [67]. In the frequently used single-

angle approximation, this dispersion is neglected by fiat (and the calculation considerably

simplifies as a result). The justification for this approximation came not from any first

principles argument, but rather from comparing the results of single-angle and multiangle

calculations in certain setups. On the other hand, as shown in [67], single-angle calculations

do not always reproduce full multiangle results. In cases when they disagree, the dispersion

in neutrino self-interaction term can lead to the suppression of the oscillations close to the

neutrinosphere. The condition for the oscillations is

|Nν −Nν̄ |⟨1− cosΘ(rνν)⟩ ∼ ∆m2/(GFEν), (4.5)

– 7 –
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This picture is very neat, 
perhaps too much so
• Do collective 

oscillations 
happen close to, 
or even inside 
the neutrino-
sphere?

• Crucial for the 
validity of the 
supernova 
models!
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Can adding a tiny parameter 
(additional d.o.f.) have a large effect?

• Example where the solar 
mass splitting is turned on 
gradually

• At Δm⊙
2=0, 2-flavor result 

is reproduced

• As soon as Δm⊙
2≠0, the 

answer is closer to the 
realistic Δm⊙

2 than to 
Δm⊙

2=0

• 2-flavor trajectory can be 
unstable in the 3-flavor space

3
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FIG. 2: Investigating the role of the solar mass splitting, by
decreasing it, on the neutrino spectra at 1000 km.

For the matter profile at r ⇤ 100 � 1000 km we assume
a neutrino driven wind with ⇤ = ⇤0(10 km/r)3. We take
⇤0 = 2⇥ 106 g/cm�3, and Ye = 0.5.

Our three-flavor calculation is carried out with the fol-
lowing parameters: �m2

atm = �2.7⇥ 10�3 eV2 (inverted
mass hierarchy), �m2

⇥ = 7.7⇥10�5 eV2, �13 = 0.01, and
sin2 �12 = 0.31. In the two-flavor calculation, we set the
solar mixing angle �12 to zero and drop the state that
in vacuum is separated from the predominately ⇥e (⇥̄e)
state by the solar splitting.
We perform a multi-energy, single-angle calculations of

the evolution, starting at 40 km and ending at 1000 km.
4. Results: comparison of two- and three-flavor runs. –

The resulting spectra at 1000 km are presented in Fig. 1.
The top panels show the two-flavor calculations, the bot-
tom ones, the corresponding three-flavor runs. The ⇥e
spectra are on the left, and those for ⇥̄e are on the right.
The dashed and dotted curves show the corresponding
initial spectra (see legend). The animations showing the
complete evolution of the spectra as a function of the
distance from the center are available at [51].
The results of the two-flavor calculations appear to be

in very good agreement with the inverted hierarchy cal-
culations of [48]. Since we and [48] use similar initial
spectra, this agreement can be used to validate our code.
The important point is that the three-flavor calculation

results are significantly di⇥erent: (i) the high-energy split
in the neutrino channel is gone; (ii) in the antineutrino
channel, the flavor swap probability is neither zero, nor
one, but increases gradually with neutrino energy.
5. Discussion. – Both of these results appear surpris-

ing. How can the presence of the solar splitting, which
is only ⇤ 3% of the atmospheric splitting, completely re-
verse the e⇥ect of the latter at high energies? And what
explains the spectrum of the antineutrinos, which does
not follow either of the dashed curves (i.e., initial ⇥̄e or
⇥̄x spectra)? While split spectra seem to be ubiquitous
in self-refraction calculations, the flavor swap probabil-
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FIG. 3: Investigating the role of the solar mass splitting, by
varying it, on the antineutrino spectra at 500 km.

ity is usually zero or one. Instead, we find a “mixed”
spectrum, which means the swap is incomplete.
First of all, we can rule out any important role of the

conventional MSW e⇥ect. The atmospheric level cross-
ing does occur here, but for the chosen parameters it is
strongly non-adiabatic (flavor preserving). Moreover, it
occurs when r � 600 km, by which point the neutrino
self-refraction e⇥ects have ceased. The small MSW ef-
fects are seen in the ⇥̄e channel as small wiggles.

