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Where do the first stars form

•  Form in dark matter 
minihalos with mass 

Mhalo ≳ 5 ×105 M⦿

• Redshift z = 16 - 20

• Tvir ~ 1000 K

• Gas density is around 

1 cm-3

Stacy, Greif and Bromm  (2010)



Current state-of-the-art?

• 20483 DM particles

• 1 Mpc (co-moving)

• Particle mass ~ 9 M⦿

Sasaki et al. (2013, in prep.)



The H2 chemistry

• The ion-neutral reactions dominate in primordial gas

• As we pointed out in lecture 2, these reactions depend on the 
ionisation state of the gas.

• Electrons and protons act as catalysts in these reactions.

H + e- → H- + photon

H- + H → H2 + e-

H+ + H → H2+ + photon

H2+ + H → H2 + H+



Why do they form in these 
minihalos?

• Collapse occurs in minihalos with tcool < tH

• Below 7000 K, H2 is the only useful coolant 

• Collapse only occurs in minihalos that can form enough H2 to 
permit them to cool

• Amount of H2 produced is a strong function of temperature. 

• Once Tvir reaches ~1000 K, enough H2 can form to satisfy the 
above cooling time requirement.



• Rate of ion-neutral reactions depend on the ionisation fraction 
in the gas.

• Ionisation fraction is reduced by recombination.

• H2 formation is a race against the recombination!

• Limits the amount of H2 that a halo can form by this process 
to around nH2 ~ 10-3 n

• Sets a limit to the cooling available in the halos as they 
collapse.

What sets the H2 fraction?



So what happens next?

• The evolution of the 
temperature during the collapse 
is not well understood.

• Characterised by several key 
stages.

• Different H2 physics (formation/
heating/cooling) controls each 
stage.

n ! 108Y1011 cm"3, rapid reactions release a significant amount
of heat. After some experiments, we found that the chemistry part
becomes numerically unstable with etol ¼ 0:1 and concluded that
setting etol ¼ 0:01 allows stable time integration at n > 107 cm"3.

4. SPHERICAL COLLAPSE TEST

In this section we test our numerical techniques using a spher-
ical collapse problem.We follow the evolution of primordial gas
in a dark matter halo by setting up a gas sphere embedded in an
NFW (Navarro et al. 1997) potential

! rð Þ ¼ !s

r=rsð Þ 1þ r=rsð Þ2
h i ; ð44Þ

where rs and !s are scale radius and density, respectively. The
initial gas density is set to be an isothermal " profile

!g rð Þ ¼ !g;0

1þ r=rsð Þ2
h i3"=2 : ð45Þ

We are interested in the gas evolution after the gas cloud be-
comes self-gravitating, and so details of the initial density profile
do not matter. For simplicity, we set " ¼ 1. The halo mass is set

to be 5 ; 105 M', andwe assume the baryon fraction to be 0.05.We
distribute 4million particles according to equation (45) and evolve
the system.

Figure 3 shows the distribution of gas in a temperature-density
phase plane when the central density is 5 ; 1015 cm"3. In the
figure, characteristic features are marked as regions AYG. The
bottom panel in Figure 3 shows the corresponding molecular
fraction distribution. All of the features are explained as closely
related to the thermal evolution. See the caption for a brief ex-
planation. The overall evolution of the central gas cloud after it
undergoes a runaway collapse is consistent with the spherically
symmetric calculation of ON98.We have checked the radial pro-
files of density, temperature, velocity, andmolecular fraction. These
quantities are quite similar to the late-time evolution of the ON98
calculation until the central gas density reaches!1016 cm"3 (up to
the fourth output in Fig. 1 of ON98).

Previous three-dimensional simulations of primordial gas cloud
formation were hampered by the complexity of calculating line
opacities and the reduction of the resulting cooling rate. Themax-
imum resolution, in terms of gas density, achieved in these sim-
ulations was thus!1010 cm"3, where the assumption of optically
thin cooling breaks down. With the novel technique described in
x 3.3, our simulations can follow the evolution of a primordial gas
cloud to nH ! 1016 cm"3, nearly 6 orders of magnitude greater
than previous three-dimensional calculations reliably probed. To
study the detailed evolution of a protostellar ‘‘seed’’ beyond nH !
1016 cm"3, we would need to implement a fewmore physical pro-
cesses, as explained in x 3.5.

An important quantity we measure is the optically thick line
cooling rate, which serves as a critical check of our numerical
implementation. Figure 4 shows the normalized H2 line cooling
rate against local density. We use an output at the time when the
central density is nc ¼ 1014 cm"3. In the figure, we compare our
simulation results with those from the full radiative transfer
calculations of ON98 (open diamonds). Clearly our method
works very well. The steepening of the slope at n > 1012 cm"3,
owing to the velocity change where infalling gas settles gradu-
ally onto the center, is well reproduced. We emphasize that the
level of agreement shown in Figure 4 can be achieved only if all

Fig. 3.—Top: Gas distribution in the temperature-density phase space in a
spherical collapse problem. The indicated characteristic features are explained as
follows: (A) gas temperature reaches k1000 K by virialization, and hydrogen
molecules are formed by two-body processes; (B) molecular hydrogen cooling
brings the gas temperature down to 200 K; (C) the H2 cooling rate saturates and
becomes close to the density-independent, LTE value; (D) three-body reactions
kick in and the gas becomes fully molecular; (E) the line cooling rate decreases as
the density increases because of the cloud’s opacity; (F) collision-induced emis-
sion becomes a dominant cooling process; and (G) H2 dissociation begins at
T ! 2000 K. Bottom: Molecular fraction fH2

of the gas. The increase in the
fraction at A, D, a plateau at C ! D, and the temporal decrease owing to dis-
sociation at G are clearly seen in this plot.

Fig. 4.—Cooling efficiency defined by f ¼ !thick/!thin. The open squares are
the results from the one-dimensional calculation of ON98.We plot the efficiency as
a function of local density at the time when the central density is n ¼ 1014 cm"3.
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What’s happening at each of these 
stages?
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setting etol ¼ 0:01 allows stable time integration at n > 107 cm"3.
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ical collapse problem.We follow the evolution of primordial gas
in a dark matter halo by setting up a gas sphere embedded in an
NFW (Navarro et al. 1997) potential

! rð Þ ¼ !s

r=rsð Þ 1þ r=rsð Þ2
h i ; ð44Þ

where rs and !s are scale radius and density, respectively. The
initial gas density is set to be an isothermal " profile

!g rð Þ ¼ !g;0

1þ r=rsð Þ2
h i3"=2 : ð45Þ

We are interested in the gas evolution after the gas cloud be-
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undergoes a runaway collapse is consistent with the spherically
symmetric calculation of ON98.We have checked the radial pro-
files of density, temperature, velocity, andmolecular fraction. These
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ulations was thus!1010 cm"3, where the assumption of optically
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cloud to nH ! 1016 cm"3, nearly 6 orders of magnitude greater
than previous three-dimensional calculations reliably probed. To
study the detailed evolution of a protostellar ‘‘seed’’ beyond nH !
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implementation. Figure 4 shows the normalized H2 line cooling
rate against local density. We use an output at the time when the
central density is nc ¼ 1014 cm"3. In the figure, we compare our
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fraction at A, D, a plateau at C ! D, and the temporal decrease owing to dis-
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What’s happening at each of these 
stages?

n ! 108Y1011 cm"3, rapid reactions release a significant amount
of heat. After some experiments, we found that the chemistry part
becomes numerically unstable with etol ¼ 0:1 and concluded that
setting etol ¼ 0:01 allows stable time integration at n > 107 cm"3.

