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Observational “Facts”
• Protostellar disks live ~3-5 Myr 

• inferred from fraction of stars with infrared excess as a function 
of cluster age

• Typical disk sizes are ~100-1000 AU

• measured in sub-mm, scattered light, SEDs

• Consistent with core velocity gradients

• Disks are mostly neutral and cold (compared to compact accretion 
disks)

• Typical measured disk masses are .001 - .01         (when/if we can 
measure it!)

• observe warm dust, assume dust-gas ratio and infer grain size 
distribution

Refs: Andrews et al, 
2009, 2011, 

Hillenbrand et al 1998, 
Calvet et al 2005, 

D’alessio et al 1998, 
Gammie 1996

Goodman et al 1993 ...

Credit: A. Isella
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Accretion Disks: Angular Momentum Transport Machines
• Disks are responsible for funneling material onto the star, so disk material must lose both 

energy and angular momentum

• Disks are often described via vertically integrated, viscous fluid equations: the thin disk 
approximation:

6 Chapter 1. Introduction

but we follow Papaloizou & Lin (1995) and allow for the addition / subtraction of matter

and angular momentum, as we will study disks which are growing and changing in time. In

cylindrical coordinates, the continuity equation becomes:
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where ⇥ =
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⇤dz is the disk surface density, vr is the radial velocity, and S� is a source term

to account for accretion onto or out of the disk.

Translating the angular momentum conservation equation into the thin disk limit we have:
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where j is the specific angular momentum carried in or out with any accreted/expelled material,

� is the rate of angular momentum injection due to an external torque or perturbation, and

⇥Tr�⇤ is the average of the vertically integrated stress tensor:

⇥Tr�⇤ = ⇥⇥⇤⇥r
d⇤
dr

(1.3)

⇥⇥⇤ =
⇤⇥
�⇥ ⇥⇤dz
⇤⇥
�⇥ ⇤dz

(1.4)

Together, these two equations can be combined to give a single di⌅usion equation that

governs the change in surface density in the disk in response to the various mechanisms for

transport. Note that we have left out an energy equation, although vertical integration presumes

that the disk is in hydrostatic balance. We return to details of disk thermodynamics in chapters

3 and 4. The combined di⌅usion equation is:
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This formulation allows for several di⌅erent modes of angular momentum transport as indi-

cated by the di⌅erent source terms in the square brackets. The first term is the familiar viscous

transport term, often used in conjunction with a Shakura & Sunyaev (1973) �-viscosity pa-

rameterization (see §1.3.1). The second and third terms account for advection and external

perturbations, due to, for example, disk winds (Pelletier & Pudritz, 1992) and the gravitational

influence of companions (Goldreich & Tremaine, 1979) respectively. This di⌅usion equation (or

its steady-state cousin) is the basis for much of the study of accretion disk behavior. We now

proceed to discuss the proposed sources for the di⌅erent terms in the di⌅usion equation.

In general, we neglect large scale magnetic fields in this work. As a consequence we do not

discuss the role of magnetic braking on large sales, nor the possible role of disk winds. It is

possible that magnetic braking plays a significant role in angular momentum transfer within

cloud cores; however, numerical simulations in which the field remains well coupled to the fluid
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Why do we talk about “viscosity”?

• Viscosity will transport momentum orthogonal to a shear flow:









1.3. Disk Physics: Mechanisms for Angular Momentum Transport 7

at all times often have di⌅culty producing the flattened disks that we observe (Mellon & Li,

2008). If ambipolar di�usion e�ectively allows the collapsing gas to decouple from the field,

then neglecting magnetic braking in the disk may be a reasonable assumption. Moreover, if disk

winds are best described by the so-called X-wind model of (Shu et al., 1994), then they are not

likely responsible for removal of angular momentum on larger scales in the disks. Note that X-

winds have also been invoked to explain the super heated Calcium Aluminim Inclusions (CAIs)

found in meteorites. Protostellar outflows may also remove angular momentum; however, so

long as they are launched from the inner disk, there must be a secondary mechanism for removal

of angular momentum on large scales. For other mechanisms for global angular momentum

transport by magnetic fields see Shu et al. (2007a).

1.3.1 Turbulence and Disk Viscosity

The most prominent mechanisms for angular momentum transport in disks are those which act

as a local viscosity. In a di�erentially rotating flow, viscosity transports momentum orthogonal

to the background velocity. We follow Frank et al. (2002), and argue that the exchange of

gas parcels across a radius in a Keplerian flow will produce net outward angular momentum

transport.

In a plane shearing flow (no gravity), it is straight forward to show that shear viscosity acts to

try to smooth out velocity gradients. The exchange of particles (e.g. molecular viscosity) or fluid

parcels (e.g. turbulent eddies) along the velocity gradient results in positive correlations between

the streamwise and orthogonal velocities. Imagine the shear flow illustrated by Fig. 1.3.1 in

which fluid parcels are exchanged across some height z0 from above and below, conserving their

linear momentum in the x direction, and exchanging no net mass. Here d is the characteristic

length scale for exchange: in the case of molecular viscosity this would be comparable to the

mean free path, and in the case of turbulent viscosity, an eddy scale length. The total upward

momentum flux density in this interaction is:

�l ⇥ ⇥vz(vx(z0 � d/2)� (vx(z0 + d/2)). (1.6)

Since the second term in brackets is larger, �l is negative, implying that angular momentum

flows downward.