As a next step, we can investigate what happens if
we artificially turn down the value of the solar splitting.
The results are shown in Fig. 2. These at first may be
even more surprising: when �m2

⇥ is exactly zero, the
two-flavor spectrum is reproduced, but as soon as it is
nonzero, even very small, the high-energy split disap-
pears. Since for �m2

⇥ = 7.7 ⇥ 10�7 eV2 (1% of its true
value) the corresponding oscillation length is 104 km –
much longer than the scales in the problem – one might
think the two-flavor limit should be reached. Instead, the
spectrum in this case is closer to the realistic three-flavor
one than to the two-flavor one.
To understand what is going on, let us consider the

evolution as a function of radius [49, 51]. Neutrinos,
initially in the flavor eigenstates, develop an instability
which leads to large collective oscillations. This insta-
bility is in fact well-known, first observed by Kostelecky
and Samuel in 1993 [27] and elaborated on recently in
[37] and [38]. The initial configuration is unstable, like
an inverted pendulum [27], in fact, in the simplest bi-
polar model [29, 30, 37] it is exactly like it [38]. What
is interesting in our case is that, shortly after the oscil-
lations develop between the “atmospheric” eigenstates,
the third state joins in. Just like the initial configuration
is unstable, the two-flavor trajectory is also unstable. A
small nonzero�m2

⇥ is enough to displace the system from
the “two-flavor ridge” and let it run away into the three-
flavor space (driven primarily by �m2

atm). The outcome
of the oscillations there (the final resting point of the pen-

For details, see A. F., Phys. Rev. Lett.104, 191102 (2010);
also Dasgupta, Dighe, Raffelt, Smirnov,  PRL (2009)
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Breaking of spherical 
symmetry

• The system could be unstable to axial 
symmetry breaking

• Raffelt, Sarikas de Sousa Seixas, PRL 111, 
091101 (2013)

• Mirizzi, PRD 88, 073004 (2013); arXiv:
1308.5255
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What about neutrinos 
scattering above ν-sphere?

ν-sphere

νe νμ ντ

νe νμ ντ
_ _ _

0.5s
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What happens during 
the accretion stage?

• “Halo” neutrinos dominate oscillation Hamiltonian

R�

r
�ik

�k�k�

�i

�j

�ij

�ia

Cherry, Carlson,  A.F., Fuller,  Vlasenko, PRL (2012)
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Why is this a problem?
• Scattering matter is 

highly inhomogeneous

• in both density 
and chemical 
composition

• worse, some 
scattering is 
backwards

• Nobody knows how 
to do the general 
problem at the 
moment: need “super-
supercomputing”?
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|Ĥbulb

�� |+|Ĥhalo
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FIG. 3: Left: Color scale indicates the density within the shock front in a 15M� progenitor core-collapse supernova 500ms
after core bounce, during the shock revival epoch [57]. Right: E�ect of the scattered neutrino halo for the matter distribution
at Left. Color scale indicates the ratio of the sum of the maximum (no phase averaging) magnitudes of the constituents of the
neutrino-neutrino Hamiltonian, |Ĥbulb

⌫⌫ |+ |Ĥhalo
⌫⌫ |, to the contribution from the neutrinosphere |Ĥbulb

⌫⌫ |.

(e.g., the red curve in Fig. 2), in general, exhibit an av-
erage density profile that is ⇥ r�(2 to 3), which means
that |Ĥhalo

�� |/|Ĥbulb
�� | is expected to increase with radius.

Note, however, that though the relative contribution of
the halo may grow with radius, at su⌅ciently large dis-
tance from the proto-neutron star the neutrino-neutrino
potential ceases to be physically important.