4. SPHERICAL COLLAPSE TEST

In this section we test our numerical techniques using a spher-
ical collapse problem.We follow the evolution of primordial gas
in a dark matter halo by setting up a gas sphere embedded in an
NFW (Navarro et al. 1997) potential
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h i3"=2 : ð45Þ

We are interested in the gas evolution after the gas cloud be-
comes self-gravitating, and so details of the initial density profile
do not matter. For simplicity, we set " ¼ 1. The halo mass is set

to be 5 ; 105 M', andwe assume the baryon fraction to be 0.05.We
distribute 4million particles according to equation (45) and evolve
the system.

Figure 3 shows the distribution of gas in a temperature-density
phase plane when the central density is 5 ; 1015 cm"3. In the
figure, characteristic features are marked as regions AYG. The
bottom panel in Figure 3 shows the corresponding molecular
fraction distribution. All of the features are explained as closely
related to the thermal evolution. See the caption for a brief ex-
planation. The overall evolution of the central gas cloud after it
undergoes a runaway collapse is consistent with the spherically
symmetric calculation of ON98.We have checked the radial pro-
files of density, temperature, velocity, andmolecular fraction. These
quantities are quite similar to the late-time evolution of the ON98
calculation until the central gas density reaches!1016 cm"3 (up to
the fourth output in Fig. 1 of ON98).

Previous three-dimensional simulations of primordial gas cloud
formation were hampered by the complexity of calculating line
opacities and the reduction of the resulting cooling rate. Themax-
imum resolution, in terms of gas density, achieved in these sim-
ulations was thus!1010 cm"3, where the assumption of optically
thin cooling breaks down. With the novel technique described in
x 3.3, our simulations can follow the evolution of a primordial gas
cloud to nH ! 1016 cm"3, nearly 6 orders of magnitude greater
than previous three-dimensional calculations reliably probed. To
study the detailed evolution of a protostellar ‘‘seed’’ beyond nH !
1016 cm"3, we would need to implement a fewmore physical pro-
cesses, as explained in x 3.5.

An important quantity we measure is the optically thick line
cooling rate, which serves as a critical check of our numerical
implementation. Figure 4 shows the normalized H2 line cooling
rate against local density. We use an output at the time when the
central density is nc ¼ 1014 cm"3. In the figure, we compare our
simulation results with those from the full radiative transfer
calculations of ON98 (open diamonds). Clearly our method
works very well. The steepening of the slope at n > 1012 cm"3,
owing to the velocity change where infalling gas settles gradu-
ally onto the center, is well reproduced. We emphasize that the
level of agreement shown in Figure 4 can be achieved only if all

Fig. 3.—Top: Gas distribution in the temperature-density phase space in a
spherical collapse problem. The indicated characteristic features are explained as
follows: (A) gas temperature reaches k1000 K by virialization, and hydrogen
molecules are formed by two-body processes; (B) molecular hydrogen cooling
brings the gas temperature down to 200 K; (C) the H2 cooling rate saturates and
becomes close to the density-independent, LTE value; (D) three-body reactions
kick in and the gas becomes fully molecular; (E) the line cooling rate decreases as
the density increases because of the cloud’s opacity; (F) collision-induced emis-
sion becomes a dominant cooling process; and (G) H2 dissociation begins at
T ! 2000 K. Bottom: Molecular fraction fH2

of the gas. The increase in the
fraction at A, D, a plateau at C ! D, and the temporal decrease owing to dis-
sociation at G are clearly seen in this plot.

Fig. 4.—Cooling efficiency defined by f ¼ !thick/!thin. The open squares are
the results from the one-dimensional calculation of ON98.We plot the efficiency as
a function of local density at the time when the central density is n ¼ 1014 cm"3.
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What’s happening at each of these 
stages?

n ! 108Y1011 cm"3, rapid reactions release a significant amount
of heat. After some experiments, we found that the chemistry part
becomes numerically unstable with etol ¼ 0:1 and concluded that
setting etol ¼ 0:01 allows stable time integration at n > 107 cm"3.

4. SPHERICAL COLLAPSE TEST

In this section we test our numerical techniques using a spher-
ical collapse problem.We follow the evolution of primordial gas
in a dark matter halo by setting up a gas sphere embedded in an
NFW (Navarro et al. 1997) potential
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where rs and !s are scale radius and density, respectively. The
initial gas density is set to be an isothermal " profile

!g rð Þ ¼ !g;0

1þ r=rsð Þ2
h i3"=2 : ð45Þ

We are interested in the gas evolution after the gas cloud be-
comes self-gravitating, and so details of the initial density profile
do not matter. For simplicity, we set " ¼ 1. The halo mass is set

to be 5 ; 105 M', andwe assume the baryon fraction to be 0.05.We
distribute 4million particles according to equation (45) and evolve
the system.

Figure 3 shows the distribution of gas in a temperature-density
phase plane when the central density is 5 ; 1015 cm"3. In the
figure, characteristic features are marked as regions AYG. The
bottom panel in Figure 3 shows the corresponding molecular
fraction distribution. All of the features are explained as closely
related to the thermal evolution. See the caption for a brief ex-
planation. The overall evolution of the central gas cloud after it
undergoes a runaway collapse is consistent with the spherically
symmetric calculation of ON98.We have checked the radial pro-
files of density, temperature, velocity, andmolecular fraction. These
quantities are quite similar to the late-time evolution of the ON98
calculation until the central gas density reaches!1016 cm"3 (up to
the fourth output in Fig. 1 of ON98).

Previous three-dimensional simulations of primordial gas cloud
formation were hampered by the complexity of calculating line
opacities and the reduction of the resulting cooling rate. Themax-
imum resolution, in terms of gas density, achieved in these sim-
ulations was thus!1010 cm"3, where the assumption of optically
thin cooling breaks down. With the novel technique described in
x 3.3, our simulations can follow the evolution of a primordial gas
cloud to nH ! 1016 cm"3, nearly 6 orders of magnitude greater
than previous three-dimensional calculations reliably probed. To
study the detailed evolution of a protostellar ‘‘seed’’ beyond nH !
1016 cm"3, we would need to implement a fewmore physical pro-
cesses, as explained in x 3.5.

An important quantity we measure is the optically thick line
cooling rate, which serves as a critical check of our numerical
implementation. Figure 4 shows the normalized H2 line cooling
rate against local density. We use an output at the time when the
central density is nc ¼ 1014 cm"3. In the figure, we compare our
simulation results with those from the full radiative transfer
calculations of ON98 (open diamonds). Clearly our method
works very well. The steepening of the slope at n > 1012 cm"3,
owing to the velocity change where infalling gas settles gradu-
ally onto the center, is well reproduced. We emphasize that the
level of agreement shown in Figure 4 can be achieved only if all

Fig. 3.—Top: Gas distribution in the temperature-density phase space in a
spherical collapse problem. The indicated characteristic features are explained as
follows: (A) gas temperature reaches k1000 K by virialization, and hydrogen
molecules are formed by two-body processes; (B) molecular hydrogen cooling
brings the gas temperature down to 200 K; (C) the H2 cooling rate saturates and
becomes close to the density-independent, LTE value; (D) three-body reactions
kick in and the gas becomes fully molecular; (E) the line cooling rate decreases as
the density increases because of the cloud’s opacity; (F) collision-induced emis-
sion becomes a dominant cooling process; and (G) H2 dissociation begins at
T ! 2000 K. Bottom: Molecular fraction fH2

of the gas. The increase in the
fraction at A, D, a plateau at C ! D, and the temporal decrease owing to dis-
sociation at G are clearly seen in this plot.

Fig. 4.—Cooling efficiency defined by f ¼ !thick/!thin. The open squares are
the results from the one-dimensional calculation of ON98.We plot the efficiency as
a function of local density at the time when the central density is n ¼ 1014 cm"3.
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What’s happening at each of these 
stages?

n ! 108Y1011 cm"3, rapid reactions release a significant amount
of heat. After some experiments, we found that the chemistry part
becomes numerically unstable with etol ¼ 0:1 and concluded that
setting etol ¼ 0:01 allows stable time integration at n > 107 cm"3.