Thus shear viscosity will act to smooth out the velocity gradient, extracting linear momen-

tum from the high velocity material. If we simply apply this logic to a Keplerian disk, where

velocity increases inwards, we get the desired result: outward transport of angular momentum.

Of course in this case viscosity will not actually change the velocity gradient which is set by the

central object’s potential, instead it causes material to move inwards to balance the outward

transport of angular momentum.

Net angular momentum exchange:

viscosity works to remove shear



Anomalous viscosity: Keplerian flow

jKep = v ⇥ r / r1/2

angular momentum goes in?

Vkep(r0 � d/2) > Vkep(r0 + d/2)

✔

If we naively exchange z for r.....









Angular momentum goes out!

But what if we conserve angular momentum across the surface?

You’re confused. It’s ok. It’s just an 
analogy

“The Bad”

r



The viscous prescription seems convenient, but...

Re =
rv

cs�
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viscosity due to the grid, artificial viscosity required to ensure stability) can mimic these e⇤ects.

The outward transport of angular momentum is also the energetically favorable direction

for transport. Viscosity extracts energy from the di⇤erential rotation, and allows it to dissipate

as heat. This is consistent with our picture of an accretion disk in the sense that for matter to

be moved towards the central object, it must lose energy from its orbit.

Moving forward with the assumption that shear viscosity does transport angular momentum

outwards, what is its cause in observed accretion disks? The most familiar source on Earth,

molecular viscosity, can be ruled out due to the high Reynolds numbers in astrophysical disks.

The Reynolds number is the ratio of inertial forces to viscous forces in a flow. Assuming that

particles move at the sound speed, cs, and have a mean free path, ⇥, the e⇤ective Reynolds

number in a disk is

Re =
rvkep

cs⇥
. (1.7)

The mean free path for molecules in terms of the disk column density is:

⇥d ⇥ 1/(N⇧)cm =
csµ

�⇥⇧
, (1.8)

where ⇧ is the molecular cross-section, � is the disk column density, N is the particle number

density and µ is the mean particle mass. Substituting this in to equation (1.7), and plugging in

reasonable values for a protostellar disk gives:

Re ⇥ 5� 1014
⇥

M⇥
1M⇤

⇤ ⇥
T

400K

⇤�1 ⇥ �
5� 103g cm�2

⇤ ⇥
rd

1AU

⇤ ⇥
⇧

10�15cm2

⇤
. (1.9)

Clearly, molecular viscosity is unimportant in this context. However, the extremely high

Reynolds number (inadvertantly) leads us to the more likely candidate for e⇤ective disk vis-

cosity: turbulence. As we discuss below, this is inadvertant in the sense that we have no

evidence for hydrodynamically driven turbulence. Note that the magnetic Reynolds number

(inertial forces compared to magnetic di⇤usion) in disks may also be large, depending on the

local ionization fraction.

Shakura & Sunyaev (1973) made a simple Ansatz to parameterize disk viscosity generated

by turbulence. In their case they were concerned with turbulence caused by magnetic fields in

black hole accretion disks, but the expression can be defined independently. They posited that

the e⇤ective viscosity should be proportional to pressure. In this case they were concerned with

the magnetic pressure, however more generally we write:

⌅ = �
c2
s

⇥
= �csH. (1.10)

When we write the (vertically integrated) Reynolds stress tensor using � we see the pressure

scaling more explicitly:

Tr� =< �vRv� >= ��c2
s

����
d ln ⇥
d ln R

���� , (1.11)

molecular viscosity is irrelevant. But high Re means turbulence...

Recall that the Reynolds number is:

cs ! vturb, �! leddy

This is (sort of) the Shakura-Sunyaev effective viscosity

⌫ = ↵csH = ↵
c2
s

⌦

The Ugly

Tr� = h⌫i⌃r
d⌦
dr

⌘ ↵⌃c2
s

����
dln⌦
dlnR

����



The Ugly, continued:      viscosity

• The parameterization oversimplifies the physics, and is often abused:

• transport may not be constant 

• transport mechanisms don’t necessarily correlate with local pressure

• Numerical models “show” that it works well in many cases, but....

• numerical diffusivity acts like viscosity 

↵
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What really transports angular momentum

• Positive correlations between radial and 
azimuthal velocities and maxwell stress 
produce outward angular momentum 
transport: this is like a positive kinematic 
viscosity

• A priori, it’s not clear why any microscopic 
process should produce such correlations 
in a disk

• Note that positive velocity correlations 
extract energy from the disk shear

(angular momentum -> angular momentum flux)

Davis et al 2010

~v ⇥ ~r ! v�vr

Tr� = h⌃(vrv� � ur,Au�,Ai ⌘ h⌫i⌃r
d⌦
dr

uA =
~Bp
4⇡⇢

reynolds

maxwell

Balbus & Hawley 2003

“The good”



 Numerical Simulations: the good?

• Run numerical simulations of the relevant 
processes, and measure stresses, but...

Kratter et al 2010 Radial distancex

y

z



Sources of angular momentum transport

• Magneto-Rotational Instability

• Disk Self-Gravity

• Spiral arms

• Gravitoturbulence

• Disk Winds

• Convection ?

