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When expressed in units of the critical density required for a flat cos-
mic geometry, the mean density of dark matter is usually denoted by 
Ωdm. Although a variety of dynamical tests have been used to constrain 
Ωdm, in general such tests give ambiguous results because velocities are 
induced by the unseen dark matter and the relation of its distribution 
to that of the visible tracers of structure is uncertain. The notion of a 
substantial bias in the galaxy distribution relative to that of dark matter 
was introduced in the 1980s to account for the fact that different samples 
of galaxies or clusters are not directly tracing the underlying matter 
distribution15–17. Defined simply as the ratio of the clustering strengths, 
the ‘bias function’ was also invoked to reconcile low dynamical estimates 
for the mass-to-light ratio of clusters with the high global value required 
in the theoretically preferred flat, Ωdm = 1 universe. But because massive 
clusters must contain approximately the universal mix of dark matter 
and baryons (ordinary matter), this uncertainty is neatly bypassed by 
comparing the measured baryon fraction in clusters with the universal 
fraction under the assumption that the mean baryon density, Ωb, is the 
value inferred from Big Bang nucleosynthesis18. Applied to the Coma 
cluster, this simple argument gave Ωdm ≤ 0.3 where the inequality arises 
because some or all of the dark matter could be baryonic18. This was 
the first determination of Ωdm < 1 that could not be explained away by 
invoking bias. Subsequent measurements have confirmed the result19 
which also agrees with recent independent estimates based, for example, 
on the relatively slow evolution of the abundance of galaxy clusters20,21 or 
on the detailed structure of fluctuations in the microwave background 
radiation22.

The mean baryon density implied by matching Big Bang nucle-
osynthesis to the observed abundances of the light elements is 
only Ωbh2 ≈ 0.02, where h denotes the Hubble constant in units of 
100 km s–1 Mpc–1. Dynamical estimates, although subject to bias uncer-
tainties, have long suggested that Ωm = Ωdm + Ωb ≈ 0.3, implying that the 
dark matter cannot be baryonic. Plausibly it is made up of the hypotheti-
cal elementary particles postulated in the 1980s, for example axions or 
the lowest mass supersymmetric partner of the known particles. Such 

low estimates of the mean matter density Ωm are incompatible with the 
flat geometry predicted by inflation unless the Universe contains an 
additional unclustered and dominant contribution to its energy density, 
for example a cosmological constant Λ such that Ωm + ΩΛ ≈ 1. Two large-
scale structure surveys carried out in the late 1980s, the APM (automated 
photographic measuring) photographic survey23 and the QDOT redshift 
survey of infrared galaxies24, showed that the power spectrum of the 
galaxy distribution, if it traces that of the mass on large scales, can be 
fitted by a simple CDM model only if the matter density is low, Ωm ≈ 0.3. 
This independent confirmation of the dynamical arguments led many 
to adopt the now standard model of cosmology, ΛCDM.

It was therefore with a mixture of amazement and déjà vu that cos-
mologists greeted the discovery in 1998 of an accelerated cosmic expan-
sion25,26. Two independent teams used distant type Ia supernovae to 
perform a classical observational test. These ‘standard candles’ can be 
observed out to redshifts beyond 1. Those at z ≥ 0.5 are fainter than 
expected, apparently indicating that the cosmic expansion is currently 
speeding up. Within the standard Friedmann cosmology, there is only 
one agent that can produce an accelerating expansion: the cosmological 
constant first introduced by Einstein, or its possibly time- or space-
dependent generalization, ‘dark energy’. The supernova evidence is 
consistent with ΩΛ ≈ 0.7, just the value required for the flat universe 
predicted by inflation.

The other key prediction of inflation, a density fluctuation field con-
sistent with amplified quantum noise, received empirical support from 
the discovery by the COsmic Background Explorer (COBE) satellite in 
1992 of small fluctuations in the temperature of the cosmic microwave 
background (CMB) radiation27. These reflect primordial density fluc-
tuations, modified by damping processes in the early Universe which 
depend on the matter and radiation content of the Universe. More recent 
measurements of the CMB28–32 culminating with those by the WMAP 
(Wilkinson Microwave Anisotropy Probe) satellite22 have provided a 
striking confirmation of the inflationary CDM model: the measured 
temperature fluctuation spectrum is nearly scale-invariant on large 

Figure 1 | The galaxy distribution obtained from 
spectroscopic redshift surveys and from mock 
catalogues constructed from cosmological 
simulations. The small slice at the top shows the 
CfA2 ‘Great Wall’3, with the Coma cluster at the 
centre. Drawn to the same scale is a small section 
of the SDSS, in which an even larger ‘Sloan 
Great Wall’ has been identified100. This is one of 
the largest observed structures in the Universe, 
containing over 10,000 galaxies and stretching 
over more than 1.37 billion light years. The cone 
on the left shows one-half of the 2dFGRS, which 
determined distances to more than 220,000 
galaxies in the southern sky out to a depth of 
2 billion light years. The SDSS has a similar 
depth but a larger solid angle and currently 
includes over 650,000 observed redshifts in the 
northern sky. At the bottom and on the right, 
mock galaxy surveys constructed using semi-
analytic techniques to simulate the formation 
and evolution of galaxies within the evolving 
dark matter distribution of the ‘Millennium’ 
simulation5 are shown, selected with matching 
survey geometries and magnitude limits.
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Figure 7. WMAP seven-year temperature power spectrum (Larson et al. 2011),
along with the temperature power spectra from the ACBAR (Reichardt et al.
2009) and QUaD (Brown et al. 2009) experiments. We show the ACBAR and
QUaD data only at l ! 690, where the errors in the WMAP power spectrum are
dominated by noise. We do not use the power spectrum at l > 2000 because of a
potential contribution from the SZ effect and point sources. The solid line shows
the best-fitting six-parameter flat ΛCDM model to the WMAP data alone (see
the third column of Table 1 for the maximum likelihood parameters).

the magnitude–redshift relation of 240 low-z Type Ia su-
pernovae at z < 0.1. The absolute magnitudes of super-
novae are calibrated using new observations from Hub-
ble Space Telescope (HST) of 240 Cepheid variables in
six local Type Ia supernovae host galaxies and the maser
galaxy NGC 4258. The systematic error is minimized by
calibrating supernova luminosities directly using the geo-
metric maser distance measurements. This is a significant
improvement over the prior that we adopted for the five-
year analysis, H0 = 72 ± 8 km s−1 Mpc−1, which is from
the Hubble Key Project final results (Freedman et al. 2001).

2. Gaussian priors on the distance ratios, rs/DV (z = 0.2) =
0.1905±0.0061 and rs/DV (z = 0.35) = 0.1097±0.0036,
measured from the Two-Degree Field Galaxy Redshift
Survey (2dFGRS) and the Sloan Digital Sky Survey Data
Release 7 (SDSS DR7; Percival et al. 2010). The inverse
covariance matrix is given by Equation (5) of Percival
et al. (2010). These priors are improvements from those
we adopted for the five-year analysis, rs/DV (z = 0.2) =
0.1980 ± 0.0058 and rs/DV (z = 0.35) = 0.1094 ± 0.0033
(Percival et al. 2007).
The above measurements can be translated into a measure-
ment of rs/DV (z) at a single, “pivot” redshift: rs/DV (z =
0.275) = 0.1390±0.0037 (Percival et al. 2010). Kazin et al.
(2010) used the two-point correlation function of SDSS-
DR7 LRGs to measure rs/DV (z) at z = 0.278. They found
rs/DV (z = 0.278) = 0.1394 ± 0.0049, which is an ex-
cellent agreement with the above measurement by Percival
et al. (2010) at a similar redshift. The excellent agreement
between these two independent studies, which are based on
very different methods, indicates that the systematic error
in the derived values of rs/DV (z) may be much smaller
than the statistical error.
Here, rs is the comoving sound horizon size at the baryon
drag epoch zd ,

rs(zd ) = c√
3

∫ 1/(1+zd )

0

da

a2H (a)
√

1 + (3Ωb/4Ωγ )a
. (15)

For zd , we use the fitting formula proposed by Eisenstein
& Hu (1998). The effective distance measure, DV (z)

(Eisenstein et al. 2005), is given by

DV (z) ≡
[

(1 + z)2D2
A(z)

cz

H (z)

]1/3

, (16)

where DA(z) is the proper (not comoving) angular diameter
distance:

DA(z) = c

H0

fk

[
H0

√
|Ωk|

∫ z

0
dz′

H (z′)

]

(1 + z)
√

|Ωk|
, (17)

where fk[x] = sin x, x, and sinh x for Ωk < 0 (k = 1;
positively curved), Ωk = 0 (k = 0; flat), and Ωk > 0
(k = −1; negatively curved), respectively. The Hubble
expansion rate, which has contributions from baryons,
cold dark matter, photons, massless and massive neutrinos,
curvature, and dark energy, is given by Equation (27) in
Section 3.3.