4. SPHERICAL COLLAPSE TEST

In this section we test our numerical techniques using a spher-
ical collapse problem.We follow the evolution of primordial gas
in a dark matter halo by setting up a gas sphere embedded in an
NFW (Navarro et al. 1997) potential

! rð Þ ¼ !s

r=rsð Þ 1þ r=rsð Þ2
h i ; ð44Þ

where rs and !s are scale radius and density, respectively. The
initial gas density is set to be an isothermal " profile

!g rð Þ ¼ !g;0

1þ r=rsð Þ2
h i3"=2 : ð45Þ

We are interested in the gas evolution after the gas cloud be-
comes self-gravitating, and so details of the initial density profile
do not matter. For simplicity, we set " ¼ 1. The halo mass is set

to be 5 ; 105 M', andwe assume the baryon fraction to be 0.05.We
distribute 4million particles according to equation (45) and evolve
the system.

Figure 3 shows the distribution of gas in a temperature-density
phase plane when the central density is 5 ; 1015 cm"3. In the
figure, characteristic features are marked as regions AYG. The
bottom panel in Figure 3 shows the corresponding molecular
fraction distribution. All of the features are explained as closely
related to the thermal evolution. See the caption for a brief ex-
planation. The overall evolution of the central gas cloud after it
undergoes a runaway collapse is consistent with the spherically
symmetric calculation of ON98.We have checked the radial pro-
files of density, temperature, velocity, andmolecular fraction. These
quantities are quite similar to the late-time evolution of the ON98
calculation until the central gas density reaches!1016 cm"3 (up to
the fourth output in Fig. 1 of ON98).

Previous three-dimensional simulations of primordial gas cloud
formation were hampered by the complexity of calculating line
opacities and the reduction of the resulting cooling rate. Themax-
imum resolution, in terms of gas density, achieved in these sim-
ulations was thus!1010 cm"3, where the assumption of optically
thin cooling breaks down. With the novel technique described in
x 3.3, our simulations can follow the evolution of a primordial gas
cloud to nH ! 1016 cm"3, nearly 6 orders of magnitude greater
than previous three-dimensional calculations reliably probed. To
study the detailed evolution of a protostellar ‘‘seed’’ beyond nH !
1016 cm"3, we would need to implement a fewmore physical pro-
cesses, as explained in x 3.5.

An important quantity we measure is the optically thick line
cooling rate, which serves as a critical check of our numerical
implementation. Figure 4 shows the normalized H2 line cooling
rate against local density. We use an output at the time when the
central density is nc ¼ 1014 cm"3. In the figure, we compare our
simulation results with those from the full radiative transfer
calculations of ON98 (open diamonds). Clearly our method
works very well. The steepening of the slope at n > 1012 cm"3,
owing to the velocity change where infalling gas settles gradu-
ally onto the center, is well reproduced. We emphasize that the
level of agreement shown in Figure 4 can be achieved only if all

Fig. 3.—Top: Gas distribution in the temperature-density phase space in a
spherical collapse problem. The indicated characteristic features are explained as
follows: (A) gas temperature reaches k1000 K by virialization, and hydrogen
molecules are formed by two-body processes; (B) molecular hydrogen cooling
brings the gas temperature down to 200 K; (C) the H2 cooling rate saturates and
becomes close to the density-independent, LTE value; (D) three-body reactions
kick in and the gas becomes fully molecular; (E) the line cooling rate decreases as
the density increases because of the cloud’s opacity; (F) collision-induced emis-
sion becomes a dominant cooling process; and (G) H2 dissociation begins at
T ! 2000 K. Bottom: Molecular fraction fH2

of the gas. The increase in the
fraction at A, D, a plateau at C ! D, and the temporal decrease owing to dis-
sociation at G are clearly seen in this plot.

Fig. 4.—Cooling efficiency defined by f ¼ !thick/!thin. The open squares are
the results from the one-dimensional calculation of ON98.We plot the efficiency as
a function of local density at the time when the central density is n ¼ 1014 cm"3.
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What’s happening at each of these 
stages?

n ! 108Y1011 cm"3, rapid reactions release a significant amount
of heat. After some experiments, we found that the chemistry part
becomes numerically unstable with etol ¼ 0:1 and concluded that
setting etol ¼ 0:01 allows stable time integration at n > 107 cm"3.

4. SPHERICAL COLLAPSE TEST

In this section we test our numerical techniques using a spher-
ical collapse problem.We follow the evolution of primordial gas
in a dark matter halo by setting up a gas sphere embedded in an
NFW (Navarro et al. 1997) potential
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We are interested in the gas evolution after the gas cloud be-
comes self-gravitating, and so details of the initial density profile
do not matter. For simplicity, we set " ¼ 1. The halo mass is set

to be 5 ; 105 M', andwe assume the baryon fraction to be 0.05.We
distribute 4million particles according to equation (45) and evolve
the system.

Figure 3 shows the distribution of gas in a temperature-density
phase plane when the central density is 5 ; 1015 cm"3. In the
figure, characteristic features are marked as regions AYG. The
bottom panel in Figure 3 shows the corresponding molecular
fraction distribution. All of the features are explained as closely
related to the thermal evolution. See the caption for a brief ex-
planation. The overall evolution of the central gas cloud after it
undergoes a runaway collapse is consistent with the spherically
symmetric calculation of ON98.We have checked the radial pro-
files of density, temperature, velocity, andmolecular fraction. These
quantities are quite similar to the late-time evolution of the ON98
calculation until the central gas density reaches!1016 cm"3 (up to
the fourth output in Fig. 1 of ON98).

Previous three-dimensional simulations of primordial gas cloud
formation were hampered by the complexity of calculating line
opacities and the reduction of the resulting cooling rate. Themax-
imum resolution, in terms of gas density, achieved in these sim-
ulations was thus!1010 cm"3, where the assumption of optically
thin cooling breaks down. With the novel technique described in
x 3.3, our simulations can follow the evolution of a primordial gas
cloud to nH ! 1016 cm"3, nearly 6 orders of magnitude greater
than previous three-dimensional calculations reliably probed. To
study the detailed evolution of a protostellar ‘‘seed’’ beyond nH !
1016 cm"3, we would need to implement a fewmore physical pro-
cesses, as explained in x 3.5.

An important quantity we measure is the optically thick line
cooling rate, which serves as a critical check of our numerical
implementation. Figure 4 shows the normalized H2 line cooling
rate against local density. We use an output at the time when the
central density is nc ¼ 1014 cm"3. In the figure, we compare our
simulation results with those from the full radiative transfer
calculations of ON98 (open diamonds). Clearly our method
works very well. The steepening of the slope at n > 1012 cm"3,
owing to the velocity change where infalling gas settles gradu-
ally onto the center, is well reproduced. We emphasize that the
level of agreement shown in Figure 4 can be achieved only if all
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molecules are formed by two-body processes; (B) molecular hydrogen cooling
brings the gas temperature down to 200 K; (C) the H2 cooling rate saturates and
becomes close to the density-independent, LTE value; (D) three-body reactions
kick in and the gas becomes fully molecular; (E) the line cooling rate decreases as
the density increases because of the cloud’s opacity; (F) collision-induced emis-
sion becomes a dominant cooling process; and (G) H2 dissociation begins at
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Fig. 4.—Cooling efficiency defined by f ¼ !thick/!thin. The open squares are
the results from the one-dimensional calculation of ON98.We plot the efficiency as
a function of local density at the time when the central density is n ¼ 1014 cm"3.

FORMATION OF PRIMORDIAL STARS 13No. 1, 2006 Yoshida et al. (2006)

H2 reaches its critical 
density, and levels go into 

LTE
Cooling goes as n,  rather 

than n2



What’s happening at each of these 
stages?

n ! 108Y1011 cm"3, rapid reactions release a significant amount
of heat. After some experiments, we found that the chemistry part
becomes numerically unstable with etol ¼ 0:1 and concluded that
setting etol ¼ 0:01 allows stable time integration at n > 107 cm"3.