• Hydrodynamic turbulence ?



Magneto-Rotational Instabilty (MRI) 
• Disk threaded by a weak B-field

• Perturb a fluid element in R

• Magnetic tension accelerates fluid 
element, which increases angular 
momentum, and causes it to continue 
to move outward, which further 
stresses the field line...

• ideal MHD limit...

!

"
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'

d

dr
|v�| > 0

d

dr
|⌦r2| > 0

MRI stability Criterion

Rayleigh Criterion

vA/H < 3⌦! B <
p

36⇡⌦⌃cs

A weak field instability...



MRI Complications

• Non-ideal MHD effects are important

• Disk are cold and neutral: ionization due to cosmic rays

• dust properties (and chemistry) influence ionization

• layered accretion and dead zones 

• ohmic dissipation

• ambipolar diffusion

Gammie 1996

⇣ ⇡ 10�17s�1

Bai & Stone 2011

The Astrophysical Journal, 736:144 (18pp), 2011 August 1 Bai & Stone
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Figure 14. Scatter plot of the total turbulent stress α and the plasma β at the
saturated state of the MRI turbulence from all our simulations. Simulations
with different field geometries are marked by different symbols and colors as
indicated in the legend, where Bφ/Bz = 0 and Bφ/Bz = ∞ correspond to pure
net vertical and pure net toroidal flux simulations, respectively. Dashed line
shows the fitting curve 〈β〉 = 1/2α.
(A color version of this figure is available in the online journal.)
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Figure 15. Scatter plot of AD coefficient Am and the plasma β at the saturated
state of the MRI turbulence from all our simulations. Simulations with different
field geometries are marked by different symbols and colors as indicated in the
legend. The dashed curve shows the fitting formula (26) as a lower bound of
〈β〉 ! βmin(Am).
(A color version of this figure is available in the online journal.)

both net vertical and toroidal fluxes and the actual βmin may be
somewhat smaller than obtained here. Nevertheless, this regime
is closer to ideal MHD and is less concerning. By combining all
the available simulations, we obtain a fitting formula for βmin
given by

βmin(Am) =
[(

50

Am1.2

)2

+
(

8

Am0.3 + 1
)2]1/2

, (26)

and is indicated in Figure 15. It asymptotes to 1 at Am → ∞ as
one expects, and approaches 50/Am1.2 for Am ! 1.

The constraint on βmin at a given Am allows us to identify
the regions in the Am–〈β〉 plane at which MRI can or cannot
operate. In the mean time the correlation between α and 〈β〉
provides the corresponding stress when MRI is permitted.
Combining them together, the main results from this paper are
best summarized in Figure 16. MRI permitted regions are in
the upper right with the boundary given by Equation (26). It
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Figure 16. Diagnostics of the MRI in the AD regime. At a given Am, MRI is
permitted when 〈β〉 ! βmin(Am) (see Equation (26)), and in the MRI permitted
region, the stress α can be inferred given the field strength at the saturated state
characterized by 〈β〉.
(A color version of this figure is available in the online journal.)

provides useful diagnostics on the properties of the MRI in the
AD regime in a concise fashion.

First, at a given Am, the ultimate strength of the MRI
turbulence (e.g., α and 〈β〉) depends on the field geometry
(including the net flux), but there exists a maximum α (or
minimum 〈β〉) at the most favorable field geometry (usually
contains both net vertical and toroidal fluxes). One way to think
about it is to start with a weak regular field as we perform our
simulations. As the system evolves and as the MRI amplifies the
field, the corresponding position of the system in the diagram
moves downward and until it stops at some 〈β〉 " βmin.

Second, MRI can be self-sustained for any value of Am even
for Am % 1. Although we have explored the Am parameter
down to Am = 0.1, we believe that it can be extended further to
smaller Am because of the following reasons. Linear analysis
by Kunz & Balbus (2004) and Desch (2004) shows that in the
presence of both vertical and toroidal field, MRI can grow at an
appreciable rate (approximately 0.13 Ω−1 when Bφ/Bz = 4)
even in the limit of Am → 0+ provided that the field is
sufficiently weak. This means that MRI turbulence can always
be self-sustained. Meanwhile, we find that the linear dispersion
relation has already approached the small Am asymptote for
Am ! 0.3. Therefore, we expect the trend in Figure 15 on βmin
to hold to further smaller Am values.

Third, the boundary between the MRI permitted and pro-
hibited regions is only suggestive but it does not necessarily
imply sharp transitions. Our simulations are restricted by the
limited box height (H) since they are unstratified. In reality, as
one increases the field strength, the transition from sustained
MRI turbulence to its suppression involves the effect of vertical
stratification of gas density in the disks and may be a smooth
process. Before justified by stratified simulations, which is left
for our future work, this result should be taken with some cau-
tion. In particular, when vertical stratification is included, linear
analysis by Gammie & Balbus (1994) and Salmeron & Wardle
(2005) for ideal and non-ideal MHD has suggested the exis-
tence of global modes in the disk even in low β0 and a small
Elsasser number. On the other hand, in the case of Ohmic re-
sistivity, the criterion that the Ohmic Elsasser number equaling
one is the boundary between MRI permitted and suppressed
regions identified in unstratified simulations (Sano et al. 1998;
Fleming et al. 2000; Sano & Stone 2002b) does agree with
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Disk Self-Gravity 

