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• The laws: Einstein and continuity equations
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Set of coupled PDE’s -- need initial conditions!

1

ds2 = �dt2 + a2(t)�
ij

dxidxj

(1)

ds2 = a2(⌘)
⇥
�d⌘2 + �

ij

dxidxj

⇤
(2)

T
µ⌫

=

X

i

(⇢
i

+ p
i

)u
i

µ

u
i

⌫

+ p
i

g
µ⌫

(3)

p = w⇢ (4)

H2 ⌘
✓
ȧ
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The Linear Universe

• For much of the history of the Universe:

1

ds2 = �dt2 + a2(t)�
ij

dxidxj

(1)

ds2 = a2(⌘)
⇥
�d⌘2 + �

ij

dxidxj

⇤
(2)

T
µ⌫

=

X

i

(⇢
i

+ p
i

)u
i

µ

u
i

⌫

+ p
i

g
µ⌫

(3)

p = w⇢ (4)

H2 ⌘
✓
ȧ
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µ⌫

(t) + �g
µ⌫

(x, t) (14)

⇢
i

(x, t) = ⇢̄
i

(t) + �⇢
i

(x, t) (15)

¯G
µ⌫

+ �G
µ⌫

= 8⇡G ¯T
µ⌫

+ 8⇡G�T
µ⌫

(16)

2

¯G
µ⌫

= 8⇡G ¯T
µ⌫

(17)

�G
µ⌫

= 8⇡G�T
µ⌫

(18)

uµ

(x, t) = ūµ
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ḡ
µ⌫

⌧ 1 (84)

�u
i

µ

ū
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µ⌫

(t) + �g
µ⌫

(x, t) (14)

⇢
i

(x, t) = ⇢̄
i

(t) + �⇢
i

(x, t) (15)

¯G
µ⌫

+ �G
µ⌫

= 8⇡G ¯T
µ⌫

+ 8⇡G�T
µ⌫

(16)

2

¯G
µ⌫

= 8⇡G ¯T
µ⌫

(17)

�G
µ⌫

= 8⇡G�T
µ⌫

(18)

uµ

(x, t) = ūµ
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Initial Conditions

• The homogeneous Universe:
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ḡ
µ⌫

⌧ 1 (84)

�u
i

µ

ū
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ȧ

a

◆
=

8⇡G⇢

3

(5)

G
µ⌫

= 8⇡GT
µ⌫

(6)

r
µ

Tµ⌫

= 0 (7)

⇢̇ = �3H (⇢+ p) (8)

⇢ = ⇢
0

a�3(1+w)

(9)

p = 0 (10)

p = �⇢ (11)

p ' 0 (12)

p =

⇢

3

(13)

g
µ⌫

(x, t) = ḡ
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• The Linear Universe: 
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Characterize statistics of inhomogeneities!

Assume our Universe is typical.
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⌧

6 Parameter Model of the Universe

⇤CDM

3 parameters 2 parameters 1 parameter (for CMB)
6
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Modelling the universe

That’s it!

The rest is details.

Initially small fluctuations collapse to form galaxies, stars, etc.
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• GR is highly non-linear - inferring the state of the 
early universe would be like asking for the weather 
100 million years ago based on the weather today.

• No general classification of metrics - how to 
characterize initial conditions?

• Shock waves, singularities, oh my!

Giving Thanks

• The non-linear Universe
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• Simple evolution allows initial conditions to be 
inferred.

• Background evolution and growth of structure can 
be analyzed separately.

• Simple classification of initial conditions and metric 
degrees of freedom.

• Physics on different scales evolves independently  
(Fourier modes independent).

Giving Thanks

• The linear Universe
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The rest

Now for some details....
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The homogeneous universe
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The homogeneous universe

?Big Bang?

9.1 Billion Years: our sun ignites.
13.7 Billion Years: the present.

100 million years galaxies and first stars form.
380,000 years: neutral atoms form.

10�6  seconds: protons and neutrons form.
1 second: atomic nuclei form.