4. SPHERICAL COLLAPSE TEST

In this section we test our numerical techniques using a spher-
ical collapse problem.We follow the evolution of primordial gas
in a dark matter halo by setting up a gas sphere embedded in an
NFW (Navarro et al. 1997) potential

! rð Þ ¼ !s

r=rsð Þ 1þ r=rsð Þ2
h i ; ð44Þ

where rs and !s are scale radius and density, respectively. The
initial gas density is set to be an isothermal " profile

!g rð Þ ¼ !g;0

1þ r=rsð Þ2
h i3"=2 : ð45Þ

We are interested in the gas evolution after the gas cloud be-
comes self-gravitating, and so details of the initial density profile
do not matter. For simplicity, we set " ¼ 1. The halo mass is set

to be 5 ; 105 M', andwe assume the baryon fraction to be 0.05.We
distribute 4million particles according to equation (45) and evolve
the system.

Figure 3 shows the distribution of gas in a temperature-density
phase plane when the central density is 5 ; 1015 cm"3. In the
figure, characteristic features are marked as regions AYG. The
bottom panel in Figure 3 shows the corresponding molecular
fraction distribution. All of the features are explained as closely
related to the thermal evolution. See the caption for a brief ex-
planation. The overall evolution of the central gas cloud after it
undergoes a runaway collapse is consistent with the spherically
symmetric calculation of ON98.We have checked the radial pro-
files of density, temperature, velocity, andmolecular fraction. These
quantities are quite similar to the late-time evolution of the ON98
calculation until the central gas density reaches!1016 cm"3 (up to
the fourth output in Fig. 1 of ON98).

Previous three-dimensional simulations of primordial gas cloud
formation were hampered by the complexity of calculating line
opacities and the reduction of the resulting cooling rate. Themax-
imum resolution, in terms of gas density, achieved in these sim-
ulations was thus!1010 cm"3, where the assumption of optically
thin cooling breaks down. With the novel technique described in
x 3.3, our simulations can follow the evolution of a primordial gas
cloud to nH ! 1016 cm"3, nearly 6 orders of magnitude greater
than previous three-dimensional calculations reliably probed. To
study the detailed evolution of a protostellar ‘‘seed’’ beyond nH !
1016 cm"3, we would need to implement a fewmore physical pro-
cesses, as explained in x 3.5.

An important quantity we measure is the optically thick line
cooling rate, which serves as a critical check of our numerical
implementation. Figure 4 shows the normalized H2 line cooling
rate against local density. We use an output at the time when the
central density is nc ¼ 1014 cm"3. In the figure, we compare our
simulation results with those from the full radiative transfer
calculations of ON98 (open diamonds). Clearly our method
works very well. The steepening of the slope at n > 1012 cm"3,
owing to the velocity change where infalling gas settles gradu-
ally onto the center, is well reproduced. We emphasize that the
level of agreement shown in Figure 4 can be achieved only if all

Fig. 3.—Top: Gas distribution in the temperature-density phase space in a
spherical collapse problem. The indicated characteristic features are explained as
follows: (A) gas temperature reaches k1000 K by virialization, and hydrogen
molecules are formed by two-body processes; (B) molecular hydrogen cooling
brings the gas temperature down to 200 K; (C) the H2 cooling rate saturates and
becomes close to the density-independent, LTE value; (D) three-body reactions
kick in and the gas becomes fully molecular; (E) the line cooling rate decreases as
the density increases because of the cloud’s opacity; (F) collision-induced emis-
sion becomes a dominant cooling process; and (G) H2 dissociation begins at
T ! 2000 K. Bottom: Molecular fraction fH2

of the gas. The increase in the
fraction at A, D, a plateau at C ! D, and the temporal decrease owing to dis-
sociation at G are clearly seen in this plot.

Fig. 4.—Cooling efficiency defined by f ¼ !thick/!thin. The open squares are
the results from the one-dimensional calculation of ON98.We plot the efficiency as
a function of local density at the time when the central density is n ¼ 1014 cm"3.
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• In practice, we find that Tcrit ⇠ 1000 K over a wide range of redshifts. What does this
then imply for the mass of the halo that is required? From our expression for the virial
temperature, we see that Tvir / M2/3, and we know also that at z = 30, a halo with a
virial temperature of 500 K has a mass of 2⇥105M�. This means that at this redshift,
the first halos in which cooling is e�cient will have massesM ⇠ 25/2⇥105 ⇠ 6⇥105M�.

• These halos, with masses ⇠ 106M�, physical sizes of around 100pc, and mean densities
of a few particles per cm3 are the sites in which the very first stars – the so-called
Population III stars – form. In the next section we will examine the chain of events
leading from the cooling of the virialized gas to their eventual formation.

6 Population III: formation and build-up of disc

• A useful way to think of the problem is to consider a collapsing blob of gas, where
compressional heating, cooling and other heating processes all act to alter the energy
of the gas. The rate of change of the energy per unit mass can be given as (Omukai
2000):

du

dt
= �p

d

dt
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⇢

◆
� ⇤m + �m (219)

where the m subscripts on the heating and cooling rates denote that these have units
of erg s�1 g�1, and the pressure and energy per unit mass (or the “internal” energy)
are given by p = ⇢kT

µmp
and u = 1

��1
kT
µmp

. We can get the above expression into a more
useful form by noting that
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dt
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and that the evolution of the density with time is assumed to be controlled by gravi-
tational collapse, such that

d⇢

dt
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t↵(⇢)
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yielding,
du

dt
=

kT

µmp


32G

3⇡

�1/2
⇢1/2 � ⇤m + �m. (222)

Chemical rate equations typically work in volumetric units, rather than mass units, so
we can convert the equation above to units of erg s�1 cm�3, by multiplying through
by ⇢,

de

dt
=

kT

µmp


32G

3⇡

�1/2
⇢3/2 � ⇤V + �V . (223)

where e is the energy density, and the V subscripts denote heating/cooling per unit
volume.

Compressional heating from gravitational collapse

Gas has to heat up as it collapses

H2 reaches its critical 
density, and levels go into 

LTE
Cooling goes as n,  rather 

than n2



What’s happening at each of these 
stages?

n ! 108Y1011 cm"3, rapid reactions release a significant amount
of heat. After some experiments, we found that the chemistry part
becomes numerically unstable with etol ¼ 0:1 and concluded that
setting etol ¼ 0:01 allows stable time integration at n > 107 cm"3.

4. SPHERICAL COLLAPSE TEST

In this section we test our numerical techniques using a spher-
ical collapse problem.We follow the evolution of primordial gas
in a dark matter halo by setting up a gas sphere embedded in an
NFW (Navarro et al. 1997) potential

! rð Þ ¼ !s

r=rsð Þ 1þ r=rsð Þ2
h i ; ð44Þ

where rs and !s are scale radius and density, respectively. The
initial gas density is set to be an isothermal " profile

!g rð Þ ¼ !g;0

1þ r=rsð Þ2
h i3"=2 : ð45Þ

We are interested in the gas evolution after the gas cloud be-
comes self-gravitating, and so details of the initial density profile
do not matter. For simplicity, we set " ¼ 1. The halo mass is set

to be 5 ; 105 M', andwe assume the baryon fraction to be 0.05.We
distribute 4million particles according to equation (45) and evolve
the system.

Figure 3 shows the distribution of gas in a temperature-density
phase plane when the central density is 5 ; 1015 cm"3. In the
figure, characteristic features are marked as regions AYG. The
bottom panel in Figure 3 shows the corresponding molecular
fraction distribution. All of the features are explained as closely
related to the thermal evolution. See the caption for a brief ex-
planation. The overall evolution of the central gas cloud after it
undergoes a runaway collapse is consistent with the spherically
symmetric calculation of ON98.We have checked the radial pro-
files of density, temperature, velocity, andmolecular fraction. These
quantities are quite similar to the late-time evolution of the ON98
calculation until the central gas density reaches!1016 cm"3 (up to
the fourth output in Fig. 1 of ON98).