• Global spiral arms

• Local “turbulence”
Q =

cs

⇡G⌃
⇠ 1

P Ω

Toomre 1964
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Substituting (1.183) into (1.182) gives a dispersion relation 

ω2 = v 2k2 − 4πGρ0. (1.184)s 

If ω2 > 0, the perturbations propagate like sound waves through the fluid, i.e. the perturbations 
are stable. If ω2 < 0, we get a real, positive exponent in the equation (1.183), giving unstable 
exponential growth. Setting ω2 = 0 gives the critical wavenumber, or equivalently the critical length 
scale (λ = 2π/k), for which initial density perturbations will grow exponentially. This wavelength is 
called the Jeans length and is given by 

πv2 
sλ2 

J = . (1.185)
Gρ0 

The amount of matter within such a critical volume is easily calculated assuming a spherical density 
perturbation of radius λJ and average density ρ0. This Jeans mass is typical of the structure we can 
expect to be formed due to unstable gravitational collapse: 

4π 
MJ = ρ0λ

3 
J . (1.186)

3 

Our derivation thus far has been for collisional fluids. How are these results used to understand 
collisionless stellar systems? The speed of sound v2 must be replaced by the velocity dispersion σ2 .s 
This gives a dispersion relation that is slightly different from equation (1.184) but the Jeans mass 
remains unchanged. 

For an isolated spherical system of point masses, the crossing time r/σ is approximately the same 
as the free-fall collapse time, t ∼ 1/

√
Gρ. Nothing smaller than the whole system can be unstable to 

gravitational collapse. 

Going back to the linear analysis, we can use the same methods with modifications appropriate 
to other geometries. Cylindrical coordinates would seem a good choice for fluid disks. We assume 
perturbations of the form eimφ for integer values of m. The simplest case is that of m = 0, which 
gives the dispersion relation 

ω2 = v 2k2 − 2πGΣ k + κ2 , (1.187)s | | 

where Σ is the integrated surface density of the disk and κ is the same epicyclic frequency introduced 
in section (1.7). A dimensionless factor, Toomre’s Q, defined by 

vsκ 
(1.188)Q ≡ 

πGΣ 

allows the dispersion relation to be written as 
)2( 

πGΣ 
ω2 = Q2k2 − 2πGΣ k + κ2 . (1.189)

κ 
| | 

In this form the stability of the system depends solely on Q: 

Q = 1 gives perfect square, ω2 ≥ 0 
Q > 1 stable for all k 
Q < 1 unstable for some k (1.190) 

� = 2⇡
c2
s

⇡G⌃



Spiral Arm Torques

• Trailing spiral waves induce 
positive correlations 
between      and

• Can also induce velocity 
correlations

• Magnitude of transport can 
be derived from conserving 
wave action as waves cross 
co-rotation !"

!#

!
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For a tightly wound spiral we expect that k = 1/(⇥H), where ⇥ is a small numerical coe⌃cient.

In a Keplerian disk, the above equation becomes:

�GI ⌅
2
3
m

H

R

⇥
⇥

Q2
� 1

Q

⇤
|�|2. (1.18)

In line with expectations, the angular momentum transport increases with decreasing Q,

and increasing mode amplitude (overdensity). The dependence on m is less obvious. Numerical

simulations (Laughlin & Korchagin, 1996a) show that low order spiral modes dominate trans-

port, likely due to their higher amplitudes and growth rates at larger Q. At Q = 1 and ⇥ = 1

this formalism becomes invalid because the stress tensor changes sign (excursions below unity

are valid for smaller Q). In other words, this prescription is only valid for a relatively small

range of k values. The WKB analysis implies that k ⌃ 1/R, so that this expression is valid for

1/R ⇧ k < 1/H. Only in very thin disks, H ⇧ R, can this inequality be satisfied, when the

wavelength can be a few scaleheights, but remain much smaller than the disk radius. It is in

this limit where a local, turbulent description of GI may also be valid.

Note that for values of ⇥ >⇤ 1, and order unity overdensities in marginally thick disks, the

e⌅ective � can approach 1, �GI ⌥ 2mH/3R. We shall see that arguments tied to the dissipation

of GI waves or turbulence also lead us to expect an upper limit near unity.

Turbulence driven by GI

There are special cases where self-gravitating disks will act like local � disks. Near corotation,

if waves cannot propagate, energy and angular momentum may be deposited locally. Self-

gravitating disks whose fastest growing unstable wavelengths are very small compared to the

radial extent of the disk (large ⇥ ⇥ 1/(kH)) are also amenable to a local � treatment.

The importance of the latter case, where gravitational instability successfully generates

small scale, �-like turbulence was first demonstrated by the numerical simulations of Gammie

(2001), who showed that a gaseous self-gravitating disk could enter into a self-regulated state

of turbulence if two conditions were satisfied.