Matter inhomogeneity, an essential feature of super-
nova explosion models [4–7, 57, 62, 63], adds complexity
to this issue. To study this e�ect we use the 2D mat-
ter density distribution, Fig. 3, taken from a supernova
model derived from a 15M⇥ progenitor [57]. This snap-
shot corresponds to 500ms after core bounce, during the
shock revival epoch, after the onset of the SASI [4, 5].
We mock up a full 3D density profile by cloning the 2D
profile into a 3D data cube. Starting with an initial flux
of neutrinos from the neutrinosphere [64], and taking all
baryons to be free nucleons, we use the full energy de-
pendent neutral current neutrino-nucleon scattering cross
sections [65] to calculate the number flux of neutrinos
scattered out of each spatial zone and into every other
spatial zone (retaining the necessary information about
relative neutrino trajectories between zones). We com-
pute the magnitude of |Ĥhalo

�� | at each location in the 2D
slice that comprises the original density distribution.

In this example calculation the scattered halo is taken
to be composed of neutrinos which have su�ered only a
single direction-changing scattering. Because the halo re-

gion is optically thin for neutrinos, multiple scatterings
become increasingly rare with radius and do not have a
geometric advantage in their contribution to |Ĥhalo

�� | rel-
ative to singly-scattered neutrinos. Neutrinos which ex-
perience direction-changing scattering that takes them
into the same cone of directions as neutrinos forward
scattering from the neutrinosphere are counted as con-
tributing to the halo (these neutrinos contribute � 10�6

of the halo potential). As before, we neglect the e�ects
of neutrino flavor oscillations. Fig. 3 shows the results
of this calculation out to a radius of r = 2000 km. Dis-
turbingly, neutrinos from the scattered halo in this 2D
model nowhere contribute a maximum magnitude less
than 14% of the neutrino-neutrino potential magnitude,
and in many places contribute 90% or more of the total.
Fig. 3 shows that matter inhomogeneities generate large
corresponding scattered halo inhomogeneities.

The inhomogeneity of the scattered halo is increased
by several scattering processes which have been omitted
from this illustrative calculation. We did not include
neutrino-electron scattering. This scattering process has
smaller cross sections and relatively forward peaked an-
gular distributions and therefore produces a subdominant
contribution to |Ĥhalo

�� |. What is more important is that
our calculation leaves out what is likely the dominant
source of neutrino direction-changing scattering in the
low entropy regions of the supernova envelope: coherent
neutrino-nucleus neutral current scattering.

Cherry, Carlson,  A.F., Fuller,  Vlasenko, 
PRL (2012)
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Early in the explosion, 
computable

• Early in the 
explosion, large-
scale density  
fluctuations haven’t 
developed yet

• The problem can 
be modeled 
numerically and the 
halo can be shown 
to have an effect 

6

FIG. 5: A comparison of the emission angle averaged results of flavor transformation calculations with the halo neutrinos
included and with halo scattering neglected. Left panel: the calculation including the halo, mass basis (key top right, inset)
neutrino energy distribution functions versus neutrino energy. The dashed curve gives the initial ⌫ energy spectrum. Right
panel: the calculation neglecting halo scattering, mass basis (key top right, inset) neutrino energy distribution functions versus
neutrino energy. The dashed curve gives the initial ⌫ energy spectrum. Both panels show the final state of neutrino flavor
transformation at a radius of r = 12000 km.

FIG. 6: A comparison of the modeled event rate for detected
⌫e captures in a 17 kt liquid Argon detector between calcu-
lations with and without the scattered neutrino halo. The
spectral distortions created by the halo produce a clear swap
signature between 20 � 30 MeV, which constitute ⇠ 15 ad-
ditional ⌫e events in this 20 ms time slice of the supernova
signal.

IV. THEORY

The spectral distortions found in our calculations raise
a question: Do the halo neutrinos, though few in number,
nevertheless alter the qualitative and quantitative char-
acter of collective neutrino oscillations? The answer: At
7ms in our model the halo primarily a↵ects the collec-
tive oscillations of neutrinos propagating at large impact
parameters; but 8ms later the halo neutrinos completely

re-determine the course of neutrino flavor oscillation for
all emission trajectories. This result underscores the ne-
cessity for a self-consistent numerical treatment of this
nonlinear system.