Hot 
Dense

Cool 
Diffuse
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The homogeneous universe
1

ds2 = �dt2 + a2(t)�ijdx
idxj (1)
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3
(4)

Gµ⌫ = 8⇡GTµ⌫ (5)
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⇢̇ = �3H (⇢+ p) (7)

⇢ = ⇢0a
�3(1+w) (8)

p = 0 (9)

p = �⇢ (10)

p ' 0 (11)

p =
⇢

3
(12)

• The metric in a flat, homogeneous, isotropic universe:

comoving coordinates
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The homogeneous universe
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• The metric in a flat, homogeneous, isotropic universe:
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constant comoving distance = growing physical distance
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The homogeneous universe

• Conformal time:
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The homogeneous universe

• Conformal time:
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The homogeneous universe

• Conformal time:

time
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The big bang: when a(t)=0
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Ḡ
µ⌫

+ �G
µ⌫

= 8⇡GT̄
µ⌫

+ 8⇡G�T
µ⌫

(16)

2

Ḡ
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The homogeneous universe
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µ⌫

(t) + �g
µ⌫

(x, t) (13)

⇢(x, t) = ⇢̄(t) + �⇢(x, t) (14)

Ḡ
µ⌫

+ �G
µ⌫

= 8⇡GT̄
µ⌫

+ 8⇡G�T
µ⌫

(15)

Ḡ
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• Equations of motion in a homogeneous universe:
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ȧ

a

◆
=

8⇡G⇢

3
(4)

G
µ⌫

= 8⇡GT
µ⌫

(5)

r
µ

Tµ⌫ = 0 (6)

⇢̇ = �3H (⇢+ p) (7)

⇢ = ⇢0a
�3(1+w) (8)

p = 0 (9)

p = �⇢ (10)

p ' 0 (11)

p =
⇢

3
(12)

g
µ⌫

(x, t) = ḡ
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Ḡ
µ⌫

= 8⇡GT̄
µ⌫

(16)

1

ds2 = �dt2 + a2(t)�ijdx
idxj (1)

Tµ⌫ = (⇢+ p)uµu⌫ + pgµ⌫ (2)

p = w⇢ (3)

H2 ⌘
✓
ȧ
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ū
iµ

(t
0

) (87)

a =

1

1 + z
(88)

a = 1, z = 0 (89)

6

P [�g
µ⌫

(x, t = 0)] (80)

P [�⇢
i

(x, t = 0)] (81)

P
⇥
�u

i

µ

(x, t = 0)

⇤
(82)

�⇢
i

⇢̄
i

⌧ 1 (83)

�g
µ⌫

ḡ
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The Inhomogeneous Universe
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ū
iµ

(t
0

) (87)

a =

1

1 + z
(88)

a = 1, z = 0 (89)

z
eq

= 3400, (90)

z⇤ = 1090, (91)

z
re

⇠ 11, (92)

z
gal

⇠ 11� 12, (93)

z
surveys

<⇠ 1, (94)

z
⇤

= .28, (95)

z
Virgo

= .003 (96)

c2
s

=

@p

@⇢
= w (97)

t
coll

⇠ (4⇡G⇢̄)
�1/2 ⇠ H�1

(98)

a
de

' 1 (99)

�⇢

⇢̄
(t

eq

)

>⇠ 3⇥ 10

�4

(100)

�⇢

⇢̄
>⇠ 1 (101)

7

�⇢

⇢̄
(t

eq

)

>⇠ 3⇥ 10

�4

(100)

�⇢

⇢̄
>⇠ 1 (101)

O(10

6

) (102)

O(10

3

) (103)

7

�⇢

⇢̄
(t

eq

)

>⇠ 3⇥ 10

�4

(100)

�⇢

⇢̄
>⇠ 1 (101)

O(10

6

) (102)

O(10

3

) (103)

7

�⇢

⇢̄
(t

eq

)

>⇠ 3⇥ 10

�4

(100)

�⇢

⇢̄
>⇠ 1 (101)

O(10

6

) (102)

O(10

3

) (103)

O(1) (104)

galaxies

clusters

superclusters

3

w = 1/3, ⇢ / a�4
(32)

w = 0, ⇢ / a�3
(33)

w = �1, ⇢ / const. (34)

�
⌦

r

⇠ 10

�4
�

(35)