A razor thin, Q ⇤ 1 disk satisfies the large wavenumber (small wavelength) requirement. In

order for the disk to enter a self-regulated state of local “gravito-turbulence,” local dissipation

of the turbulence must be balanced by heating. This second, so-called cooling constraint is:

tcool = U

����
dU

dt

����
�1

⇤ ⇤�1 � ⇥c2
s

⇤T 4
e�

. (1.19)

where ⇤ is the Stefan-Boltzman constant, and U is the internal energy of the disk. If the heating

due to turbulent dissipation is too weak, then the disk collapses on scales comparable to the

scaleheight as discussed above. If the heating is so strong that it raises the disk temperature,

and thus cs, the disk will restabilize at a value of Q > 1. However, if heating by dissipation just

Tr� =
Z

dz
g�gr

4⇡G

g� gr

Lynden-Bell & Kalnajs 1972

~g = r 

acts like a maxwell stress

Force density

⇢r =
r2 r 

4⇡G
= �r · T



Gravito-turbulence
• In thin disks, GI can drive small scale turbulence (m increases, lengthscale decreases)

• If the disk is “viscously” heated, we can calculate the steady-state turbulent transport rate by 
assuming a balance between heating and cooling

1.3. Disk Physics: Mechanisms for Angular Momentum Transport 17

balances cooling, the disk can self-regulate to remain unstable and turbulent, but not fragment

into bound objects. In this case, the e⇥ective transport due to disk self-gravity can be translated

directly into an � as:

� =
1

⇥(⇥ � 1)
4

9�tcool
(1.20)

where ⇥ is the adiabatic index of the gas. Note that this prescription allows us to determine

a maximum � beyond which fragmentation occurs, although its value may depend on ⇥ and

the disks energy source (Rice et al., 2005). For a discussion of maximum accretion rates due to

disk self gravity in the AGN context, see Shlosman & Begelman (1987).

In chapters 4 and 6 we discuss this process in more detail, review recent literature in the area,

and show how this constraint might be altered in di⇥erent environments. In particular we shall

see that for realistic disk densities, temperatures and opacities, heating by dissipation can not

always just balance cooling, implying that not all disk locations can become gravitoturbulent.

1.3.3 Transport by an External Perturber

The foundational work on angular momentum transport by external perturbers was conducted

by Goldreich & Tremaine (1979). Waves due to external perturbers are launched at the outer

Lindblad resonance. If they remain linear, and propogate inward, then they carry with them

angular momentum. As they propagate inward, the ratio of the wave pattern speed to the disk

orbital frequency decreases. Once waves cross the corotation radius they are then rotating more

slowly than the background disk and hence carry negative angular momentum. If the waves

eventually dissipate, giving up angular momentum to the local region, the disk loses angular

momentum, and the perturber gains it (Goldreich & Tremaine, 1979). Though it is beyond the

scope of this discussion, this theory laid the ground work for the theory of planet migration.

For transport to occur, the waves must propagate as weak shocks so that dissipation occurs

gradually, rather than on the lengthscale on which it is launched (Savonije et al., 1994). If one

requires that the wave amplitudes are marginally non-linear, the e⇥ective � scales inversely with

the local Mach number of the Keplerian flow (Papaloizou & Lin, 1995). Thus this dissipation

mechanism should be most e⇥ective in thick disks, where the flow is least supersonic.

For the remainder of the thesis we will mostly ignore the role of external perturbers because

we are primarily concerned with the disk processes that lead to the formation of the companion,

rather than the evolution thereafter. While perturbations due to a stellar encounter, for ex-

ample, can drive accretion, they ultimately stabilize marginally gravitationally unstable disks,

rather than drive fragmentation (Forgan & Rice, 2010).

In chapters 5 and 6 we discuss some of the e⇥ects of companions on disks. In the former we

discuss how these e⇥ects may control the final orbital distribution of disk born binaries, and in
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luminosity with mass implies that stellar irradiation is far more intense; this tends to stabilize

disks against fragmentation. However, massive stars must accrete quickly to form at all (e.g.,

Wolfire & Cassinelli, 1987), and rapid accretion favors fragmentation. These e⇤ects compete to

set the critical radius outside of which disks fragment. Whether fragmentation actually occurs

depends on the initial disk radius, which itself depends on the physical state of the gas prior

to accretion. We discuss disk fragmentation in §3.2, considering the stabilizing e⇤ect of viscous

heating (§3.2.2) before incorporating irradiation by the central star (§3.2.3). This combination

allows us to identify (§3.2.4) the disk radius at which fragmentation sets in. The McKee &

Tan (2003) core collapse model is examined in more detail in §3.3: we compute angular mo-

mentum scales in §4.3.4 using formulae derived in the Appendix. In §3.4 we calculate expected

fragmentation radii for a range of masses in the core collapse model.

Turning to the consequences of fragmentation, we examine in §3.5 the likely properties of

stars born within fragments and the possibility that fragmentation limits accretion. In §3.5.2

we compare our results with observed regions of HMSF.

3.2 Disk Fragmentation

3.2.1 Criterion for Fragmentation

We shall concentrate on fragmentation due to local gravitational instabilities, which set in when

Toomre’s parameter

Q =
cad⇥
⇥G�

(3.1)

descends toward unity. Here � is the disk’s surface density, ⇥ its orbital frequency, and cad is its

adiabatic sound speed. (We shall frequently refer to the isothermal sound speed cs = ��1/2cad

where � is the ratio of specific heats.)