The twisting of one of the swap surfaces through the
trajectory space has several direct consequences. The
first is the shift in the swap energies. When the halo
e↵ect is included in the 7ms post bounce case, a high en-
ergy tail of ⌫3 remains unswapped in the neutrino sector.
Figure 11 shows this feature in the total angle-averaged
energy spectra for electron neutrinos projected into the
three mass states for our simulation with and without the
halo. The total number of neutrinos in each mass state
for both the halo and no-halo cases are nearly identical
(there are small di↵erences on the order of ⇠ 0.1%, owing
to slight increases in the adiabaticity of flavor evolution
when the halo is included). With the halo the number
of neutrinos that remain in mass state 3 at high energy
causes the swap between ⌫3/⌫2 to form at lower energy.
Consequently, this also lowers the swap energy for mass
states ⌫2/⌫1.

This can be understood simply from the equations of
motion. The collective flavor oscillation which creates the
swaps (called the Regular Precession Mode) in this ex-
ample posseses two conserved constants of the motion,
e↵ective lepton numbers for each of the mass-squared
splittings [20]. Because the scattering of neutrinos into
the halo does not change the spectral shape of the entire
ensemble of neutrinos, one might reasonably expect that
the conserved lepton numbers that describe the flavor
evolution of the neutrinos to remain unchanged by the
presence of the halo. Indeed, this is what is found in our
calculations. Following the convention of Reference [20],

Cherry, Carlson,  A.F., Fuller,  
Vlasenko, PRD (2013)
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What’s next?

• Establish what is important experimentally

• Galactic SNB in terrestrial detectors

• Astrophysical impact: nucleosynthesis

• On the theoretical side:

• Given the large spectrum of possibilities, definitive end-to-end 
treatment does not appear feasible (or useful at this point)

• What is needed most urgently is to obtain a list of effects that 
can qualitatively (and sizably!) affect the evolution of neutrinos

• Qualitative understanding when something might matter is 
very important 
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Direct impact on the r-
process

• Where exactly 
the oscillations 
start and how 
they develop early 
on is crucial for 
the r-process

Figure 8: Shows final abundances Y versus mass number A for simulations with no neutrino oscilla-
tions (green) and single-angle (red) and full multiangle (blue) oscillation calculations, both assuming
an inverted heirarchy. Scaled solar abundances (crosses) and the results of a simulation with neutrino
interactions turned off at T9 ∼ 9 (yellow) are shown for comparison. All four simulations use the
late-type density profile with entropy s/k = 200 and initial timescale τ = 18 ms.

– 18 –

Duan, A.F., McLaughlin & Surman,
  The influence of collective neutrino oscillations on a supernova r-process,

  J. Phys. G 38, 035201 (2011)
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What are we looking 
for?

• Experimentally, of special values are phenomena 
that can give nonthermal features in the spectrum

Modeling
multiangle 

collective + 
moving 
shock
by A. F.

Detector 
model by K. 
Scholberg

Figure 7–5: Observed spectra in 34 kton of LAr for a 10 kpc core collapse, representing
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 * spectra by Duan & Friedland 
 * detector modeling by Kate Scholberg & co

WC

LAr
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The role of matter in 
collective oscillations
• Naively, one might have expected collective 

oscillations to be suppressed whenever the matter 
potential exceeds the neutrino self-interaction

• This, however, does not happen. 

• Duan, Fuller, Carlson, Qian, PRD 2006

• Fogli, Lisi, Marrone, Mirizzi, JCAP 2007

• One can understand this by going to the rotating 
basic, in which matter seems to disappear
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Multiangle effect of 
matter

• In multiangle calculations, different 
trajectories accumulate different phases 
due to the matter potential

• This suppresses collective oscillations in 
very dense matter 

• Esteban-Pretel,  Mirizzi, Pastor,  Tomas, 
Raffelt, Serpico, Sigl,  PRD 78, 085012 
(2008)
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Neutron star ccretion 
disks 

• The matter in the disk 
starts out neutron-rich

• Unlike the “standard SN” 
case, there are more 
electron antineutrinos than 
neutrinos

• otherwise, “normal”