H0 = 100h
km

s Mpc

(36)

=

h

3000 Mpc

(37)

1 Mpc = 3.3⇥ 10

6
Lyr (38)

⇢̄(t)f =

Z
d3x⇢(x, t) (39)

�⇢(x, t) =
1

V

X
�⇢(k, t)ei

~

k·~x
(40)

�⇢(k, t)

⇢̄(t)
� 1 (41)

k = .1 � .01Mpc

�1
(42)

• There is structure on all scales which have had a chance to 
undergo gravitational collapse.
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The Inhomogeneous Universe

• There is structure in the Universe:
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Photons
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Gravitational Instability

• For non-relativistic matter in flat space:
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Gravitational Instability

• Linearized equation of motion:
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• In an expanding universe waves are stretched:
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• Only gravitationally bound (non-linear) structures separate 
from the Hubble flow.

• Expansion inhibits collapse.
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• Including expansion (on small scales):
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Gravitational Instability

• An important scale: comoving horizon
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Gravitational Instability

• An important scale: comoving horizon
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Gravitational Instability

• An important scale: comoving horizon
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Gravitational Instability

• An important scale: comoving horizon
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Gravitational Instability

• An important scale: comoving horizon
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• An important scale: comoving horizon
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Gravitational Instability

• An important scale: comoving horizon
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• An important scale: comoving horizon
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Relativistic Perturbations

• The full model:
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• Metric fluctuations
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recombinationequality

photons and 
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CMB is released!
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Baryon Acoustic Oscillations

• Before recombination, photons and baryons are coupled:
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The CMB

• The Universe is filled with a gas of photons.
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The CMB

• The Universe is filled with a gas of photons.
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• The Universe’s most perfect blackbody.

• The temperature today is 2.73 K.

-- all photons stretched equally
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The CMB

• Perturbations are characterized by:
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• Perturbations are characterized by:

5


d2

dt2
+ 2H

d

dt
+

✓
c2
s

k2
com

a2
� 4⇡G⇢̄

◆�
�⇢(t, k

com

)

⇢̄(t)
= 0 (65)

c2
s

= 0 (66)

c2
s

= 1/3 (67)

ds2 = a(⌘)2
⇥� (1 + 2 ) d⌘2 + (1 + 2�) �

ij

dxidxj

⇤
(68)

f =

1

exp

h
p

T (t)(1+⇥(~x,t,p̂))

i
� 1

(69)

f =

1

exp

h
p

T (t)

i
� 1

(70)

dN(t, ~x) = f(t, ~x, p)
d3xd3p

(2⇡)3
(71)

dN(t
now

, ~x
here

) =

Z
f(t

now

, ~x, p)�(~x
here

)

d3xd3p

(2⇡)3
(72)

✓
�⇢

⇢̄

◆

dm

, v
dm

,

✓
�⇢

⇢̄

◆

b

, v
b

, ⇥, �,  (73)

k = aH (74)

1

aH
= ⌘ (75)

⇥ =

�T

T
(76)

⇥(t, ~x, p̂) =
X

`

`X

m=�`

a
`m

Y
`m

(p̂) (77)

ha
`m

a
`

0
m

0i = �
``

0�
mm

0C
`

(78)

C
`

=

2

⇡

Z
dk k2�2

`

(k)P (k) (79)

5


d2

dt2
+ 2H

d

dt
+

✓
c2
s

k2
com

a2
� 4⇡G⇢̄

◆�
�⇢(t, k

com

)

⇢̄(t)
= 0 (65)

c2
s

= 0 (66)

c2
s

= 1/3 (67)

ds2 = a(⌘)2
⇥
� (1 + 2 ) d⌘2 + (1 + 2�) �

ij

dxidxj

⇤
(68)

f =

1

exp

h
p

T (t)(1+⇥(~x,t,p̂))

i
� 1

(69)

dN(t, ~x) = f(t, ~x, p)
d3xd3p

(2⇡)3
(70)

dN(t
now

, ~x
here

) =

Z
f(t

now

, ~x, p)�(~x
here

)

d3xd3p

(2⇡)3
(71)