Previous three-dimensional simulations of primordial gas cloud
formation were hampered by the complexity of calculating line
opacities and the reduction of the resulting cooling rate. Themax-
imum resolution, in terms of gas density, achieved in these sim-
ulations was thus!1010 cm"3, where the assumption of optically
thin cooling breaks down. With the novel technique described in
x 3.3, our simulations can follow the evolution of a primordial gas
cloud to nH ! 1016 cm"3, nearly 6 orders of magnitude greater
than previous three-dimensional calculations reliably probed. To
study the detailed evolution of a protostellar ‘‘seed’’ beyond nH !
1016 cm"3, we would need to implement a fewmore physical pro-
cesses, as explained in x 3.5.

An important quantity we measure is the optically thick line
cooling rate, which serves as a critical check of our numerical
implementation. Figure 4 shows the normalized H2 line cooling
rate against local density. We use an output at the time when the
central density is nc ¼ 1014 cm"3. In the figure, we compare our
simulation results with those from the full radiative transfer
calculations of ON98 (open diamonds). Clearly our method
works very well. The steepening of the slope at n > 1012 cm"3,
owing to the velocity change where infalling gas settles gradu-
ally onto the center, is well reproduced. We emphasize that the
level of agreement shown in Figure 4 can be achieved only if all

Fig. 3.—Top: Gas distribution in the temperature-density phase space in a
spherical collapse problem. The indicated characteristic features are explained as
follows: (A) gas temperature reaches k1000 K by virialization, and hydrogen
molecules are formed by two-body processes; (B) molecular hydrogen cooling
brings the gas temperature down to 200 K; (C) the H2 cooling rate saturates and
becomes close to the density-independent, LTE value; (D) three-body reactions
kick in and the gas becomes fully molecular; (E) the line cooling rate decreases as
the density increases because of the cloud’s opacity; (F) collision-induced emis-
sion becomes a dominant cooling process; and (G) H2 dissociation begins at
T ! 2000 K. Bottom: Molecular fraction fH2

of the gas. The increase in the
fraction at A, D, a plateau at C ! D, and the temporal decrease owing to dis-
sociation at G are clearly seen in this plot.

Fig. 4.—Cooling efficiency defined by f ¼ !thick/!thin. The open squares are
the results from the one-dimensional calculation of ON98.We plot the efficiency as
a function of local density at the time when the central density is n ¼ 1014 cm"3.
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H2 becomes optically thick!

n ! 108Y1011 cm"3, rapid reactions release a significant amount
of heat. After some experiments, we found that the chemistry part
becomes numerically unstable with etol ¼ 0:1 and concluded that
setting etol ¼ 0:01 allows stable time integration at n > 107 cm"3.

4. SPHERICAL COLLAPSE TEST

In this section we test our numerical techniques using a spher-
ical collapse problem.We follow the evolution of primordial gas
in a dark matter halo by setting up a gas sphere embedded in an
NFW (Navarro et al. 1997) potential

! rð Þ ¼ !s

r=rsð Þ 1þ r=rsð Þ2
h i ; ð44Þ

where rs and !s are scale radius and density, respectively. The
initial gas density is set to be an isothermal " profile

!g rð Þ ¼ !g;0

1þ r=rsð Þ2
h i3"=2 : ð45Þ

We are interested in the gas evolution after the gas cloud be-
comes self-gravitating, and so details of the initial density profile
do not matter. For simplicity, we set " ¼ 1. The halo mass is set

to be 5 ; 105 M', andwe assume the baryon fraction to be 0.05.We
distribute 4million particles according to equation (45) and evolve
the system.

Figure 3 shows the distribution of gas in a temperature-density
phase plane when the central density is 5 ; 1015 cm"3. In the
figure, characteristic features are marked as regions AYG. The
bottom panel in Figure 3 shows the corresponding molecular
fraction distribution. All of the features are explained as closely
related to the thermal evolution. See the caption for a brief ex-
planation. The overall evolution of the central gas cloud after it
undergoes a runaway collapse is consistent with the spherically
symmetric calculation of ON98.We have checked the radial pro-
files of density, temperature, velocity, andmolecular fraction. These
quantities are quite similar to the late-time evolution of the ON98
calculation until the central gas density reaches!1016 cm"3 (up to
the fourth output in Fig. 1 of ON98).

Previous three-dimensional simulations of primordial gas cloud
formation were hampered by the complexity of calculating line
opacities and the reduction of the resulting cooling rate. Themax-
imum resolution, in terms of gas density, achieved in these sim-
ulations was thus!1010 cm"3, where the assumption of optically
thin cooling breaks down. With the novel technique described in
x 3.3, our simulations can follow the evolution of a primordial gas
cloud to nH ! 1016 cm"3, nearly 6 orders of magnitude greater
than previous three-dimensional calculations reliably probed. To
study the detailed evolution of a protostellar ‘‘seed’’ beyond nH !
1016 cm"3, we would need to implement a fewmore physical pro-
cesses, as explained in x 3.5.

An important quantity we measure is the optically thick line
cooling rate, which serves as a critical check of our numerical
implementation. Figure 4 shows the normalized H2 line cooling
rate against local density. We use an output at the time when the
central density is nc ¼ 1014 cm"3. In the figure, we compare our
simulation results with those from the full radiative transfer
calculations of ON98 (open diamonds). Clearly our method
works very well. The steepening of the slope at n > 1012 cm"3,
owing to the velocity change where infalling gas settles gradu-
ally onto the center, is well reproduced. We emphasize that the
level of agreement shown in Figure 4 can be achieved only if all

Fig. 3.—Top: Gas distribution in the temperature-density phase space in a
spherical collapse problem. The indicated characteristic features are explained as
follows: (A) gas temperature reaches k1000 K by virialization, and hydrogen
molecules are formed by two-body processes; (B) molecular hydrogen cooling
brings the gas temperature down to 200 K; (C) the H2 cooling rate saturates and
becomes close to the density-independent, LTE value; (D) three-body reactions
kick in and the gas becomes fully molecular; (E) the line cooling rate decreases as
the density increases because of the cloud’s opacity; (F) collision-induced emis-
sion becomes a dominant cooling process; and (G) H2 dissociation begins at
T ! 2000 K. Bottom: Molecular fraction fH2

of the gas. The increase in the
fraction at A, D, a plateau at C ! D, and the temporal decrease owing to dis-
sociation at G are clearly seen in this plot.

Fig. 4.—Cooling efficiency defined by f ¼ !thick/!thin. The open squares are
the results from the one-dimensional calculation of ON98.We plot the efficiency as
a function of local density at the time when the central density is n ¼ 1014 cm"3.
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The 3-body formation regime
• Two path ways:

H + H + H → H2 + H

H2 + H + H → H2 + H2

• Consider the first. Using the rate from Glover (2008):

dnH2

dt
= k3bn

3
H

tH2 ⇠ nH2

k3bn3
H

⇠ 105yr�3b = 4.4 eV
dnH2

dt
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• DIFFERS FROM ISM COOLING!

• H2 fraction continues to rise from its starting value of around 10�4, but plateaus at
round 10�3, as the election fraction decreases due to recombination.

• However two features of H2 start to kick in, that limit the temperature of the gas. One,
the first accessible energy state is the J=2 rotational state at 512K. So H2 cooling falls
of exponentially at low T, and in practice can only cool the gas down to around few
100 K.

• Second, as the collapse proceeds, the gas density approaches the “critical density”, at
around 104cm�4, and the level populations start to come into LTE.

• The pdV heating is now greater than the ⇠ LTE cooling, Heating (puv) / n3/2, while
LTE cooling / n. As a result gas heats up as it collapses. However, even in LTE,
H2 cooling is still strongly dependent on T , so the rise in temperature with density is
actually only gradual.