The cosmological parameters determined by combining the
WMAP data, baryon acoustic oscillation (BAO), and H0 will
be called “WMAP+BAO+H0,” and they constitute our best esti-
mates of the cosmological parameters, unless noted otherwise.

Note that, when redshift is much less than unity, the effective
distance approaches DV (z) → cz/H0. Therefore, the effect of
different cosmological models on DV (z) does not appear until
one goes to higher redshifts. If redshift is very low, DV (z) is
simply measuring the Hubble constant.

3.2.3. Power Spectrum of Luminous Red Galaxies

A combination of the WMAP data and the power spec-
trum of LRGs measured from the SDSS DR7 is a powerful
probe of the total mass of neutrinos,

∑
mν , and the effective

number of neutrino species, Neff (Reid et al. 2010b, 2010a). We
thus combine the LRG power spectrum (Reid et al. 2010b) with
the WMAP seven-year data and the Hubble constant (Riess et al.
2009) to update the constraints on

∑
mν and Neff reported in

Reid et al. (2010b). Note that BAO and the LRG power spectrum
cannot be treated as independent data sets because a part of the
measurement of BAO used LRGs as well.

3.2.4. Luminosity Distances

The luminosity distances out to high-z Type Ia supernovae
have been the most powerful data for first discovering the
existence of dark energy (Riess et al. 1998; Perlmutter et al.
1999) and then constraining the properties of dark energy, such
as the equation of state parameter, w (see Frieman et al. 2008,
for a recent review). With more than 400 Type Ia supernovae
discovered, the constraints on the properties of dark energy
inferred from Type Ia supernovae are now limited by systematic
errors rather than by statistical errors.

There is an indication that the constraints on dark energy
parameters are different when different methods are used to fit
the light curves of Type Ia supernovae (Hicken et al. 2009a;
Kessler et al. 2009). We also found that the parameters of the
minimal six-parameter ΛCDM model derived from two com-
pilations of Kessler et al. (2009) are different: one compilation
uses the light curve fitter called SALT-II (Guy et al. 2007) while
the other uses the light curve fitter called MLCS2K2 (Jha et al.
2007). For example, ΩΛ derived from WMAP+BAO+SALT-II
and WMAP+BAO+MLCS2K2 are different by nearly 2σ , de-
spite being derived from the same data sets (but processed with
two different light curve fitters). If we allow the dark energy
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When expressed in units of the critical density required for a flat cos-
mic geometry, the mean density of dark matter is usually denoted by 
Ωdm. Although a variety of dynamical tests have been used to constrain 
Ωdm, in general such tests give ambiguous results because velocities are 
induced by the unseen dark matter and the relation of its distribution 
to that of the visible tracers of structure is uncertain. The notion of a 
substantial bias in the galaxy distribution relative to that of dark matter 
was introduced in the 1980s to account for the fact that different samples 
of galaxies or clusters are not directly tracing the underlying matter 
distribution15–17. Defined simply as the ratio of the clustering strengths, 
the ‘bias function’ was also invoked to reconcile low dynamical estimates 
for the mass-to-light ratio of clusters with the high global value required 
in the theoretically preferred flat, Ωdm = 1 universe. But because massive 
clusters must contain approximately the universal mix of dark matter 
and baryons (ordinary matter), this uncertainty is neatly bypassed by 
comparing the measured baryon fraction in clusters with the universal 
fraction under the assumption that the mean baryon density, Ωb, is the 
value inferred from Big Bang nucleosynthesis18. Applied to the Coma 
cluster, this simple argument gave Ωdm ≤ 0.3 where the inequality arises 
because some or all of the dark matter could be baryonic18. This was 
the first determination of Ωdm < 1 that could not be explained away by 
invoking bias. Subsequent measurements have confirmed the result19 
which also agrees with recent independent estimates based, for example, 
on the relatively slow evolution of the abundance of galaxy clusters20,21 or 
on the detailed structure of fluctuations in the microwave background 
radiation22.

The mean baryon density implied by matching Big Bang nucle-
osynthesis to the observed abundances of the light elements is 
only Ωbh2 ≈ 0.02, where h denotes the Hubble constant in units of 
100 km s–1 Mpc–1. Dynamical estimates, although subject to bias uncer-
tainties, have long suggested that Ωm = Ωdm + Ωb ≈ 0.3, implying that the 
dark matter cannot be baryonic. Plausibly it is made up of the hypotheti-
cal elementary particles postulated in the 1980s, for example axions or 
the lowest mass supersymmetric partner of the known particles. Such 

low estimates of the mean matter density Ωm are incompatible with the 
flat geometry predicted by inflation unless the Universe contains an 
additional unclustered and dominant contribution to its energy density, 
for example a cosmological constant Λ such that Ωm + ΩΛ ≈ 1. Two large-
scale structure surveys carried out in the late 1980s, the APM (automated 
photographic measuring) photographic survey23 and the QDOT redshift 
survey of infrared galaxies24, showed that the power spectrum of the 
galaxy distribution, if it traces that of the mass on large scales, can be 
fitted by a simple CDM model only if the matter density is low, Ωm ≈ 0.3. 
This independent confirmation of the dynamical arguments led many 
to adopt the now standard model of cosmology, ΛCDM.

It was therefore with a mixture of amazement and déjà vu that cos-
mologists greeted the discovery in 1998 of an accelerated cosmic expan-
sion25,26. Two independent teams used distant type Ia supernovae to 
perform a classical observational test. These ‘standard candles’ can be 
observed out to redshifts beyond 1. Those at z ≥ 0.5 are fainter than 
expected, apparently indicating that the cosmic expansion is currently 
speeding up. Within the standard Friedmann cosmology, there is only 
one agent that can produce an accelerating expansion: the cosmological 
constant first introduced by Einstein, or its possibly time- or space-
dependent generalization, ‘dark energy’. The supernova evidence is 
consistent with ΩΛ ≈ 0.7, just the value required for the flat universe 
predicted by inflation.

The other key prediction of inflation, a density fluctuation field con-
sistent with amplified quantum noise, received empirical support from 
the discovery by the COsmic Background Explorer (COBE) satellite in 
1992 of small fluctuations in the temperature of the cosmic microwave 
background (CMB) radiation27. These reflect primordial density fluc-
tuations, modified by damping processes in the early Universe which 
depend on the matter and radiation content of the Universe. More recent 
measurements of the CMB28–32 culminating with those by the WMAP 
(Wilkinson Microwave Anisotropy Probe) satellite22 have provided a 
striking confirmation of the inflationary CDM model: the measured 
temperature fluctuation spectrum is nearly scale-invariant on large 

Figure 1 | The galaxy distribution obtained from 
spectroscopic redshift surveys and from mock 
catalogues constructed from cosmological 
simulations. The small slice at the top shows the 
CfA2 ‘Great Wall’3, with the Coma cluster at the 
centre. Drawn to the same scale is a small section 
of the SDSS, in which an even larger ‘Sloan 
Great Wall’ has been identified100. This is one of 
the largest observed structures in the Universe, 
containing over 10,000 galaxies and stretching 
over more than 1.37 billion light years. The cone 
on the left shows one-half of the 2dFGRS, which 
determined distances to more than 220,000 
galaxies in the southern sky out to a depth of 
2 billion light years. The SDSS has a similar 
depth but a larger solid angle and currently 
includes over 650,000 observed redshifts in the 
northern sky. At the bottom and on the right, 
mock galaxy surveys constructed using semi-
analytic techniques to simulate the formation 
and evolution of galaxies within the evolving 
dark matter distribution of the ‘Millennium’ 
simulation5 are shown, selected with matching 
survey geometries and magnitude limits.
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Figure 7. WMAP seven-year temperature power spectrum (Larson et al. 2011),
along with the temperature power spectra from the ACBAR (Reichardt et al.
2009) and QUaD (Brown et al. 2009) experiments. We show the ACBAR and
QUaD data only at l ! 690, where the errors in the WMAP power spectrum are
dominated by noise. We do not use the power spectrum at l > 2000 because of a
potential contribution from the SZ effect and point sources. The solid line shows
the best-fitting six-parameter flat ΛCDM model to the WMAP data alone (see
the third column of Table 1 for the maximum likelihood parameters).

the magnitude–redshift relation of 240 low-z Type Ia su-
pernovae at z < 0.1. The absolute magnitudes of super-
novae are calibrated using new observations from Hub-
ble Space Telescope (HST) of 240 Cepheid variables in
six local Type Ia supernovae host galaxies and the maser
galaxy NGC 4258. The systematic error is minimized by
calibrating supernova luminosities directly using the geo-
metric maser distance measurements. This is a significant
improvement over the prior that we adopted for the five-
year analysis, H0 = 72 ± 8 km s−1 Mpc−1, which is from
the Hubble Key Project final results (Freedman et al. 2001).