• In this case, a novel 
“Matter-Neutrino 
Resonance” is possible

11

FIG. 11.— Using a colormap of the density distribution (shown in log scale) at 60ms after the start of the VULCAN/2D simulations for the BNS merger models
with initially no spins (top row), co-rotating spins (middle row), and counter-rotating spins (bottom row), we overplot in each case the contours corresponding to
the energy-dependent and latitude-dependent neutrinosphere radii at neutrino energies εν of 2.50, 6.87, 12.02, 21.01, 36.74, 64.25MeV, for the νe (left column),
ν̄e (middle column), and “νµ” (right column) neutrinos. Corresponding radii (along a given latitude) increase monotonically with energy (matter opacity to
neutrinos scales as ∼ ε2ν ). For these calculations, the optical depth is integrated inwards along a fixed latitude starting at the maximum spherical radius of
3000 km.

pole and at the SMNS surface, the low-density, high neutron-
richness, and relatively stronger νe neutrino luminosities at
late times in the no-spin and co-rorotating spin models lead
to a high asymptotic Ye value (high proton-richness). De-
spite the relatively high resolution employed in our simula-
tions (∼300m in the radial direction at ∼20 km), higher reso-
lution would be needed to resolve this region accurately. Al-
though we expect this trend would hold at higher resolution,
it would likely yield lower asymptotic values of the electron
fraction along the pole.
Along the equatorial direction, low Ye material (∼0.1-0.2)

migrates outward, but its velocity is below the local escape
speed and it is unclear how much will eventually escape to
infinity.6 This is further illustrated in Fig. 14 where we show

6 Note that in the counter-rotating model, an axis problem in the form of

the angular variation of the density and velocity at 2900 km in
the no-spin BNS model, at 121ms. The BNS merger is thus
cloaked along the poles by material with a density in excess of
104 g cm−3, while along lower latitudes even denser material
from the side lobes obstructs the view from the center of the
SMNS. Importantly, wind material will feed the polar regions
for as long as the merger remnant remains gravitationally sta-
ble. Being so heavily baryon-loaded, the outflow can in no
way be accelerated to relativistic speeds with high-Lorentz
factors. In this context, the powering of a short-hard GRBs is
impossible before black hole formation.

a low-density, high-velocity, narrow region starts at the onset of the neutrino-
driven wind and persists throughout the simulation. This spurious feature is,
however, localized and therefore does not influence the global properties of
the simulation.

Fig from 
Dessart, Ott,  Burrows, Rosswog, Livne,

  Neutrino signatures and the neutrino-driven wind in 
Binary Neutron Star Mergers,

  arXiv:0806.4380
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Matter-neutrino 
resonance

• At point B, where neutrino 
self-potential is equal and 
opposite to the matter 
term, an unusual 
transformation takes place

• Complete conversion of 
electron neutrinos

• while antineutrinos 
return to their original 
states

4

Data Group’s favored parameters [52].
We report results in Fig. 3 for a neutrino moving along

the same trajectory that might be taken by an outflowing
mass element [17], which begins at an initial disk radius
of r0 = 2.2 × 106 cm. While the material lifts initially
vertically from the disk, it later takes a radial trajectory.
Since we are not considering a trajectory emitted ver-
tically above the black hole, we cannot rely on the disk
symmetry to simplify the calculation. Instead, we use the
geometric factor that describes the decline of the neutrino
fluxes as a function of distance from the disk from [43].
The top panels in Fig. 3(a) and Fig. 3(b) show the energy
integrated survival probability. In the bottom panels of
each figure, we show the overall relative strengths of each
part of the potential, the matter potential Ve(r) and the
unoscillated neutrino self interaction potential |Vνν(r)|.
The results depicted in Fig. 3(a) confirm that the

MNR transition occurs as predicted. We see that the
crossing points A and B produce different behavior. A
careful examination of the bottom panel of Fig. 3(a),
shows that at crossing point A, the system begins matter
dominated, while at crossing point B, it begins neutrino
dominated. Consistent with the behavior of the single
energy calculation, point A produces no transition, while
point B produces a neutrino matter resonance transition.
For situations like Fig. 3(a), where the mu/tau contribu-
tion is small one can apply the timescale arguments from
the single energy model. The asymmetry is α = 1.37 and
the potential ratio scale height is τVe/µ = 5.8 × 106cm,
so the system should exhibit the MNR transition for
θ >∼ 2.3× 10−2, which is safely fulfilled by the measured
value of θ13 [45]. Again consistent with the single energy
calculation, from a comparison of Fig. 3(a), with Fig.
3(b), we see that there is an abrupt change in the tran-
sition behavior when the µ and τ type neutrino fluxes
become larger than a certain size.