Observational inferences of massive circumstellar tori (Cesaroni, 2005) indicate that they

may be subject to global instabilities as well. We discuss this possibility briefly in §3.4.4;

however the local instabilities tend to occur first, and their relation to fragmentation is better

understood.

Several authors have identified the fragmentation boundary in terms of a cooling time.

Following Gammie (2001) and ML05, we convert this criterion to a critical mass accretion rate

at a given midplane temperature. The cooling time ⇤c is the ratio of the internal energy per

area, U = c2
ad�/[�(� � 1)], to the dissipation rate per unit area – which, in steady accretion, is

2Fv =
3Ṁ⇥2

4⇥
(3.2)
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where Fv is the flux through each disk face. Eliminating �, the maximum accretion rate is

Ṁmax =
4⇥1/2

3(⇥ � 1)
c3
s

Q⇥⌅cG
. (3.3)

For later convenience we write this in terms of the isothermal sound speed cs = ⇥�1/2cad.

Extrapolating from Gammie (2001)’s two-dimensional simulations for a sti⇤ equation of state,

ML05 estimate Ṁmax = 0.89c3
s/G for the case of a three-dimensional, ⇥ = 5/3 disk. Using

smoothed-particle hydrodynamics, Rice et al. (2005) have simulated just such a disk, finding

⇥⌅c to lie between 6 and 7 when it fragments. Assuming also Q = 1, this implies Ṁmax = (0.37

to 0.43)c3
s/G. For a fixed Ṁ , the critical temperature is then significantly (1.6 times) higher

than ML05 estimated.

At face value this weakens the conclusion, reached by ML05, that fragmentation is unattain-

able in low-mass protostellar disks. However, more recent simulations show that disks remain

stable at shorter ⌅c depending on how abruptly cooling is implemented (E. Harper-Clark 2006,

private communication). Due to uncertainties in the aforementioned cooling factor, and in light

of the stringent resolution requirements for collapse outlined by Nelson (2006), we consider the

value of ⇥⌅c obtained by Rice et al. (2005) to be uncertain by up to a factor of two. We shall

therefore be conservative, by adopting the stricter ML05 criterion that fragmentation occurs

when

cs < cs,crit = 1.04(GṀ⇤d)1/3. (3.4)

Since the mass accretion rate is comparable to ⇧ce�(core)3/G in the core collapse scenario, where

ce�(core)2 is the ratio of pressure to density in the core, equation (3.4) implies, qualitatively,

that a disk fragments if its sound speeds falls below the e⇤ective sound speed of its parent core

(see equation [3.23] below). This point was made for thermally supported cores by ML05, and

equation (3.4) simply extends the rule to turbulent cores.

Equation (3.4) is conservative in the sense that fragmentation may also occur at somewhat

higher values of cs. It is even more conservative given that ⇥ declines from 5/3 at the higher

temperatures relevant to massive star formation. We shall make several other conservative esti-

mates in order to show that disk instability is all but inevitable during massive star formation.

When assessing disk stability in a given scenario, we first calculate the midplane temperature

profile cs(r) of the disk given its central mass M⇤, central luminosity L⇤, and accretion rate

Ṁ⇤d. For this we adopt the Shakura & Sunyaev � parametrization of viscosity, in which the

steady mass accretion rate is

Ṁvisc =
3⇤��c2

s

⇥
. (3.5)

For the choice of critical temperature made in equation (3.4) this corresponds to � = 0.30Q at

the onset of fragmentation. We keep � fixed at 0.30 throughout our analysis, as this correctly

reproduces the fragmentation boundary, although this is an overestimate for stable disks.
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Subscript Meaning

cl .... Clump

c..... Core

⌃..... Star

d..... Disk

⌃d.... Star-disk system

f .... Final value

crit... Critical value for fragmentation

irr... Stellar irradiation

v..... Viscous flux

Table 3.1: Definitions of subscripts.

Having identified the fragmentation radius as the location where the disk sound speed falls

to the critical value in equation (3.4), we then compare this to the characteristic disk radius

Rd =
j2

GM⇥
(3.6)

for accreting gas with specific angular momentum j.

We set the viscous accretion rate equal to the accretion rate from the envelope, and let

Q = 1. We then check whether the disk can remain in this steady state with two models for

heat generation. In §3.2.2 we ignore the luminosity from the protostar and find a minimum

value for Td(r) using only the viscous generation of heat. Next, in §3.2.3, we include the flux

from the protostar received at the disk surface, and again solve for the midplane temperature

as a function of radius.

3.2.2 Viscous Heating

In a thermal steady state, the flux of viscous energy radiated by each face of the disk is given

by equation (3.2). All of the disks considered in this chapter are optically thick to their own

thermal radiation; therefore, the flux can also be derived from radiation transfer across an

optical depth ��/2 from the disk midplane to its surface:

Fr =
8

3⇤R
⇥T 4

d , (3.7)

where ⇤R = �R�d/2 is the optical depth corresponding to the Rosseland mean opacity �R(Td).