2. Gaussian priors on the distance ratios, rs/DV (z = 0.2) =
0.1905±0.0061 and rs/DV (z = 0.35) = 0.1097±0.0036,
measured from the Two-Degree Field Galaxy Redshift
Survey (2dFGRS) and the Sloan Digital Sky Survey Data
Release 7 (SDSS DR7; Percival et al. 2010). The inverse
covariance matrix is given by Equation (5) of Percival
et al. (2010). These priors are improvements from those
we adopted for the five-year analysis, rs/DV (z = 0.2) =
0.1980 ± 0.0058 and rs/DV (z = 0.35) = 0.1094 ± 0.0033
(Percival et al. 2007).
The above measurements can be translated into a measure-
ment of rs/DV (z) at a single, “pivot” redshift: rs/DV (z =
0.275) = 0.1390±0.0037 (Percival et al. 2010). Kazin et al.
(2010) used the two-point correlation function of SDSS-
DR7 LRGs to measure rs/DV (z) at z = 0.278. They found
rs/DV (z = 0.278) = 0.1394 ± 0.0049, which is an ex-
cellent agreement with the above measurement by Percival
et al. (2010) at a similar redshift. The excellent agreement
between these two independent studies, which are based on
very different methods, indicates that the systematic error
in the derived values of rs/DV (z) may be much smaller
than the statistical error.
Here, rs is the comoving sound horizon size at the baryon
drag epoch zd ,

rs(zd ) = c√
3

∫ 1/(1+zd )

0

da

a2H (a)
√

1 + (3Ωb/4Ωγ )a
. (15)

For zd , we use the fitting formula proposed by Eisenstein
& Hu (1998). The effective distance measure, DV (z)

(Eisenstein et al. 2005), is given by

DV (z) ≡
[

(1 + z)2D2
A(z)

cz

H (z)

]1/3

, (16)

where DA(z) is the proper (not comoving) angular diameter
distance:

DA(z) = c

H0

fk

[
H0

√
|Ωk|

∫ z

0
dz′

H (z′)

]

(1 + z)
√

|Ωk|
, (17)

where fk[x] = sin x, x, and sinh x for Ωk < 0 (k = 1;
positively curved), Ωk = 0 (k = 0; flat), and Ωk > 0
(k = −1; negatively curved), respectively. The Hubble
expansion rate, which has contributions from baryons,
cold dark matter, photons, massless and massive neutrinos,
curvature, and dark energy, is given by Equation (27) in
Section 3.3.

The cosmological parameters determined by combining the
WMAP data, baryon acoustic oscillation (BAO), and H0 will
be called “WMAP+BAO+H0,” and they constitute our best esti-
mates of the cosmological parameters, unless noted otherwise.

Note that, when redshift is much less than unity, the effective
distance approaches DV (z) → cz/H0. Therefore, the effect of
different cosmological models on DV (z) does not appear until
one goes to higher redshifts. If redshift is very low, DV (z) is
simply measuring the Hubble constant.

3.2.3. Power Spectrum of Luminous Red Galaxies

A combination of the WMAP data and the power spec-
trum of LRGs measured from the SDSS DR7 is a powerful
probe of the total mass of neutrinos,

∑
mν , and the effective

number of neutrino species, Neff (Reid et al. 2010b, 2010a). We
thus combine the LRG power spectrum (Reid et al. 2010b) with
the WMAP seven-year data and the Hubble constant (Riess et al.
2009) to update the constraints on

∑
mν and Neff reported in

Reid et al. (2010b). Note that BAO and the LRG power spectrum
cannot be treated as independent data sets because a part of the
measurement of BAO used LRGs as well.

3.2.4. Luminosity Distances

The luminosity distances out to high-z Type Ia supernovae
have been the most powerful data for first discovering the
existence of dark energy (Riess et al. 1998; Perlmutter et al.
1999) and then constraining the properties of dark energy, such
as the equation of state parameter, w (see Frieman et al. 2008,
for a recent review). With more than 400 Type Ia supernovae
discovered, the constraints on the properties of dark energy
inferred from Type Ia supernovae are now limited by systematic
errors rather than by statistical errors.

There is an indication that the constraints on dark energy
parameters are different when different methods are used to fit
the light curves of Type Ia supernovae (Hicken et al. 2009a;
Kessler et al. 2009). We also found that the parameters of the
minimal six-parameter ΛCDM model derived from two com-
pilations of Kessler et al. (2009) are different: one compilation
uses the light curve fitter called SALT-II (Guy et al. 2007) while
the other uses the light curve fitter called MLCS2K2 (Jha et al.
2007). For example, ΩΛ derived from WMAP+BAO+SALT-II
and WMAP+BAO+MLCS2K2 are different by nearly 2σ , de-
spite being derived from the same data sets (but processed with
two different light curve fitters). If we allow the dark energy
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Figure 9. Cumulative subhalo abundance as a function of maximum sub-
halo circular velocity. The top panel shows the raw measurements from the
simulations, while in the bottom panel, we have applied the correction of
equation (10) to compensate approximately for the impact of the gravita-
tional softening on Vmax. We show results for five simulations of the Aq-A
halo carried out with differing mass resolution. The dashed line is the fitting
function given for their own simulations by Reed et al. (2005), which also
accurately matches the result for the ‘Via Lactea I’ simulation (Diemand
et al. 2007a). This is clearly inconsistent with our own data.

showing that we are really seeing the same subhaloes, and that
they are reproduced with the same maximum circular velocity in
all the simulations. This suggests that we are also achieving good
convergence for the internal structure of individual subhaloes, an
issue that we will investigate further below.

However, it is worth noting that the individual measurements
for the velocity functions peel away from their higher resolution
counterparts comparatively early at low velocities, which suggests
worse convergence than found for the subhalo mass functions at
the low-mass end. This behaviour can be understood as an effect
of the gravitational softening length ε, which lowers the maximum
circular velocities of subhaloes for which rmax is not much larger
than ε. To estimate the strength of this effect, we can imagine that
the gravitational softening for an existing subhalo is adiabatically

lowered from ε to zero. The angular momentum of individual par-
ticle orbits is then an adiabatic invariant. Assuming for simplicity
that all particles are on circular orbits, and that the gravitational
softening can be approximated as a Plummer force with softening
length ε, the expected change of the maximum circular velocity is
then

V ′
max = Vmax [1 + (ε/rmax)2]1/2. (10)

In the lower panel of Fig. 9, we plot the cumulative velocity func-
tions for these corrected maximum circular velocities. Clearly, the
measurements line up more tightly down to lower Vmax, demonstrat-
ing explicitly that the convergence in the number of objects counted
as a function of (corrected) circular velocity is in principle as good
as that counted as a function of mass. Note that a similar correction
can also be applied to the measured rmax values. However, for the
remainder of this paper, we focus on the raw measurements from the
simulations without applying a gravitational softening correction.

The dashed line in Fig. 9 shows the fit which Reed et al.
(2005) quote for the subhalo abundance as a function of max-
imum circular velocity in their own simulations, N(>Vmax) =
(1/48)(Vmax,sub/Vmax,host)−3. Diemand et al. (2007a) found this for-
mula to fit the results from their own Via Lactea I simulation very
well. Fig. 9 thus confirms the indication from subhalo mass fractions
that our simulations show substantially more substructure than re-
ported for Via Lactea I. This is particularly evident at lower subhalo
masses which are unaffected by the small number effects which
cause scatter in the abundance of massive subhaloes. With the help
of J. Diemand and his collaborators, we have checked that this abun-
dance difference is not a result of the different subhalo detection
algorithms used in our two projects.

We do not think that this discrepancy can be explained by halo-to-
halo scatter since it is much larger than the variation in substructure
abundance among our own sample of haloes. This is demonstrated
in Fig. 10, which shows the cumulative subhalo abundance dis-
tributions within r50 as a function of maximum subhalo circular
velocity for all our resolution level 2 haloes. We plot subhalo count

Figure 10. Cumulative subhalo abundance as a function of maximum sub-
halo circular velocity in units of the circular velocity of the main halo at
r50. We show results for all six of our haloes at resolution level 2, and in
addition we include our highest resolution result for the Aq-A-1 run. For
comparison, we overplot fitting functions for the Via Lactea I and Via Lactea
II simulations (Diemand et al. 2007a, 2008), appropriately rescaled from a
normalization to Vmax,host to one by V50,host.
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Figure 9. Cumulative subhalo abundance as a function of maximum sub-
halo circular velocity. The top panel shows the raw measurements from the
simulations, while in the bottom panel, we have applied the correction of
equation (10) to compensate approximately for the impact of the gravita-
tional softening on Vmax. We show results for five simulations of the Aq-A
halo carried out with differing mass resolution. The dashed line is the fitting
function given for their own simulations by Reed et al. (2005), which also
accurately matches the result for the ‘Via Lactea I’ simulation (Diemand
et al. 2007a). This is clearly inconsistent with our own data.

showing that we are really seeing the same subhaloes, and that
they are reproduced with the same maximum circular velocity in
all the simulations. This suggests that we are also achieving good
convergence for the internal structure of individual subhaloes, an
issue that we will investigate further below.