Conclusions: We find a novel mechanism of collective
neutrino flavor transformations, MNR, which operates
in the compact object merger disk environments, when
the initially dominant neutrino self-interaction potential
becomes equal to the matter potential. The phenomenon
owes its existence to the large measured value of θ13 and
occurs for both types of the neutrino mass hierarchy. The
transition behavior is not finely tuned; it occurs over a
wide range of disk radii, densities and neutrino fluxes.
The transition does depend on the size of the asymmetry
between νe and ν̄e, as well as on the νµ and ντ fluxes
(currently predicted to be relatively small [41, 42]).

Importantly, MNR transitions occur relatively close to
the surface of the disk and hence may influence wind
type nucleosynthesis, such as r-process [8] or nickel pro-
duction [9]. The MNR phenomenon, therefore, may have
observable consequences in the galactic inventory of el-
ements, or in the electromagnetic signal from mergers,
sometimes called a kilonova [53]. These signatures need
to be modeled in future work.

Further work should also include improved modeling
of the neutrino fluxes of all flavors in the compact ob-

ject merger environments, as well as more accurate neu-
trino flavor transformation physics, for example, includ-
ing multi-angle [23, 34, 54, 55] and halo effects [56].
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FIG. 3: Top panel, both plots: The solid red (dashed
blue) line shows the survival probability for an electron
neutrino (antineutrino) as a function of progress along
the trajectory. Bottom panel, both plots: The solid pur-
ple line shows the matter potential, Ve(r) The dashed
green line shows the magnitude of the neutrino self in-
teraction potential, |Vνν | in the absence of oscillation.
Crossing (resonance) points and are indicated by the
letters A and B on the plot.

Malkus, Friedland, McLaughlin, 1403.5797 
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Two-energy model

• The basic mechanism 
behind this behavior can 
be most easily 
understood in a two-
spin model
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The basic mechanism

• As the matter and neutrino 
self-potentials cancel, the 
neutrino spins go from anti-
aligned to aligned, while the 
sum remains along the 
direction of matter

• Notice that this happens 
when the vacuum 
potential is much smaller 
than matter or neutrino 
self-interactions!

θ

z z zz

2
M

M
1
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Basic analytics

• A bit of technical details: 
summing up the equations 
of motion, we see that the 
total momentum must 
remain aligned along the 
matter direction (to avoid 
fast precession)

• From the difference, we 
see that the motion indeed 
requires the cancellation 
between large potentials

NOTES ON THE NEUTRINO-MATTER RESONANCE IN THE
TWO-SPIN SYSTEM

ALEX

1

The equations of motion for our system of two coupled angular momenta M1 and M2

are

dM1

dt
= M1 ⇥ (V + V

matt

) + µ(t)M1 ⇥M2,(1)

dM2

dt
= M2 ⇥ (�V + V

matt

) + µ(t)M2 ⇥M1.(2)

Adding up these up yields

d(M1 +M2)

dt
= (M1 +M2)⇥ V

matt

+ (M1 �M2)⇥ V .(3)

It is instructive to examine this simple equation for the total angular momentum of the
system in some detail. Recall that |V

matt

| is large, |V
matt

| >> |V |. Recall also that we are
choosing a su�ciently large asymmetry, so that |M1 +M2| cannot be too small because
of a cancellation. This means that precession around the z axis would be the dominant
motion, unless (M1 +M2) is (approximately) aligned along the z direction (making the
first cross product on the right su�ciently small).