The factor 8/3 in equation (3.7) is derived by assuming that the dissipation rate per unit mass is

a constant (Chick & Cassen, 1997). We obtain temperature dependent opacities from Semenov

et al. (2003). These opacities are very insensitive to density; we adopt values for 10�12.5 g cm�3,

an appropriate value for a disk with Q = 1 and a period of a few centuries.
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HR 8799 has been called a “scaled-up solar system” in terms of the stellar flux incident

on its giant planets (Marois et al., 2008; Lafrenière et al., 2009). However for understanding

the formation of this system it is more useful to consider dynamical times, and disk mass

requirements. Because the dynamical time at fixed radius scales only as M1/2
⇥ , the dynamical

times are larger at the locations of the HR 8799 planets that at the solar system giants. Since

the total mass in planets greatly exceeds the ⇤ 1.5 MJup in the solar system, we can infer that

(as with some other extrasolar systems) the primordial disk around HR 8799 was more massive

than the solar nebula and/or there was greater e⇧ciency of planet formation, especially in the

retention of gas. Compared to solar system giants, longer dynamical times make core accretion

more di⇧cult and larger disk masses make GI more plausible.

6.3 Ideal Conditions for GI-driven Fragment Formation

We first determine where, and under what local disk conditions, fragmentation by GI is possible.

Following Gammie (2001), Matzner & Levin (2005) and Rafikov (2005), we argue that for a disk

with surface density � and temperature T to fragment, it must satisfy two criteria. First, it

must have enough self-gravity to counteract the stabilizing forces of gas pressure and rotational

shear, as quantified by Toomre’s Q:

Q ⇥ cs⇥
⇧G�

< Qo ⇤ 1 (6.1)

(Safronov, 1960; Toomre, 1964), where cs =
�

kT/µ is the isothermal sound speed of the gas

with mean particle weight µ = 2.3mH appropriate for a molecular gas, G is the gravitational

constant, k is the Boltzmann constant, and ⇥ is the orbital frequency. Equation (6.1) specifies

the onset of axisymmetric instabilities in linear theory that can give rise to bound clumps

(Goldreich & Lynden-Bell, 1965). In a realistic disk model, clumps likely form within spiral

arms formed via non-axisymmetric, non-linear instabilities, although the critical value of Q at

which fragmentation occurs should remain similar.

The second criterion that must be satisfied for fragmentation to proceed is the so-called

cooling time criterion. The heat generated by the release of gravitational binding energy during

the contraction of the fragment must be radiated away on the orbital timescale so that increased

gas pressure does not stall further collapse (Gammie, 2001). This implies

tcool =
3��c2

s

32(� � 1)
f(⌥)
⌃T 4

<⇤ ⇥⇥�1. (6.2)

Here ⇥ is a constant of order unity, � is the adiabatic index of the gas, and ⌃ is the Stefan-

Boltzmann constant. We take f(⌥) = 1/⌥ + ⌥ (Rafikov, 2005) for disk vertical optical depth

⌥ = ⇤�/2 and gas opacity ⇤. Numerical models of collapse in barotropic disks measure the

Viscous Dissipation Radiative Cooling Accretion rate in steady state

Cooling Timescale

Steady-State GI 

Gammie 2001



Relevance of GI vs MRI

• Self-gravity likely 
dominates angular 
momentum transport for 
the first 1e4 -1e5 yrs

•  more important for 
more massive stars

• MRI dominates for most 
disks in this diagram, 
and likely most disks 
that we observe

Kratter et al 2008
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Disk Winds

• Magnetic fields that thread the 
disk can also launch material, 
and transport angular 
momentum

• Requires special field geometry 

• Requires large scale, well 
coupled field

• dragged in? what about 
ambipolar diffusion?

1.1. Governing Equations

We wish to calculate the effects of a systematically oriented,
poloidal, mean magnetic field gathered from the interstellar me-
dium that threads vertically through a circumstellar disk that sur-
rounds a newly born star. This field is pinched radially inward by
viscous accretion through the thin disk driven by theMRI (Fig. 1).
To transform the usual 2.5D equations of nonideal MHD (with
steep vertical stratification in z combined with full radial depen-
dences in $ and axisymmetric motions in the tangential direc-
tion ’) to 1.5D (integration over z) requires that we explicitly
treat the vacuum fields above and below the disk all the way out
to infinity, which is a crucial missing ingredient in all numerical
simulations of the MRI to date when global fields are present.
Fortunately, this transformation can be implemented using the
Green’s function technique used by van Ballegooijen (1989) and
LPP94 (see also Shu&Li [1997] and Shu et al. [2004], whowere
unaware of the earlier related work on accretion disks until the
preparation of the present paper). In 1.5D, the formulation in terms
of integrodifferential equations is then standard.

Terquem (2003; see also Fromang et al. 2005) made the in-
teresting suggestion that toroidal magnetic fields in YSO disks
might be strong enough to stop the so-called type I migration of
planets and planetary embryos with Earth-like masses. The or-
igin of such mean toroidal fields is unclear since they require un-
closed z-currents and are subject to buoyant vertical loss through
the Parker (1966) instability, but similar effects could arise for
accretion-pinned poloidal distributions. The toroidal fields that
arise in this paper from the stretching of radial fields by differen-
tial rotation vanish in the mean when we integrate over z. We
shall treat their fluctuating effects on the turbulent transport of
angular momentum andmatter across field lines as diffusive terms
in the nonideal equations of MHD with ‘‘anomalous’’ values for
the coefficients of kinematic viscosity ! and electrical resistivity "
(see xx 2.1 and 4.1).