However, it is worth noting that the individual measurements
for the velocity functions peel away from their higher resolution
counterparts comparatively early at low velocities, which suggests
worse convergence than found for the subhalo mass functions at
the low-mass end. This behaviour can be understood as an effect
of the gravitational softening length ε, which lowers the maximum
circular velocities of subhaloes for which rmax is not much larger
than ε. To estimate the strength of this effect, we can imagine that
the gravitational softening for an existing subhalo is adiabatically

lowered from ε to zero. The angular momentum of individual par-
ticle orbits is then an adiabatic invariant. Assuming for simplicity
that all particles are on circular orbits, and that the gravitational
softening can be approximated as a Plummer force with softening
length ε, the expected change of the maximum circular velocity is
then

V ′
max = Vmax [1 + (ε/rmax)2]1/2. (10)

In the lower panel of Fig. 9, we plot the cumulative velocity func-
tions for these corrected maximum circular velocities. Clearly, the
measurements line up more tightly down to lower Vmax, demonstrat-
ing explicitly that the convergence in the number of objects counted
as a function of (corrected) circular velocity is in principle as good
as that counted as a function of mass. Note that a similar correction
can also be applied to the measured rmax values. However, for the
remainder of this paper, we focus on the raw measurements from the
simulations without applying a gravitational softening correction.

The dashed line in Fig. 9 shows the fit which Reed et al.
(2005) quote for the subhalo abundance as a function of max-
imum circular velocity in their own simulations, N(>Vmax) =
(1/48)(Vmax,sub/Vmax,host)−3. Diemand et al. (2007a) found this for-
mula to fit the results from their own Via Lactea I simulation very
well. Fig. 9 thus confirms the indication from subhalo mass fractions
that our simulations show substantially more substructure than re-
ported for Via Lactea I. This is particularly evident at lower subhalo
masses which are unaffected by the small number effects which
cause scatter in the abundance of massive subhaloes. With the help
of J. Diemand and his collaborators, we have checked that this abun-
dance difference is not a result of the different subhalo detection
algorithms used in our two projects.

We do not think that this discrepancy can be explained by halo-to-
halo scatter since it is much larger than the variation in substructure
abundance among our own sample of haloes. This is demonstrated
in Fig. 10, which shows the cumulative subhalo abundance dis-
tributions within r50 as a function of maximum subhalo circular
velocity for all our resolution level 2 haloes. We plot subhalo count

Figure 10. Cumulative subhalo abundance as a function of maximum sub-
halo circular velocity in units of the circular velocity of the main halo at
r50. We show results for all six of our haloes at resolution level 2, and in
addition we include our highest resolution result for the Aq-A-1 run. For
comparison, we overplot fitting functions for the Via Lactea I and Via Lactea
II simulations (Diemand et al. 2007a, 2008), appropriately rescaled from a
normalization to Vmax,host to one by V50,host.
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Figure 9. Cumulative subhalo abundance as a function of maximum sub-
halo circular velocity. The top panel shows the raw measurements from the
simulations, while in the bottom panel, we have applied the correction of
equation (10) to compensate approximately for the impact of the gravita-
tional softening on Vmax. We show results for five simulations of the Aq-A
halo carried out with differing mass resolution. The dashed line is the fitting
function given for their own simulations by Reed et al. (2005), which also
accurately matches the result for the ‘Via Lactea I’ simulation (Diemand
et al. 2007a). This is clearly inconsistent with our own data.

showing that we are really seeing the same subhaloes, and that
they are reproduced with the same maximum circular velocity in
all the simulations. This suggests that we are also achieving good
convergence for the internal structure of individual subhaloes, an
issue that we will investigate further below.

However, it is worth noting that the individual measurements
for the velocity functions peel away from their higher resolution
counterparts comparatively early at low velocities, which suggests
worse convergence than found for the subhalo mass functions at
the low-mass end. This behaviour can be understood as an effect
of the gravitational softening length ε, which lowers the maximum
circular velocities of subhaloes for which rmax is not much larger
than ε. To estimate the strength of this effect, we can imagine that
the gravitational softening for an existing subhalo is adiabatically

lowered from ε to zero. The angular momentum of individual par-
ticle orbits is then an adiabatic invariant. Assuming for simplicity
that all particles are on circular orbits, and that the gravitational
softening can be approximated as a Plummer force with softening
length ε, the expected change of the maximum circular velocity is
then

V ′
max = Vmax [1 + (ε/rmax)2]1/2. (10)

In the lower panel of Fig. 9, we plot the cumulative velocity func-
tions for these corrected maximum circular velocities. Clearly, the
measurements line up more tightly down to lower Vmax, demonstrat-
ing explicitly that the convergence in the number of objects counted
as a function of (corrected) circular velocity is in principle as good
as that counted as a function of mass. Note that a similar correction
can also be applied to the measured rmax values. However, for the
remainder of this paper, we focus on the raw measurements from the
simulations without applying a gravitational softening correction.

The dashed line in Fig. 9 shows the fit which Reed et al.
(2005) quote for the subhalo abundance as a function of max-
imum circular velocity in their own simulations, N(>Vmax) =
(1/48)(Vmax,sub/Vmax,host)−3. Diemand et al. (2007a) found this for-
mula to fit the results from their own Via Lactea I simulation very
well. Fig. 9 thus confirms the indication from subhalo mass fractions
that our simulations show substantially more substructure than re-
ported for Via Lactea I. This is particularly evident at lower subhalo
masses which are unaffected by the small number effects which
cause scatter in the abundance of massive subhaloes. With the help
of J. Diemand and his collaborators, we have checked that this abun-
dance difference is not a result of the different subhalo detection
algorithms used in our two projects.

We do not think that this discrepancy can be explained by halo-to-
halo scatter since it is much larger than the variation in substructure
abundance among our own sample of haloes. This is demonstrated
in Fig. 10, which shows the cumulative subhalo abundance dis-
tributions within r50 as a function of maximum subhalo circular
velocity for all our resolution level 2 haloes. We plot subhalo count

Figure 10. Cumulative subhalo abundance as a function of maximum sub-
halo circular velocity in units of the circular velocity of the main halo at
r50. We show results for all six of our haloes at resolution level 2, and in
addition we include our highest resolution result for the Aq-A-1 run. For
comparison, we overplot fitting functions for the Via Lactea I and Via Lactea
II simulations (Diemand et al. 2007a, 2008), appropriately rescaled from a
normalization to Vmax,host to one by V50,host.
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Figure 9. Cumulative subhalo abundance as a function of maximum sub-
halo circular velocity. The top panel shows the raw measurements from the
simulations, while in the bottom panel, we have applied the correction of
equation (10) to compensate approximately for the impact of the gravita-
tional softening on Vmax. We show results for five simulations of the Aq-A
halo carried out with differing mass resolution. The dashed line is the fitting
function given for their own simulations by Reed et al. (2005), which also
accurately matches the result for the ‘Via Lactea I’ simulation (Diemand
et al. 2007a). This is clearly inconsistent with our own data.

showing that we are really seeing the same subhaloes, and that
they are reproduced with the same maximum circular velocity in
all the simulations. This suggests that we are also achieving good
convergence for the internal structure of individual subhaloes, an
issue that we will investigate further below.

However, it is worth noting that the individual measurements
for the velocity functions peel away from their higher resolution
counterparts comparatively early at low velocities, which suggests
worse convergence than found for the subhalo mass functions at
the low-mass end. This behaviour can be understood as an effect
of the gravitational softening length ε, which lowers the maximum
circular velocities of subhaloes for which rmax is not much larger
than ε. To estimate the strength of this effect, we can imagine that
the gravitational softening for an existing subhalo is adiabatically

lowered from ε to zero. The angular momentum of individual par-
ticle orbits is then an adiabatic invariant. Assuming for simplicity
that all particles are on circular orbits, and that the gravitational
softening can be approximated as a Plummer force with softening
length ε, the expected change of the maximum circular velocity is
then

V ′
max = Vmax [1 + (ε/rmax)2]1/2. (10)

In the lower panel of Fig. 9, we plot the cumulative velocity func-
tions for these corrected maximum circular velocities. Clearly, the
measurements line up more tightly down to lower Vmax, demonstrat-
ing explicitly that the convergence in the number of objects counted
as a function of (corrected) circular velocity is in principle as good
as that counted as a function of mass. Note that a similar correction
can also be applied to the measured rmax values. However, for the
remainder of this paper, we focus on the raw measurements from the
simulations without applying a gravitational softening correction.