• At 104cm�4, we have a “loitering phase”, where the collapse briefly halts. The tem-
perature is around 250K. This sets a scale for the collapsing core. Jeans mass is 300
M�.

• Gas behaves like a polytrope as it collapses: p = ⇢kT/(µmp) = K⇢�eff , so the temper-
ature and density are related via the e↵ective polytropic index: T / n�

eff � 1.

• Draw both panels from Figure 3 in Yoshida et al. (2006) on the board, and label the
points. Keep the figure, as we’ll need to refer to it (or add to it) during the lecture.

• At around a density of 108cm�3, the conditions become favourable for H2 formation
via the following 3-body processes:

H + H + H ! H2 +H (232)

and
H + H + H2 ! H2 +H2 (233)

The rate for this reaction is incredibly uncertain, especially at low T (i.e.  500 K) and
spans 2 orders of magnitude in the literature. It is also extremely di�cult to measure
in the lab. Glover (2008) rate is in the middle of the range (and is the one we adopt in
our group), with k3b = 7.7⇥ 10�31T�0.464 cm6 s�1, such that the rate of H2 formation
is (initially, when H2 is sill small),

dnH2

dt
= k3bn

3
H. (234)

Taking nH ⇡ n, and nH2 ⇠ 10�3n, we can calculate the H2 formation time at n =
108 cm�3 and 1000K to be roughly,

tH2 ⇠
nH2

k3bn3
⇠ 105yr (235)



H2 becomes optically thick!

n ! 108Y1011 cm"3, rapid reactions release a significant amount
of heat. After some experiments, we found that the chemistry part
becomes numerically unstable with etol ¼ 0:1 and concluded that
setting etol ¼ 0:01 allows stable time integration at n > 107 cm"3.

4. SPHERICAL COLLAPSE TEST

In this section we test our numerical techniques using a spher-
ical collapse problem.We follow the evolution of primordial gas
in a dark matter halo by setting up a gas sphere embedded in an
NFW (Navarro et al. 1997) potential

! rð Þ ¼ !s

r=rsð Þ 1þ r=rsð Þ2
h i ; ð44Þ

where rs and !s are scale radius and density, respectively. The
initial gas density is set to be an isothermal " profile

!g rð Þ ¼ !g;0

1þ r=rsð Þ2
h i3"=2 : ð45Þ

We are interested in the gas evolution after the gas cloud be-
comes self-gravitating, and so details of the initial density profile
do not matter. For simplicity, we set " ¼ 1. The halo mass is set

to be 5 ; 105 M', andwe assume the baryon fraction to be 0.05.We
distribute 4million particles according to equation (45) and evolve
the system.

Figure 3 shows the distribution of gas in a temperature-density
phase plane when the central density is 5 ; 1015 cm"3. In the
figure, characteristic features are marked as regions AYG. The
bottom panel in Figure 3 shows the corresponding molecular
fraction distribution. All of the features are explained as closely
related to the thermal evolution. See the caption for a brief ex-
planation. The overall evolution of the central gas cloud after it
undergoes a runaway collapse is consistent with the spherically
symmetric calculation of ON98.We have checked the radial pro-
files of density, temperature, velocity, andmolecular fraction. These
quantities are quite similar to the late-time evolution of the ON98
calculation until the central gas density reaches!1016 cm"3 (up to
the fourth output in Fig. 1 of ON98).

Previous three-dimensional simulations of primordial gas cloud
formation were hampered by the complexity of calculating line
opacities and the reduction of the resulting cooling rate. Themax-
imum resolution, in terms of gas density, achieved in these sim-
ulations was thus!1010 cm"3, where the assumption of optically
thin cooling breaks down. With the novel technique described in
x 3.3, our simulations can follow the evolution of a primordial gas
cloud to nH ! 1016 cm"3, nearly 6 orders of magnitude greater
than previous three-dimensional calculations reliably probed. To
study the detailed evolution of a protostellar ‘‘seed’’ beyond nH !
1016 cm"3, we would need to implement a fewmore physical pro-
cesses, as explained in x 3.5.

An important quantity we measure is the optically thick line
cooling rate, which serves as a critical check of our numerical
implementation. Figure 4 shows the normalized H2 line cooling
rate against local density. We use an output at the time when the
central density is nc ¼ 1014 cm"3. In the figure, we compare our
simulation results with those from the full radiative transfer
calculations of ON98 (open diamonds). Clearly our method
works very well. The steepening of the slope at n > 1012 cm"3,
owing to the velocity change where infalling gas settles gradu-
ally onto the center, is well reproduced. We emphasize that the
level of agreement shown in Figure 4 can be achieved only if all

Fig. 3.—Top: Gas distribution in the temperature-density phase space in a
spherical collapse problem. The indicated characteristic features are explained as
follows: (A) gas temperature reaches k1000 K by virialization, and hydrogen
molecules are formed by two-body processes; (B) molecular hydrogen cooling
brings the gas temperature down to 200 K; (C) the H2 cooling rate saturates and
becomes close to the density-independent, LTE value; (D) three-body reactions
kick in and the gas becomes fully molecular; (E) the line cooling rate decreases as
the density increases because of the cloud’s opacity; (F) collision-induced emis-
sion becomes a dominant cooling process; and (G) H2 dissociation begins at
T ! 2000 K. Bottom: Molecular fraction fH2

of the gas. The increase in the
fraction at A, D, a plateau at C ! D, and the temporal decrease owing to dis-
sociation at G are clearly seen in this plot.

Fig. 4.—Cooling efficiency defined by f ¼ !thick/!thin. The open squares are
the results from the one-dimensional calculation of ON98.We plot the efficiency as
a function of local density at the time when the central density is n ¼ 1014 cm"3.
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H2 becomes optically thick!

n ! 108Y1011 cm"3, rapid reactions release a significant amount
of heat. After some experiments, we found that the chemistry part
becomes numerically unstable with etol ¼ 0:1 and concluded that
setting etol ¼ 0:01 allows stable time integration at n > 107 cm"3.

4. SPHERICAL COLLAPSE TEST

In this section we test our numerical techniques using a spher-
ical collapse problem.We follow the evolution of primordial gas
in a dark matter halo by setting up a gas sphere embedded in an
NFW (Navarro et al. 1997) potential

! rð Þ ¼ !s

r=rsð Þ 1þ r=rsð Þ2
h i ; ð44Þ

where rs and !s are scale radius and density, respectively. The
initial gas density is set to be an isothermal " profile

!g rð Þ ¼ !g;0

1þ r=rsð Þ2
h i3"=2 : ð45Þ

We are interested in the gas evolution after the gas cloud be-
comes self-gravitating, and so details of the initial density profile
do not matter. For simplicity, we set " ¼ 1. The halo mass is set

to be 5 ; 105 M', andwe assume the baryon fraction to be 0.05.We
distribute 4million particles according to equation (45) and evolve
the system.

Figure 3 shows the distribution of gas in a temperature-density
phase plane when the central density is 5 ; 1015 cm"3. In the
figure, characteristic features are marked as regions AYG. The
bottom panel in Figure 3 shows the corresponding molecular
fraction distribution. All of the features are explained as closely
related to the thermal evolution. See the caption for a brief ex-
planation. The overall evolution of the central gas cloud after it
undergoes a runaway collapse is consistent with the spherically
symmetric calculation of ON98.We have checked the radial pro-
files of density, temperature, velocity, andmolecular fraction. These
quantities are quite similar to the late-time evolution of the ON98
calculation until the central gas density reaches!1016 cm"3 (up to
the fourth output in Fig. 1 of ON98).

Previous three-dimensional simulations of primordial gas cloud
formation were hampered by the complexity of calculating line
opacities and the reduction of the resulting cooling rate. Themax-
imum resolution, in terms of gas density, achieved in these sim-
ulations was thus!1010 cm"3, where the assumption of optically
thin cooling breaks down. With the novel technique described in
x 3.3, our simulations can follow the evolution of a primordial gas
cloud to nH ! 1016 cm"3, nearly 6 orders of magnitude greater
than previous three-dimensional calculations reliably probed. To
study the detailed evolution of a protostellar ‘‘seed’’ beyond nH !
1016 cm"3, we would need to implement a fewmore physical pro-
cesses, as explained in x 3.5.