We know that both scenarios are possible. It is possible to have the slowly tilting pre-
cession observed when the vacuum angle ✓ is su�ciently small. For the matter-neutrino
resonance phenomenon, however, self-consistency requires the z-alignment of the sum vec-
tor.

The motion looks like what is shown in Fig. 1.The sum (M1 +M2) is at first minimal,
by our initial condition. As the evolution proceeds, however, this vector is stretched to the
maximal possible value, all while staying in the z direction.

Now, let’s look at the di↵erence of Eqs. (1) and (2):

d(M1 �M2)

dt
= (M1 �M2)⇥ V

matt

+ µ(t)(M1 �M2)⇥ (M1 +M2)(4)

+ (M1 +M2)⇥ V

Here, I have written 2M1 ⇥ M2 as (M1 � M2) ⇥ (M1 + M2). Again, the dominant
potential V

matt

wants to make (M1 � M2) precess rapidly around the z axis. We have
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Figure 1. Evolution of the pair of angular momenta through the antires-
onance as the neutrino-neutrino coupling is reduced. The total angular
momentum remains aligned with the z axis and the system remains ap-
proximately in the same plane.

already lined up (M1 + M2) along the z axis, so if (M1 � M2) is to move as shown in
Fig. 1, it is not collinear with z. Therefore, we must have the cancellation,

V
matt

+ µ(t)(M1 +M2) ' 0.(5)

When this condition is first satisfied (“antiresonance”), the motion begins. It ends when
M1 and M2 are aligned, since µ(t) falls.

Now, the flavor conversion probability of the antineutrinos is related to the z component
ofM2, which isM2 cos⇥ from Fig. 1. The sides of the triangle areM1, M2, andH

matt

/µ(t),
according to Eq. (5), hence M2

1 = M2
2 +H2

matt

/µ(t)2 + 2|M2|Hmatt

/µ(t) cos ✓, or

M2 cos⇥ ' M2
1 �M2

2 �H2
matt

/µ(t)2

2H
matt

/µ(t)
= �P̄

z

.(6)

The sign takes account of the fact that as drawn, the z component of M2 is negative.
This is Eq. (4) in the draft. The corresponding expression for the z of M1 is obtained by70Monday, July 21, 14



Good agreement

• The resulting analytics 
described the system 
extremely well

2

∂s̄

∂l
= s̄× [−∆HV + Veẑ+ 2µν(s+ αs̄)] , (2)

where HV = (− sin 2θV , 0, cos 2θV ) depends on the vac-
uum mixing angle, θV , µν is the neutrino-neutrino in-
teraction strength, and α is the ratio of the unoscillated
ν̄e and νe fluxes. We use θV = 0.15, which is consistent
with the recommended value of θ13 [45]. The sign of ∆
determines the hierarchy. We assume that the neutrinos
start in pure flavor states, so s and s̄ initially point in
the ẑ and −ẑ directions.
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(b)Matter initially dominates.
FIG. 1: Top panel, both plots: Survival probabilities
Pνe (solid red line) and Pν̄e (dashed blue line). Bottom
panel, both plots: Potentials in units of ∆. The purple
solid line shows the magnitude of the neutrino-electron
potential, Ve(l), and the green dashed line shows the
unoscillated neutrino-neutrino interaction potential,
|Vνν | = µ(l)(α− 1).

We perform two types of calculations with this single-
energy configuration. In the first case, we begin with
Ve(l = 0) < |µν(l = 0) (1− α)| so that the neutrino self-
interaction potential is initially greater than the mat-
ter potential. We then allow µν to decline exponen-
tially, while keeping Ve constant, so that we can pass
through the region where Ve(l) = |µν(l) (1− α)|. In

the second case, we instead start with Ve(l = 0) >
|µν(l = 0) (1− α)| corresponding to the situation where
the matter potential initially dominates. We then keep
µ fixed and allow Ve(l) to decline so that, once again,
at some point Ve(l) = |µν(l) (1− α)|. We demonstrate
the results of this calculation in Fig. 1 with the spe-
cific functional forms Ve(l) = 1000∆, µν(l)(α − 1) =

10000∆e(−
∆

10
l) in Fig. 1(a), and Ve(l) = 10000∆e(−

∆

10
l),

µν(α− 1) = 1000∆, in Fig. 1(b). In both Figs., α = 4/3.
The top panels of these plots show that the scenario
where µν(l) (α− 1) initially dominates over Ve(l) pro-
duces a transition, while the reverse scenario does not.