The dashed line in Fig. 9 shows the fit which Reed et al.
(2005) quote for the subhalo abundance as a function of max-
imum circular velocity in their own simulations, N(>Vmax) =
(1/48)(Vmax,sub/Vmax,host)−3. Diemand et al. (2007a) found this for-
mula to fit the results from their own Via Lactea I simulation very
well. Fig. 9 thus confirms the indication from subhalo mass fractions
that our simulations show substantially more substructure than re-
ported for Via Lactea I. This is particularly evident at lower subhalo
masses which are unaffected by the small number effects which
cause scatter in the abundance of massive subhaloes. With the help
of J. Diemand and his collaborators, we have checked that this abun-
dance difference is not a result of the different subhalo detection
algorithms used in our two projects.

We do not think that this discrepancy can be explained by halo-to-
halo scatter since it is much larger than the variation in substructure
abundance among our own sample of haloes. This is demonstrated
in Fig. 10, which shows the cumulative subhalo abundance dis-
tributions within r50 as a function of maximum subhalo circular
velocity for all our resolution level 2 haloes. We plot subhalo count

Figure 10. Cumulative subhalo abundance as a function of maximum sub-
halo circular velocity in units of the circular velocity of the main halo at
r50. We show results for all six of our haloes at resolution level 2, and in
addition we include our highest resolution result for the Aq-A-1 run. For
comparison, we overplot fitting functions for the Via Lactea I and Via Lactea
II simulations (Diemand et al. 2007a, 2008), appropriately rescaled from a
normalization to Vmax,host to one by V50,host.
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MBK, Bullock, & Kaplinghat (2011a)
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with dynamics of dSphs

significant population of 
subhalos not consistent 
with dynamics of dSphs

seven simulations: six Aquarius + Via Lactea II
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Adding in subhalos from simulations

Each simulated MW halo has 
at least 6 massive subhalos 
that are too dense to host 
any dSph 
(after excluding potential 
Magellanic Cloud hosts)



11 subhalos denser than all satellites6 subhalos denser than all satellites

MBK, Bullock, & Kaplinghat 2011b (in prep.)

Mvir = 9.4× 1011 M⊙ Mvir = 1.5× 1012 M⊙



11 subhalos denser than all satellites6 subhalos denser than all satellites

several additional subhalos with Vinfall > 30 km/s that have no bright counterpart

MBK, Bullock, & Kaplinghat 2011b (in prep.)

Mvir = 9.4× 1011 M⊙ Mvir = 1.5× 1012 M⊙
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Measured values of Vcirc for MW dwarfs

MBK, Bullock, & Kaplinghat 2011b (in prep.)

All of the bright MW 
dSphs are consistent with 
Vmax � 25 km/s

c.f. direct kinematic modeling of 
dSphs (Strigari, Frenk, & White)
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MBK, Bullock, & Kaplinghat (2011b)

“massive failures”: 
LCDM predicts ~10 
subhalos in this range in 
the MW, but we don’t 
see any such galaxies

SMC

LMCObserved Milky Way Satellites



Reionization is not the answer

Characteristic mass 
where UV background 
removes 50% of baryons 
(Okamoto et al.)

Median mass for 
Vmax > 30 km/s 
subhalos 



Of the ~10 biggest subhalos, ~8 cannot host 
any known bright MW satellite
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Implications

• Option 1: massive dark subhalos do exist in the MW as predicted

‣ Galaxy formation is stochastic for V < 50 km/s
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‣ Galaxy formation is stochastic for V < 50 km/s

‣ Detection through dark matter annihilation?  ~4 per halo with flux > Draco

‣ Already found?   Some ultra-faint galaxies could lie in these subhalos

• Option 2: No massive dark subhalos in MW (ΛCDM interpretation)

‣ the subhalo content of the Milky Way is anomalous compared to expectations

‣ MW’s dark matter halo mass is ≲ 7e11 Msun (but this creates other problems)

‣ baryonic feedback strongly alters structure of subhalos (c.f. Governato)
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MW dwarf structure

MBK, Bullock, & Kaplinghat 2011b (in prep.)
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can feedback explain
Draco, Ursa Minor, Sextans?

similar luminosities, stellar 
populations; drastically different 
sizes and inferred halo masses



MW dwarf structure

MBK, Bullock, & Kaplinghat 2011b (in prep.)
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Implications

• Option 1: massive dark subhalos do exist in the MW as predicted

‣ Galaxy formation is stochastic for V < 50 km/s

‣ Detection through dark matter annihilation?  ~4 per halo with flux > Draco

‣ Already found?   Some ultra-faint galaxies could lie in these subhalos

• Option 2: No massive dark subhalos in MW (ΛCDM interpretation)

‣ the subhalo content of the Milky Way is anomalous compared to expectations

‣ MW’s dark matter halo mass is ≲ 7e11 Msun (but this creates other problems)

‣ baryonic feedback strongly alters structure of subhalos (c.f. Governato)

• Option 3: No massive dark subhalos in MW (modifications to ΛCDM)

‣ warm(ish) dark matter, suppression scale of ~40-50 km/s

‣ more complicated dark matter physics



Warm versus cold dark matter

WDM simulations have smaller number of subhalos; 
surviving subhalos are also less concentrated

4 M. R. Lovell et al
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Figure 2. The correlation between subhalo maximum circular
velocity and the radius at which this maximum occurs. Sub-
haloes lying within 300kpc of the main halo centre are included.
All CDM subhaloes and the 12 WDM ones with the most mas-
sive progenitors are shown in blue and red respectively. The
shaded area represents the 2σ confidence region for possible hosts
of the 9 bright Milky Way dwarf spheroidals determined by
Boylan-Kolchin et al. (2011).
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Figure 3. Radial distribution of enclosed mass for the 12 WDM
(left) and CDM (right) subhaloes that had the most massive pro-
genitors. The 3 red curves represent subhaloes with the most mas-
sive progenitors, which could correspond to those currently host-
ing counterparts of the Large and Small Magellanic Clouds and
the Sagittarius dwarf. The 9 black curves might more fairly be
compared with the data for the 9 bright dwarf spheroidal galaxies
of the Milky Way considered by Wolf et al. (2010). Deprojected
half-light radii and their enclosed dynamical masses, as deter-
mined by Wolf et al. (2010) using line-of-sight velocity measure-
ments, are shown as coloured points, with the legend indicating
which dwarf is shown with each colour.

spheroidals considered by Boylan-Kolchin et al. (2011) and
by us. As noted above, the Milky Way is exceptional in host-
ing galaxies as bright as the Magellanic Clouds, while Sagit-
tarius is in the process of being disrupted so its current mass
is difficult to estimate. Boylan-Kolchin et al. estimate that
these three galaxies all have values of Vmax > 50kms−1 at

infall and exclude simulated subhaloes with such values from
their analysis. We adopt the same strategy and focus on the
present day subhaloes with the 4th-12th most massive pro-
genitors, which we compare with the 9 bright Milky Way
dwarf spheroidals.

The radial distributions of enclosed mass for these z = 0
subhaloes are shown in Fig. 3 for both WDM and CDM. The
masses within the half-mass radius of the 9 satellites mea-
sured by Wolf et al. (2010) are also plotted. Leo-II has the
smallest half-mass radius, ∼ 200pc. To compare the satel-
lite data with the simulations we must first check the con-
vergence of the simulated subhalo masses within at least
this radius. We find that the median of the ratio of the
mass within 200pc in the Aq-W2 and Aq-W3 simulations is
∼ 0.85, i.e., the mass within 200pc in the Aq-W2 simulation
has converged to better than ∼ 15%.

As can be inferred from Fig. 3, the WDM subhaloes
have similar central masses to the observed satellite galax-
ies, while the CDM subhaloes are almost all too massive at
the corresponding radii. The CDM subhaloes have central
masses that are typically 2-3 times larger than the Milky
Way satellites. There is one CDM subhalo that lies at lower
masses than all 9 dwarf spheroidals, but this had one of the
three most massive progenitors and has been almost com-
pletely destroyed by tidal forces.

Fig. 2 and 3 show that the WDM subhaloes are less
centrally concentrated than those in the corresponding CDM
halo. Concentrations typically reflect the epoch at which
the halo formed (Navarro et al. 1996, 1997; Eke et al. 2001).
To investigate systematic differences in the formation epoch
of the WDM and CDM subhaloes in our sample, we must
choose a suitable definition of formation time. Since we are
considering only the central mass, and we do not wish to
introduce scatter in any correlation by using subhaloes that
may have been stripped, we define the formation time as
the first time at which the total progenitor mass exceeds the
mass within 1 kpc at infall. The correlation of this redshift
with the mass within 1 kpc at infall is shown in Fig. 4 for the
12 most massive WDM and CDM progenitors that survive to
z = 0 as distinct subhaloes. Evidently, the proto-subhaloes
that form later, which are generally WDM not CDM ones,
have the lowest central masses. The mean difference between
the top 12 WDM and CDM proto-subhalo masses within 1
kpc is approximately a factor 2.