An important quantity we measure is the optically thick line
cooling rate, which serves as a critical check of our numerical
implementation. Figure 4 shows the normalized H2 line cooling
rate against local density. We use an output at the time when the
central density is nc ¼ 1014 cm"3. In the figure, we compare our
simulation results with those from the full radiative transfer
calculations of ON98 (open diamonds). Clearly our method
works very well. The steepening of the slope at n > 1012 cm"3,
owing to the velocity change where infalling gas settles gradu-
ally onto the center, is well reproduced. We emphasize that the
level of agreement shown in Figure 4 can be achieved only if all

Fig. 3.—Top: Gas distribution in the temperature-density phase space in a
spherical collapse problem. The indicated characteristic features are explained as
follows: (A) gas temperature reaches k1000 K by virialization, and hydrogen
molecules are formed by two-body processes; (B) molecular hydrogen cooling
brings the gas temperature down to 200 K; (C) the H2 cooling rate saturates and
becomes close to the density-independent, LTE value; (D) three-body reactions
kick in and the gas becomes fully molecular; (E) the line cooling rate decreases as
the density increases because of the cloud’s opacity; (F) collision-induced emis-
sion becomes a dominant cooling process; and (G) H2 dissociation begins at
T ! 2000 K. Bottom: Molecular fraction fH2

of the gas. The increase in the
fraction at A, D, a plateau at C ! D, and the temporal decrease owing to dis-
sociation at G are clearly seen in this plot.

Fig. 4.—Cooling efficiency defined by f ¼ !thick/!thin. The open squares are
the results from the one-dimensional calculation of ON98.We plot the efficiency as
a function of local density at the time when the central density is n ¼ 1014 cm"3.
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H2 becomes optically thick!

n ! 108Y1011 cm"3, rapid reactions release a significant amount
of heat. After some experiments, we found that the chemistry part
becomes numerically unstable with etol ¼ 0:1 and concluded that
setting etol ¼ 0:01 allows stable time integration at n > 107 cm"3.

4. SPHERICAL COLLAPSE TEST

In this section we test our numerical techniques using a spher-
ical collapse problem.We follow the evolution of primordial gas
in a dark matter halo by setting up a gas sphere embedded in an
NFW (Navarro et al. 1997) potential

! rð Þ ¼ !s

r=rsð Þ 1þ r=rsð Þ2
h i ; ð44Þ

where rs and !s are scale radius and density, respectively. The
initial gas density is set to be an isothermal " profile

!g rð Þ ¼ !g;0

1þ r=rsð Þ2
h i3"=2 : ð45Þ

We are interested in the gas evolution after the gas cloud be-
comes self-gravitating, and so details of the initial density profile
do not matter. For simplicity, we set " ¼ 1. The halo mass is set

to be 5 ; 105 M', andwe assume the baryon fraction to be 0.05.We
distribute 4million particles according to equation (45) and evolve
the system.

Figure 3 shows the distribution of gas in a temperature-density
phase plane when the central density is 5 ; 1015 cm"3. In the
figure, characteristic features are marked as regions AYG. The
bottom panel in Figure 3 shows the corresponding molecular
fraction distribution. All of the features are explained as closely
related to the thermal evolution. See the caption for a brief ex-
planation. The overall evolution of the central gas cloud after it
undergoes a runaway collapse is consistent with the spherically
symmetric calculation of ON98.We have checked the radial pro-
files of density, temperature, velocity, andmolecular fraction. These
quantities are quite similar to the late-time evolution of the ON98
calculation until the central gas density reaches!1016 cm"3 (up to
the fourth output in Fig. 1 of ON98).

Previous three-dimensional simulations of primordial gas cloud
formation were hampered by the complexity of calculating line
opacities and the reduction of the resulting cooling rate. Themax-
imum resolution, in terms of gas density, achieved in these sim-
ulations was thus!1010 cm"3, where the assumption of optically
thin cooling breaks down. With the novel technique described in
x 3.3, our simulations can follow the evolution of a primordial gas
cloud to nH ! 1016 cm"3, nearly 6 orders of magnitude greater
than previous three-dimensional calculations reliably probed. To
study the detailed evolution of a protostellar ‘‘seed’’ beyond nH !
1016 cm"3, we would need to implement a fewmore physical pro-
cesses, as explained in x 3.5.

An important quantity we measure is the optically thick line
cooling rate, which serves as a critical check of our numerical
implementation. Figure 4 shows the normalized H2 line cooling
rate against local density. We use an output at the time when the
central density is nc ¼ 1014 cm"3. In the figure, we compare our
simulation results with those from the full radiative transfer
calculations of ON98 (open diamonds). Clearly our method
works very well. The steepening of the slope at n > 1012 cm"3,
owing to the velocity change where infalling gas settles gradu-
ally onto the center, is well reproduced. We emphasize that the
level of agreement shown in Figure 4 can be achieved only if all

Fig. 3.—Top: Gas distribution in the temperature-density phase space in a
spherical collapse problem. The indicated characteristic features are explained as
follows: (A) gas temperature reaches k1000 K by virialization, and hydrogen
molecules are formed by two-body processes; (B) molecular hydrogen cooling
brings the gas temperature down to 200 K; (C) the H2 cooling rate saturates and
becomes close to the density-independent, LTE value; (D) three-body reactions
kick in and the gas becomes fully molecular; (E) the line cooling rate decreases as
the density increases because of the cloud’s opacity; (F) collision-induced emis-
sion becomes a dominant cooling process; and (G) H2 dissociation begins at
T ! 2000 K. Bottom: Molecular fraction fH2

of the gas. The increase in the
fraction at A, D, a plateau at C ! D, and the temporal decrease owing to dis-
sociation at G are clearly seen in this plot.

Fig. 4.—Cooling efficiency defined by f ¼ !thick/!thin. The open squares are
the results from the one-dimensional calculation of ON98.We plot the efficiency as
a function of local density at the time when the central density is n ¼ 1014 cm"3.
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CIE cooling becomes 
optically thick

Gas cools via 
collisional dissociation

(recover 4.4eV per 
molecule)



Different path to Pop III?

• Formed and destroyed via the reactions,

HD cooling:

H2 +D+ ! HD+H+

HD+H+ ! H2 +D+

(exothermic)

(endothermic)

• Below 462K, reaction 1 is favoured over reaction 2.

• Results in chemical fractionation

xHD

xH2

>

xD

xH
(xD = 2.6⇥ 10�5)



Different path to Pop III?

• HD can cool the gas down to the CMB temperature,

HD cooling:

TCMB = 2.728K (1 + z)

100K

1000K

MJ ~ 500 M⦿

MJ ~ 50 M⦿



Different path to Pop III?

• Recall that the H2 fraction depends on the ionisation fraction 
in the minihalo.

• Halos with higher ionisation fractions can form more H2, and 
cool to slightly lower temperatures.

• Can then produce the HD fractionation, and the HD cooling.

• Can be triggered by nearby star formation or via collisional 
ionisation is slightly more massive halos.

How to excite the HD cooling channel?



What happens next?

300 parsec 5 parsec

10 astronomical unit25 solar−radii

(A) cosmological halo (B) star−forming cloud

(C) fully molecular part(D) new−born protostar

Fig. 1: Projected gas distribution around the protostar. Shown regions are, from top-left,
clockwise, (A) the large-scale gas distribution around the cosmological halo (300 pc on a
side), (B) a self-gravitating, star-forming cloud (5 pc on a side), (C) the central part of
the fully molecular core (10 astronomical units on a side), and (D) the final protostar (25
solar-radii on a side). We use the density-weighted temperature to color (D), to show the
complex structure of the protostar.
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What happens at high densities?