In such a mean field MHD treatment, the evolution of gas and
magnetic field occurs in a thin, axisymmetric, viscously accret-
ing disk surrounding a young star that we represent as a station-
ary and gravitating point of massM! at the origin of a cylindrical
coordinate system ($; ’; z). We denote the disk’s surface den-
sity by !, the radial velocity of accretion in the plane by u, the
angular velocity of rotation about the z-axis by", the component

of the magnetic field threading vertically through the disk by Bz,
and the radial component of the magnetic field just above the
disk that responds to the radial accretion flow by Bþ

$. This self-
gravitating, magnetized system satisfies the time-dependent equa-
tion of continuity,
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$

@

@$
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the equation of radial-force balance,
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þ
$

2#!
& 1

$ 2
GM! þ 2#

Z 1

0

K0
r

$

! "
G!(r; t)r dr

# $
;

ð2Þ

the torque equation, including phenomenologically the effect of
turbulent viscous stresses (/!),
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and the induction equation for the vertical component of the mag-
netic field, including the effect of finite resistivity ",
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where, according to Shu & Li (1997),

Bþ
$ ¼

Z 1

0

K0
r

$

! "
Bz(r; t)

r dr

$ 2
: ð5Þ

In the vertical averaging over the thickness of the disk to ar-
rive at equation (4), we have effectively replaced " local@B$/@z
by its mean value above the midplane of the disk, "Bþ

$ /z0, an
operation that defines what we mean by average ". We shall
later consider what we mean by the effective half-height of the
disk, z0 (see Appendix C), but for the time being we are content
with the intuitive concept. Although it might be mathematically
more elegant to absorb the combination "/z0 into a single variable
denoted, say, by a symbol R, we retain the more cumbersome
notation to keep better contact with the conventionalmicrophysics
of electrical resistivity. In any case, we assume that z0 is much
smaller than the local disk radius $.
In equation (2), the first term on the right-hand side represents

the mass per unit area, !, divided into the radial component of
Lorentz force per unit area due tomagnetic tension, J’Bz/c, where
J’ is the current density integrated over the thickness of the disk
and equals cBþ

$ /2# by Ampere’s law. The second and third terms
on the right-hand side represent the contributions to the force per
unit mass associated with the stellar gravity of point massM! and
the self-gravity of the gas of surface density! in the disk. To low-
est order in the aspect ratio, z0/$T1, we have neglected the
pressure forces of thematter and the magnetic field (see Shu&Li
1997). The important astrophysical point is that the centripetal
acceleration on the left-hand side of equation (2) is not given a
priori but arises in response to the forces of (1) magnetic tension,
(2) stellar gravity, (3) self-gravity of the disk gas, and (4) gas and
magnetic pressure forces. We have ignored (4) explicitly, and we
shall presently ignore (3) also. The rationale is that (3) and (4) are
generally small in comparison with the stellar gravity term. Their
inclusion would only yield small corrections at the expense of
rendering the resulting problem intractable except by numerical
attack. In contrast, themagnetic tension force is always present at

Fig. 1.—Schematic diagram of accretion flow in a disk threaded by magnetic
flux accumulated by the process of star formation.
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disk winds are not the same as 
magnetized jets: different scales
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Numerical Methods for Disk Studies

1D Viscous Models

2D Shearing Sheets

3D Shearing Boxes

3D Global Models



1D- Viscous Models

• Solve coupled diffusion and energy 
equations using some prescription 
for an effective viscosity

• Pros: fast, wide parameter study 
possible

• Cons: no real dynamics, mocked 
up transport

Zhu et al 2009



2D Shearing sheet approximation

• Simulate local 2D patch of the 
disk with approximate central 
potential and Coriolis force

• No curvature

• Shear-periodic boundary 
conditions: material leaves the 
box and re-enters, shifted

x

x = r � r0

y = r0(�� �(r0)t)

y

gx = �GM�
r2
0

(1� 2x/r0)

Goldreich & Tremaine 1978
Gammie 2001
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3D Shearing box

• Add z

• Unlike the shearing sheet, in 3D 
we begin to worry about the 
relative height to width of the box

• Computational expense becomes 
and issue

• “real” physics is easier to 
incorporate (MHD, self-gravity)

Davis et al 2010
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Local simulations: examine small 
co-rotating disk patch

• Assume Cartesian geometry
• Add appropriate source terms
• Solve equations of MHD
• Shearing periodic boundaries
• Valid if H/R << 1
• Assume gas is isothermalx

y

z

Courtesy of J. Simon



Full Global Disk

• “Brute force” technique: capture the whole disk, but resolution becomes difficult

• Possible to consider non-steady state configurations: isolated versus fed disks

Rice & Lodato 2005; Kratter et al 2010



Conclusions

• Viscous disk are convenient, but only an analogy. “alpha” viscosity is even more 
restrictive

• Current observations and theory suggest that in reality, the MRI and GI are likely 
responsible for angular momentum transport. Disk winds are also possible, but harder 
to model / measure

• Since all of these processes involve non-linear phenomena, large-scale numerical 
simulations + observations are our best hope

• Only talked about gas: particles matter, too