Because of their later formation time, the infalling
WDM subhaloes already have lower central masses than
those falling into the corresponding CDM haloes. As their
mass is less centrally concentrated, the WDM subhaloes are
more susceptible to stripping. While this is most impor-
tant in the outer regions of the subhaloes, the mass profiles
in Fig. 3 show that the inner regions of some of the sub-
haloes have also endured significant depletion since infall.
Fig. 5 shows, for both WDM and CDM subhaloes, the ra-
tio, Mz=0(< r)/Minfall(r), of the present day mass contained
within r = 0.5, 1 and 2 kpc to the mass at infall, as a func-
tion of the central mass at infall at the chosen radius. The
one subhalo that gains mass between infall and z = 0 actu-
ally accretes another subhalo. While there is a large scatter
between the different subhaloes, with some having lost the
majority of their central mass since infall, no significant sys-
tematic difference between WDM and CDM subhaloes is
apparent. This implies that the reason why the WDM sub-
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Table 4. Properties of isolated dwarf galaxies with MB = −11.8 to 13.2.

Name MB Axial ratio W50 V rot Distance Reference

E349-031,SDIG −12.10 0.82 20.0 17.5 3.21 Karachentsev et al. (2004)
KKH5 −12.27 0.62 37.0 23.6 4.26 Karachentsev et al. (2004)
KKH6 −12.38 0.60 31.0 19.4 3.73 Karachentsev et al. (2004)
KK16 −12.65 0.37 24.0 12.9 5.40 Karachentsev et al. (2004)
KKH18 −12.39 0.57 34.0 20.7 4.43 Karachentsev et al. (2004)
KKH34,Mai13 −12.30 0.56 24.0 14.5 4.61 Karachentsev et al. (2004)
E489-56,KK54 −13.07 0.53 33.8 19.9 4.99 Doyle et al. (2005)
KKH46 −11.93 0.86 25.0 24.5 5.70 Karachentsev et al. (2004)
U5186 −12.98 0.23 42.0 21.6 6.90 Karachentsev et al. (2004)
E321-014 −12.70 0.43 39.8 22.0 3.19 Doyle et al. (2005)
KK144 −12.59 0.33 44.0 23.3 6.30 Karachentsev et al. (2004)
E443-09,KK170 −12.03 0.75 29.0 21.9 5.78 Karachentsev et al. (2004)
KK182,Cen6 −11.89 0.60 16.0 10.0 5.78 Karachentsev et al. (2004)
DDO181,U8651 −12.97 0.57 42 23.7 3.02 Karachentsev et al. (2004), Springob et al. (2005)
DDO183,U8760 −13.13 0.32 30.0 15.8 3.18 Karachentsev et al. (2004)
HIPASS1351-47 −11.88 0.60 38.8 24.2 5.65 Doyle et al. (2005)

Figure 8. The velocity–magnitude relation for galaxies in the LV (open cir-
cles with error bars) is compared with predictions of the λCDM model. Two
other observational estimates are also shown as full and dashed lines. The
theory (filled circles and diamonds) makes reasonable predictions for bright
galaxies with MB < −17. At smaller luminosities, the theoretical curves are
systematically above the observations. At MB = −12, the disagreement is
a factor of 2 in circular velocities implying a factor of ∼10 disagreement in
the number of haloes.

sample. We add a small (20 per cent) correction to the circular ve-
locity of haloes to accommodate the effect of adiabatic contraction
due to infall of baryons. Fig. 8 shows that the λCDM model gives
a good match to observations at the bright end of the luminosity
function (MB < −17). The model with lower normalization pro-
duces a better fit, but even the high-normalization model cannot
be excluded: a more accurate treatment of the adiabatic infall may
slightly improve the situation. At low luminosities, the theory and
observations gradually diverge, and at MB = −12 the differences
are quite substantial: a factor of 2 in circular velocities. This is the
same problem, which we found using the spectrum of voids: haloes
with V c ≈ 35–45 km s−1 should have luminosities MB = −12 in
order to match the observational data.

We would like to emphasize that the disagreement with the theory
is staggering. The observed spectrum of void sizes disagrees at many
sigma level from the theoretical void spectrum if haloes with V c

> 20 km s−1 host galaxies brighter than MB = −12. We can look
at the situation from a different angle. In the λCDM model with
σ 8 = 0.9, there are ∼320 haloes with V c > 45 km s−1 – the same

number as the number of galaxies in the LV with the MB = −12
limit. In the same volume in the λCDM model, there are ∼3500
haloes with V c > 20 km s−1. If all these haloes host galaxies brighter
than MB = −12, the theory predicts a factor of 10 more haloes as
compared with the observations.

The problem has the same roots as the overabundance of sub-
structure in the LG: the λCDM model predicts too many dwarf DM
(sub)haloes as compared with the observed dwarf galaxies (Klypin
et al. 1999; Moore et al. 1999; Madau et al. 2008). We suggest that
the solution of the problem of the overabundance of the dwarfs in
the LV may be similar to current explanations of the substructure
problem in the LG.

(i) The observational sample is not complete: there are 10 times
more dwarf galaxies down to limiting magnitude MB = −12 than
listed in the Karachentsev et al. (2004) sample. The ‘missed’ dwarfs
are unlikely to be dwarf irregulars because they would have H I

emission and would have been detected by blind H I surveys such
as HI Parkes All Sky Survey (HIPASS; Doyle et al. 2005). Dwarf
spheroidal galaxies are a possibility. They do not have gas and
cannot be detected in H I. They have very low surface brightness,
which makes it difficult to detect them on photographic plates. So, it
is likely that many of the galaxies were missed. Still, we do not know
whether a large population of dwarf spheroidal galaxies exists in the
LV. If this is so, we will have another problem: how to form 1000
of dwarf spheroidals in very low-density environments without any
tidal stripping or interaction with massive parent galaxy. The slope
of the luminosity function also will be much steeper: α ≈ 2–2.5.

(ii) The observed galaxies with V rot ≈ 20 km s−1 are hosted
by significantly more massive haloes. The overabundance prob-
lem would be solved, if the circular velocity of a DM halo is
V c ≈ 2V rot. This is somewhat similar to the solution of the over-
abundance problem in the LG (e.g. Peñarrubia, McConnachie &
Navarro 2008).

(iii) Most of the dwarf haloes with V c < 35 km s−1 in local
voids failed to form stars because they collapsed after the epoch of
reionization (Bullock et al. 2000).

We also estimate the rms deviations from the Hubble flow σ H for
galaxies at different distances from the LG and find that in most of
our model LV candidates the rms peculiar velocities are consistent
with observational values: σ H = 50 km s−1 for distances less than
3 Mpc and σ H = 80 km s−1 for distances less than 8 Mpc. At the
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Figure 8. The velocity–magnitude relation for galaxies in the LV (open cir-
cles with error bars) is compared with predictions of the λCDM model. Two
other observational estimates are also shown as full and dashed lines. The
theory (filled circles and diamonds) makes reasonable predictions for bright
galaxies with MB < −17. At smaller luminosities, the theoretical curves are
systematically above the observations. At MB = −12, the disagreement is
a factor of 2 in circular velocities implying a factor of ∼10 disagreement in
the number of haloes.

sample. We add a small (20 per cent) correction to the circular ve-
locity of haloes to accommodate the effect of adiabatic contraction
due to infall of baryons. Fig. 8 shows that the λCDM model gives
a good match to observations at the bright end of the luminosity
function (MB < −17). The model with lower normalization pro-
duces a better fit, but even the high-normalization model cannot
be excluded: a more accurate treatment of the adiabatic infall may
slightly improve the situation. At low luminosities, the theory and
observations gradually diverge, and at MB = −12 the differences
are quite substantial: a factor of 2 in circular velocities. This is the
same problem, which we found using the spectrum of voids: haloes
with V c ≈ 35–45 km s−1 should have luminosities MB = −12 in
order to match the observational data.

We would like to emphasize that the disagreement with the theory
is staggering. The observed spectrum of void sizes disagrees at many
sigma level from the theoretical void spectrum if haloes with V c

> 20 km s−1 host galaxies brighter than MB = −12. We can look
at the situation from a different angle. In the λCDM model with
σ 8 = 0.9, there are ∼320 haloes with V c > 45 km s−1 – the same

number as the number of galaxies in the LV with the MB = −12
limit. In the same volume in the λCDM model, there are ∼3500
haloes with V c > 20 km s−1. If all these haloes host galaxies brighter
than MB = −12, the theory predicts a factor of 10 more haloes as
compared with the observations.