• Disc builds up which fragments to form a small N system

• Central protostar mass ~ 0.5 M⦿

• Fragmentation timescale  ~ 100 yr

C
lark et al. (2011b)



Complimentary study

10

MH-1

2000 AU  |  tSF + 1000 yr

MH-2 MH-3

MH-4 MH-5

8 10 12 14

log nH [cm-3]

Fig. 8.— The central 2000AU after 1000 yr of continued fragmentation and accretion. Black dots, crosses and stars denote protostars with
masses below 1M!, between 1M! and 3M!, and above 3M!. A relatively rich protostellar cluster with a range of masses has survived
in each case. In a few minihalos, low-mass protostars have been ejected out of the central gas cloud, such that they are no longer visible
here. In simulation MH-2, two independent clumps have collapsed almost simultaneously and formed their own clusters before eventually
merging (see also Figure 6).

Greif et al. (2011) + Smith et al.
(2011)

• Greif et al. 2011 used AREPO

• Had higher resolution throughout 
collapse.

• Better able to resolve the 
turbulence in the infalling gas.

• Same basic picture, but much more 
messy.

Always good to use a 
different code!



Why does the gas fragment?

Clark et al. (2011b)



Why does the gas fragment?

High H2 fraction 
(can cool effectively)

Clark et al. (2011b)



Why does the gas fragment?

High H2 fraction 
(can cool effectively)

Toomré unstable
(can fragment)

Clark et al. (2011b)



Why does the gas fragment?

Clark et al. (2011b)



Problems with convergence?
• Should we form a large, gravitationally unstable disc?

The Astrophysical Journal, 745:154 (11pp), 2012 February 1 Turk et al.

Figure 5. Density-weighted projections (through the entire simulation domain) of the average molecular hydrogen mass fraction field in simulations J16 (left column),
J32 (second column), and J64 (third column) at fields of view of 300 pc (top row), 1 pc (middle row), and 1000 AU (bottom row).
(A color version of this figure is available in the online journal.)

larger, which could be due to our use of a considerably more
diffusive MHD solver (we use the HLL solver; they use HLL3R).
In order to solidify the connection between dynamo action
and the presence or absence of turbulent fluctuations, we first
consider projections of ω2 where ω = ∇ × v is the fluid vorticity
centered at the densest point in the computation (Figure 8). At
the 300 pc scale (Figure 8, top row), the vorticity is identical
among the four resolutions. However, zooming in to ∼1 pc,
there are already significant differences between all four runs.
For the other three, a trend is clear: increasing resolution creates
much larger regions of high vorticity that is indicative both of an
overall increase in the turbulent energy but also of a decreasing
coherence of the collapse region (see Section 3.3). Finally, at
1000 AU, the vorticity structure is completely different between
the ordered disk-like structure in J16 and J32 and the amorphous
turbulent core of J64. It is thus clear that as a function of
resolution, we see an increase in vorticity production and a
decrease in the characteristic scale of that vorticity at the smallest
scales within the collapsing core. These high-density regions
are just where magnetic energy growth with density begins to
fall off in low-resolution simulations. This correlation between
vorticity and magnetic energy is consistent with small-scale
dynamo action generated by incoherent velocity fields.

4.2. Magnetic Field Saturation

The kinematic, small-scale dynamo acts by twisting magnetic
field in a turbulent flow field. The random-walk character of the
flow will lead to a continuous stretching and thus strengthening
of the magnetic field. In a typical numerical model of the small-
scale dynamo, turbulence is driven in a fluid with a tiny seed
field; the field grows exponentially until it nears equipartition
with the turbulent velocity field, at which point the Lorentz force
reacts back on the fluid, leading to a strongly nonlinear coupling
between v and B which ultimately saturates the growth of the
magnetic field.

Here, the collapse timescale is decreasing with time, which
means that the computation reaches its end long before the
magnetic field reaches saturation. We stop each of our runs when
their peak density is ρmax $ 2.2×10−10, except for the J128 run,
which was terminated at ρmax $ 2.0 × 10−19 due to constraints
on computing time. Nevertheless, even in the J64 run, where
dynamo action is most vigorous, the kinetic energy exceeds
the magnetic energy in mass-weighted averages by a factor
of ∼3600.

The growth rate σ of the small-scale dynamo is a function
of the Reynolds number Re, the ratio of the advective timescale
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Problems with convergence

• Need to be careful of how the chemistry/cooling is solved!

Bovino et al. (2013)

Primordial star formation 3

Figure 2. Spherically averaged radial profiles of the 8 simulations taken at roughly the same peak density. Upper left is the the total
density in g cm−3, upper right is the temperature in K, middle left the accretion rate in M"/yr, middle right is the radial velocity in km
s−1, bottom left the total energy density in erg/g and bottom right the rotational velocity in km s−1. Note that radial and rotational
velocities have been evaluated subtracting the bulk velocity (for details see (Latif et al. 2013a)).

Figure 3. The slices for the density (left columns), temperature (second columns) and molecular hydrogen mass fraction (right columns)
for KJ128 run are shown at fields of view of 0.1, and 2000 AU from the top to bottom.

2.2 Chemistry

We follow the non-equilibrium evolution of 9 species: H, H+,
H−, H2, H

+
2 , He, He+, He2+, and e−. In total, 20 kinetic

reactions have been included same as available with Enzo

code (Turk et al. 2012). The formation of H2 is very sensitive
to the choice of 3-body reaction as pointed out by Turk et al.
(2011). Here we adopt the three-body rates of Abel et al.
(2002) for all of our runs, both in the standard ENZO and in
our KROME implementation.

c© 2013 RAS, MNRAS 000, 1–5



Clearly H2 line-cooling is 
important

• Working to improve H2 line 
cooling using TreeCol.

• Finds that we have been 
significantly underestimating the 
amount of cooling that occurs in 
the ‘optically thick’ regime.

• TreeCol allows us to better 
estimate the effective optical 
depth of the line.

Tilman Hartwig’s Masters Thesis: 

Standard Sobolev technique

Improved TreeCol 
technique



What about CIE cooling?

• Shingo Hirano has shown the how you treat the CIE cooling 
can affect the cooling and dynamics.

The Astrophysical Journal, 763:52 (10pp), 2013 January 20 Hirano & Yoshida

Figure 12. Projected density distributions for the same realization but with different opacity calculations at 10 years after the central density reaches 1018 cm−3. The
plotted region is 200 AU on a side. The left panel is for the result with our 3D opacity calculation, whereas the right panel is for the run with the fitting opacity for line
emission.
(A color version of this figure is available in the online journal.)

velocity gradients that come with essentially no additional cost,
because the velocity gradients are already computed and used in
the other parts of our SPH code. For continuum photons, we need
to compute the column density along six (or more) directions
using a costly projection method devised by Yoshida et al.
(2007). In fact, the continuum opacity calculation is one of the
most time consuming parts in our 3D simulations. Nevertheless,
we argue that it is necessary to properly take the direction-
dependence into account in order to calculate the optically thick
radiative cooling rate accurately. We also note that our method is
based on the so-called escape probability method, which itself
is an approximation. Essentially, we assume only the densest
part emits continuum photons. It is desirable to implement fully
three-dimensional radiative transfer, by employing advanced
methods such as flux-limited diffusion or M1-closure (e.g.,
Whitehouse & Bate 2004; Levermore 1984) to follow the long-
term evolution of a primordial protostellar system.

Hydrodynamical simulations with radiative cooling are com-
monly used for the study of the primordial star formation.
In such simulations, it is important to use accurate methods
to calculate radiative cooling rates. For example, whether or
not a protostellar disk fragments is determined by the thermal
and gravitational instability of the circumstellar gas. The disk
fragmentation is an important issue which is thought to deter-
mine the multiplicity and possibly the characteristic mass of
primordial stars. Our study clarifies the importance of multi-
dimensional radiative processes in a primordial star-forming
cloud.
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