Observe that the transition in Fig. 1(a) takes place
over an extended period of time. The form of the po-
tentials determines how long the system takes to go
from the beginning, Ve(li) ≈ µν(li) (α− 1) to the end,
Ve(lf ) ≈ µν(lf ) (1 + α). The duration of the transition is
δl1 ∼ τVe/µ ln((1 + α)/(α − 1)), where τVe/µ is the effec-
tive scale height of the ratio of the matter potential to the
neutrino potential,, τVe/µ = |d ln(Ve/µν)/dl|)−1. During
this time, the system maintains a position approximately

on the resonance, i.e. Vz(l) ≈ Ve(l) + µν(l) (sz + αs̄z)
hovers around zero. Both s and s̄ transform to maintain
a cancellation between the self-interaction and the matter
terms. This behavior differs both from standard MSW
[46, 47] where the system passes quickly through the
place where Vz(l) ≃ 0 and also from synchronized oscil-
lation where the neutrinos and antineutrinos are locked.

The transition behavior can be described analytically.
Examining the sum of Eqs. (1) and (2) as well as the
behavior in Fig. 1(a), we see that precession around the
z-axis is nearly absent so that during the transition s+αs̄
grows along the z-axis only. By combining sx ≈ −αs̄x,
sy ≈ −αs̄y, and Vz(l) ≈ 0, along with the approximation
∆ cos 2θV ≈ 0 we find

sz ≈
(

α2 − 1
)

µν(l)2 − Ve(l)2

4Ve(l)µν(l)
, (3)

s̄z ≈ −
(

α2 − 1
)

µν(l)2 + Ve(l)2

4αVe(l)µν(l)
. (4)

In Fig. 1(a), starting at the initial resonance point, we
plot our analytic estimate of the survival probabilities
from Eqs. (3) and (4), using Pνe = sz + 1/2 and Pν̄e =
−s̄z + 1/2. The agreement with the numerical evolution
is evident. If we try the same for Fig. 1(b), we do not find
allowed solutions for the survival probability, in accord
with the figure.

It can be further seen that an initially dominant self-
interaction potential is not, in general, sufficient to in-
duce an MNR transition. The mixing angle, θV also
plays a role. Indeed, the vacuum term ∆ sin 2θV is
the only physical source of flavor violation in this sys-
tem. From inspection of the sum of Eqs. (1) and (2),
we see that the distance scale of the transition is δl2 ≈
α/(∆ sin 2θV ⟨sy − αs̄y⟩), where ⟨·⟩ is the average value
during the transition. For the scales δl1 and δl2 to be
compatible, ⟨sy −αs̄y⟩ must adjust to θV and τVe/µ, but
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A few quantitate 
observations

• Notice that the relevant quantity here is the absolute value of 
the matter potential, not dispersion

• Matter matters!

• Notice also that the total electron number changes

• This cannot be due to only neutrino self-interactions, cf the 
standard split phenomenon, which obeys flavor conservation

• The effect is caused by the off-diagonal vacuum term

• This requires theta13 to be sufficiently large

• Measured value by Daya Bay turns out to be sufficient for 
realistic physical conditions!
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Impact on 
nucleosynthesis?

• This type of transformation is in principle 
very relevant for nucleosynthesis

• sweeps away electron neutrinos, while 
keeping the antineutrinos, all with no 
sterile

• Happens close to the disk, where neutron-
to-proton ratio is still formed

• Needs investigation
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• The physics of SN neutrino oscillations is 
extremely rich, much more interesting than 
thought 10 years ago! 

• Collective oscillations: qualitatively new 
phenomenon, inaccessible in the lab

• Known physics → not optional

• Need to explore and understand different physical 
regimes of oscillations

• High-quality, high resolution SN simulations are urgently 
needed 

Summary
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