The problem has the same roots as the overabundance of sub-
structure in the LG: the λCDM model predicts too many dwarf DM
(sub)haloes as compared with the observed dwarf galaxies (Klypin
et al. 1999; Moore et al. 1999; Madau et al. 2008). We suggest that
the solution of the problem of the overabundance of the dwarfs in
the LV may be similar to current explanations of the substructure
problem in the LG.

(i) The observational sample is not complete: there are 10 times
more dwarf galaxies down to limiting magnitude MB = −12 than
listed in the Karachentsev et al. (2004) sample. The ‘missed’ dwarfs
are unlikely to be dwarf irregulars because they would have H I

emission and would have been detected by blind H I surveys such
as HI Parkes All Sky Survey (HIPASS; Doyle et al. 2005). Dwarf
spheroidal galaxies are a possibility. They do not have gas and
cannot be detected in H I. They have very low surface brightness,
which makes it difficult to detect them on photographic plates. So, it
is likely that many of the galaxies were missed. Still, we do not know
whether a large population of dwarf spheroidal galaxies exists in the
LV. If this is so, we will have another problem: how to form 1000
of dwarf spheroidals in very low-density environments without any
tidal stripping or interaction with massive parent galaxy. The slope
of the luminosity function also will be much steeper: α ≈ 2–2.5.

(ii) The observed galaxies with V rot ≈ 20 km s−1 are hosted
by significantly more massive haloes. The overabundance prob-
lem would be solved, if the circular velocity of a DM halo is
V c ≈ 2V rot. This is somewhat similar to the solution of the over-
abundance problem in the LG (e.g. Peñarrubia, McConnachie &
Navarro 2008).

(iii) Most of the dwarf haloes with V c < 35 km s−1 in local
voids failed to form stars because they collapsed after the epoch of
reionization (Bullock et al. 2000).

We also estimate the rms deviations from the Hubble flow σ H for
galaxies at different distances from the LG and find that in most of
our model LV candidates the rms peculiar velocities are consistent
with observational values: σ H = 50 km s−1 for distances less than
3 Mpc and σ H = 80 km s−1 for distances less than 8 Mpc. At the
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Figure 8. The velocity width distribution l(vw, X) of the as-
sociated low-ionization metal absorption of DLAs. The black
crosses show the observational data compiled in Figure 10 of
Wolfe, Gawiser, & Prochaska (2005). The legend shows the pa-
rameter vc,0, below which the baryonic fraction is assumed to
be suppressed due to the effect of photo-heating and/or galactic
winds.

Similarly to BH09, we can also calculate the predicted
probability distribution of the velocity width vw of the as-
sociated low ionization metal absorption of DLAs for our
model as follows,

l(vw, X) =
c

H0

Z ∞

0

p(vw|vc(M))nM (M,X)σDLA(M, X)dM,

(9)
where p(vw|vc(M)) is the conditional probability distri-
bution as discussed in Section 2 of BH09. The DLA
cross-section is given by σDLA(M) = πy2

DLA, where
NHi(yDLA|M, X) = 1020.3 cm−2. The result is shown
in Figure 8, along with the observational data of
Wolfe, Gawiser, & Prochaska (2005)

As in BH09 our model fits the data well with values of
vc,0 in the range 50 − 70 km s−1. We should point out that
the probability distribution p(vw|vc) was originally derived
from simulations which do not include the effect of galactic
winds and where the distribution of gas in a given halo is
somewhat different from what we have assumed here (see
Barnes & Haehnelt (2009) for a more detailed discussion).

We should also emphasize that, rather than using a
simple power-law scaling for the absorption cross section of
DLAs as in BH09, we have used here a radial distribution
of neutral hydrogen which is simultaneously consistent with
the column density distribution of DLAs and the size dis-
tribution of the Rauch et al. emitters, as we will see in the
next section.

4.3 The size distribution and luminosity function

We will not attempt to fit the individual rather noisy spec-
tral and surface brightness profiles of the R08 emitters here,
but we will instead focus on the statistical properties of the
population of emitters.

We calculate the cross-section weighted size distribu-
tion dN/dz (> r) expected from our model as follows. The
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Figure 9. The cumulative size distribution dN/dz (> r) of the
Lyα emitters, compared with the observations of Rauch et. al
(black curve). The coloured solid curves are for α = −0.5, while
the dashed curves are for α = 1. The red and green lines are for
the L ∝ MHi model, with the values of L0 as given in the legend.
The blue curve assumes that r = rv, that is, assuming we can
see emission all the way to the virial radius. The lines have been
normalised to dN/dz = 0.23 assuming a duty cycle of the Lyα
emission with fd, such that nemitters

M = fd nhalos
M . The values of

fd for each model (in the order they appear in the legend) are
fd = 1, 0.2, 0.055 for α = −0.5 and fd = 0.28, 0.07, 0.055 for
α = 1. The models with the two values in bold correspond best
to the data.

observations of Rauch et al. (2008) achieved a 1 σ surface
brightness detection limit of S0 = 10−19 erg s−1. We calcu-
lated the expected observed size of our model emitters by
determining the radius r (or equivalently, impact parame-
ter) at which the surface brightness drops below the R08
limit, S(r) = S0.

This procedure gives the radius of the emitter as a func-
tion of the mass of the halo. To do this, we need to specify
the intrinsic Lyα luminosity LLyα as a function of mass.
Similarly to BH09, we assume that the luminosity is pro-
portional7 to the total mass of neutral hydrogen,

LLyα = L0

„

MHi

2.4 × 109M#

«

erg s−1. (10)

This means that the luminosity is subject to the same expo-
nential suppression as the (neutral) gas content of DM halos
for small circular velocities.

We now calculate the size distribution in the form of the
inferred cumulative incidence rate dN/dz (> r) and compare
it with the data of R08 in Figure 9. The curves have been
normalised to dN/dz = 0.23 by assuming the emission oc-
curs with a duty cycle fd, nemitters

M = fd nhalos
M . The values

of fd for each model are given in the caption to the figure.
The solid curves are for α = −0.5, while the dashed curves
are for α = 1. The red and green curves assume L ∝ MHi,

7 The constants of proportionality are chosen to that without the
suppression below vc,0 and with fe = 0.2, L0 defined below has
the same value as in BH09.
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E349-031,SDIG −12.10 0.82 20.0 17.5 3.21 Karachentsev et al. (2004)
KKH5 −12.27 0.62 37.0 23.6 4.26 Karachentsev et al. (2004)
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KKH34,Mai13 −12.30 0.56 24.0 14.5 4.61 Karachentsev et al. (2004)
E489-56,KK54 −13.07 0.53 33.8 19.9 4.99 Doyle et al. (2005)
KKH46 −11.93 0.86 25.0 24.5 5.70 Karachentsev et al. (2004)
U5186 −12.98 0.23 42.0 21.6 6.90 Karachentsev et al. (2004)
E321-014 −12.70 0.43 39.8 22.0 3.19 Doyle et al. (2005)
KK144 −12.59 0.33 44.0 23.3 6.30 Karachentsev et al. (2004)
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Figure 8. The velocity–magnitude relation for galaxies in the LV (open cir-
cles with error bars) is compared with predictions of the λCDM model. Two
other observational estimates are also shown as full and dashed lines. The
theory (filled circles and diamonds) makes reasonable predictions for bright
galaxies with MB < −17. At smaller luminosities, the theoretical curves are
systematically above the observations. At MB = −12, the disagreement is
a factor of 2 in circular velocities implying a factor of ∼10 disagreement in
the number of haloes.

sample. We add a small (20 per cent) correction to the circular ve-
locity of haloes to accommodate the effect of adiabatic contraction
due to infall of baryons. Fig. 8 shows that the λCDM model gives
a good match to observations at the bright end of the luminosity
function (MB < −17). The model with lower normalization pro-
duces a better fit, but even the high-normalization model cannot
be excluded: a more accurate treatment of the adiabatic infall may
slightly improve the situation. At low luminosities, the theory and
observations gradually diverge, and at MB = −12 the differences
are quite substantial: a factor of 2 in circular velocities. This is the
same problem, which we found using the spectrum of voids: haloes
with V c ≈ 35–45 km s−1 should have luminosities MB = −12 in
order to match the observational data.

We would like to emphasize that the disagreement with the theory
is staggering. The observed spectrum of void sizes disagrees at many
sigma level from the theoretical void spectrum if haloes with V c

> 20 km s−1 host galaxies brighter than MB = −12. We can look
at the situation from a different angle. In the λCDM model with
σ 8 = 0.9, there are ∼320 haloes with V c > 45 km s−1 – the same

number as the number of galaxies in the LV with the MB = −12
limit. In the same volume in the λCDM model, there are ∼3500
haloes with V c > 20 km s−1. If all these haloes host galaxies brighter
than MB = −12, the theory predicts a factor of 10 more haloes as
compared with the observations.

The problem has the same roots as the overabundance of sub-
structure in the LG: the λCDM model predicts too many dwarf DM
(sub)haloes as compared with the observed dwarf galaxies (Klypin
et al. 1999; Moore et al. 1999; Madau et al. 2008). We suggest that
the solution of the problem of the overabundance of the dwarfs in
the LV may be similar to current explanations of the substructure
problem in the LG.

(i) The observational sample is not complete: there are 10 times
more dwarf galaxies down to limiting magnitude MB = −12 than
listed in the Karachentsev et al. (2004) sample. The ‘missed’ dwarfs
are unlikely to be dwarf irregulars because they would have H I

emission and would have been detected by blind H I surveys such
as HI Parkes All Sky Survey (HIPASS; Doyle et al. 2005). Dwarf
spheroidal galaxies are a possibility. They do not have gas and
cannot be detected in H I. They have very low surface brightness,
which makes it difficult to detect them on photographic plates. So, it
is likely that many of the galaxies were missed. Still, we do not know
whether a large population of dwarf spheroidal galaxies exists in the
LV. If this is so, we will have another problem: how to form 1000
of dwarf spheroidals in very low-density environments without any
tidal stripping or interaction with massive parent galaxy. The slope
of the luminosity function also will be much steeper: α ≈ 2–2.5.

(ii) The observed galaxies with V rot ≈ 20 km s−1 are hosted
by significantly more massive haloes. The overabundance prob-
lem would be solved, if the circular velocity of a DM halo is
V c ≈ 2V rot. This is somewhat similar to the solution of the over-
abundance problem in the LG (e.g. Peñarrubia, McConnachie &
Navarro 2008).

(iii) Most of the dwarf haloes with V c < 35 km s−1 in local
voids failed to form stars because they collapsed after the epoch of
reionization (Bullock et al. 2000).

We also estimate the rms deviations from the Hubble flow σ H for
galaxies at different distances from the LG and find that in most of
our model LV candidates the rms peculiar velocities are consistent
with observational values: σ H = 50 km s−1 for distances less than
3 Mpc and σ H = 80 km s−1 for distances less than 8 Mpc. At the

C© 2009 The Authors. Journal compilation C© 2009 RAS, MNRAS 395, 1915–1924

Tikhonov & Klypin 2009

10 Barnes & Haehnelt

1 1.5 2 2.5
−6.5

−6

−5.5

−5

−4.5

−4

−3.5

−3

−2.5

log10 velocity width (km/s)

lo
g 10

 l(
v w,X

)

 

 

Wolfe et al. (2005)
vc,0 = 30km/s
vc,0 = 50km/s
vc,0 = 70km/s

Figure 8. The velocity width distribution l(vw, X) of the as-
sociated low-ionization metal absorption of DLAs. The black
crosses show the observational data compiled in Figure 10 of
Wolfe, Gawiser, & Prochaska (2005). The legend shows the pa-
rameter vc,0, below which the baryonic fraction is assumed to
be suppressed due to the effect of photo-heating and/or galactic
winds.

Similarly to BH09, we can also calculate the predicted
probability distribution of the velocity width vw of the as-
sociated low ionization metal absorption of DLAs for our
model as follows,

l(vw, X) =
c

H0

Z ∞

0

p(vw|vc(M))nM (M,X)σDLA(M, X)dM,

(9)
where p(vw|vc(M)) is the conditional probability distri-
bution as discussed in Section 2 of BH09. The DLA
cross-section is given by σDLA(M) = πy2

DLA, where
NHi(yDLA|M, X) = 1020.3 cm−2. The result is shown
in Figure 8, along with the observational data of
Wolfe, Gawiser, & Prochaska (2005)

As in BH09 our model fits the data well with values of
vc,0 in the range 50 − 70 km s−1. We should point out that
the probability distribution p(vw|vc) was originally derived
from simulations which do not include the effect of galactic
winds and where the distribution of gas in a given halo is
somewhat different from what we have assumed here (see
Barnes & Haehnelt (2009) for a more detailed discussion).

We should also emphasize that, rather than using a
simple power-law scaling for the absorption cross section of
DLAs as in BH09, we have used here a radial distribution
of neutral hydrogen which is simultaneously consistent with
the column density distribution of DLAs and the size dis-
tribution of the Rauch et al. emitters, as we will see in the
next section.

4.3 The size distribution and luminosity function

We will not attempt to fit the individual rather noisy spec-
tral and surface brightness profiles of the R08 emitters here,
but we will instead focus on the statistical properties of the
population of emitters.

We calculate the cross-section weighted size distribu-
tion dN/dz (> r) expected from our model as follows. The
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Figure 9. The cumulative size distribution dN/dz (> r) of the
Lyα emitters, compared with the observations of Rauch et. al
(black curve). The coloured solid curves are for α = −0.5, while
the dashed curves are for α = 1. The red and green lines are for
the L ∝ MHi model, with the values of L0 as given in the legend.
The blue curve assumes that r = rv, that is, assuming we can
see emission all the way to the virial radius. The lines have been
normalised to dN/dz = 0.23 assuming a duty cycle of the Lyα
emission with fd, such that nemitters

M = fd nhalos
M . The values of

fd for each model (in the order they appear in the legend) are
fd = 1, 0.2, 0.055 for α = −0.5 and fd = 0.28, 0.07, 0.055 for
α = 1. The models with the two values in bold correspond best
to the data.

observations of Rauch et al. (2008) achieved a 1 σ surface
brightness detection limit of S0 = 10−19 erg s−1. We calcu-
lated the expected observed size of our model emitters by
determining the radius r (or equivalently, impact parame-
ter) at which the surface brightness drops below the R08
limit, S(r) = S0.

This procedure gives the radius of the emitter as a func-
tion of the mass of the halo. To do this, we need to specify
the intrinsic Lyα luminosity LLyα as a function of mass.
Similarly to BH09, we assume that the luminosity is pro-
portional7 to the total mass of neutral hydrogen,

LLyα = L0

„

MHi

2.4 × 109M#

«

erg s−1. (10)

This means that the luminosity is subject to the same expo-
nential suppression as the (neutral) gas content of DM halos
for small circular velocities.

We now calculate the size distribution in the form of the
inferred cumulative incidence rate dN/dz (> r) and compare
it with the data of R08 in Figure 9. The curves have been
normalised to dN/dz = 0.23 by assuming the emission oc-
curs with a duty cycle fd, nemitters

M = fd nhalos
M . The values

of fd for each model are given in the caption to the figure.
The solid curves are for α = −0.5, while the dashed curves
are for α = 1. The red and green curves assume L ∝ MHi,

7 The constants of proportionality are chosen to that without the
suppression below vc,0 and with fe = 0.2, L0 defined below has
the same value as in BH09.
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Fig. 9.— Datapoints with errorbars and the black solid line represent the ALFALFA WF in the width range w ! 100 km s−1. The cyan
solid line represents the Obreschkow et al. (2009, O09) WF, derived from projecting their distribution of modeled HI linewidths (wHI

50
) for

the synthetic galaxies in the semi-analytic catalog of De Lucia & Blaizot (2007). The cyan dash-dotted line represents the subsample of the
O09 galaxies classified as ‘late-types’ according to their bulge-to-stellar mass ratios in the DeLucia catalog. The red solid line represents
the projection of the indirect observational determination of the Velocity Function (VF) of spiral galaxies by Gonzalez et al. (2000). Their
VF was obtained by combining the observed Luminosity Function (LF) for spiral galaxies with the Tully-Fisher relationship.

Fig. 10.— The CDM overabundance problem. Datapoints with errorbars and black solid line represent the measured ALFALFA WF (same
as in Fig. 4). The green lines represent the WF of a sample of synthetic galaxies modeled by Trujillo-Gomez et al. (2010, TG10), which
populate the halos in the Bolshoi CDM simulation (Klypin et al. 2010). Two models were considered by TG10, one where the gravitational
potential of baryons is simply superimposed on the DM potential (solid line) and one where the subsequent adiabatic contraction of the
DM halo is taken into account (dash-dotted line). The blue solid line represents the WF of a modeled galaxy population corresponding
to the higher resolution CDM simulation of Zavala et al. (2009, Za09). Note that both theoretical distributions predict a steeply rising
low-width end, in stark contrast with the observational result. The discrepancy according to the Za09 result is a factor of ∼8 at w = 50
km s−1, rising to a factor of ∼ 100 when extrapolated to w = 20 km s−1 (see §5.1).
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★ details in “Too big to fail?  The puzzling darkness of massive Milky Way subhalos”
M. Boylan-Kolchin, J. S. Bullock, M. Kaplinghat (2011), MNRAS 415, L40 (arXiv:1103.0007)