✓
�⇢

⇢̄

◆

dm

, v
dm

,

✓
�⇢

⇢̄

◆

b

, v
b

, ⇥, �,  (72)

k = aH (73)

1

aH
= ⌘ (74)

⇥ =

�T

T
(75)

Observers at each position see an 
anisotropic distribution of photons

5


d2

dt2
+ 2H

d

dt
+

✓
c2
s

k2
com

a2
� 4⇡G⇢̄

◆�
�⇢(t, k

com

)

⇢̄(t)
= 0 (65)

c2
s

= 0 (66)

c2
s

= 1/3 (67)

ds2 = a(⌘)2
⇥
� (1 + 2 ) d⌘2 + (1 + 2�) �

ij

dxidxj

⇤
(68)

f =

1

exp

h
p

T (t)(1+⇥(~x,t))

i
� 1

(69)

dN(t, ~x) = f(t, ~x, p)
d3xd3p

(2⇡)3
(70)

dN(t
now

, ~x
here

) =

Z
f(t

now

, ~x, p)�(~x
here

)

d3xd3p

(2⇡)3
(71)

Thursday, 4 July, 13



The CMB

5


d2

dt2
+ 2H

d

dt
+

✓
c2
s

k2
com

a2
� 4⇡G⇢̄

◆�
�⇢(t, k

com

)

⇢̄(t)
= 0 (65)

c2
s

= 0 (66)

c2
s

= 1/3 (67)

ds2 = a(⌘)2
⇥� (1 + 2 ) d⌘2 + (1 + 2�) �

ij

dxidxj

⇤
(68)

f =

1

exp

h
p

T (t)(1+⇥(~x,t,p̂))

i
� 1

(69)

f =

1

exp

h
p

T (t)

i
� 1

(70)

dN(t, ~x) = f(t, ~x, p)
d3xd3p

(2⇡)3
(71)

dN(t
now

, ~x
here

) =

Z
f(t

now

, ~x, p)�(~x
here

)

d3xd3p

(2⇡)3
(72)

✓
�⇢

⇢̄

◆

dm

, v
dm

,

✓
�⇢

⇢̄

◆

b

, v
b

, ⇥, �,  (73)

k = aH (74)

1

aH
= ⌘ (75)

⇥ =

�T

T
(76)

⇥(t, ~x, p̂) =
X

`

`X

m=�`

a
`m

Y
`m

(p̂) (77)

ha
`m

a
`

0
m

0i = �
``

0�
mm

0C
`

(78)

C
`

=

2

⇡

Z
dk k2�2

`

(k)P (k) (79)

Full set of coupled 
variables go into finding 

the temperature 
anisotropy

Thursday, 4 July, 13



The CMB

5


d2

dt2
+ 2H

d

dt
+

✓
c2
s

k2
com

a2
� 4⇡G⇢̄

◆�
�⇢(t, k

com

)

⇢̄(t)
= 0 (65)

c2
s

= 0 (66)

c2
s

= 1/3 (67)

ds2 = a(⌘)2
⇥� (1 + 2 ) d⌘2 + (1 + 2�) �

ij

dxidxj

⇤
(68)

f =

1

exp

h
p

T (t)(1+⇥(~x,t,p̂))

i
� 1

(69)

f =

1

exp

h
p

T (t)

i
� 1

(70)

dN(t, ~x) = f(t, ~x, p)
d3xd3p

(2⇡)3
(71)

dN(t
now

, ~x
here

) =

Z
f(t

now

, ~x, p)�(~x
here

)

d3xd3p

(2⇡)3
(72)

✓
�⇢

⇢̄

◆

dm

, v
dm

,

✓
�⇢

⇢̄

◆

b

, v
b

, ⇥, �,  (73)

k = aH (74)

1

aH
= ⌘ (75)

⇥ =

�T

T
(76)

⇥(t, ~x, p̂) =
X

`

`X

m=�`

a
`m

Y
`m

(p̂) (77)

ha
`m

a
`

0
m

0i = �
``

0�
mm

0C
`

(78)

C
`

=

2

⇡

Z
dk k2�2

`

(k)P (k) (79)

Full set of coupled 
variables go into finding 

the temperature 
anisotropy

• Sachs-Wolfe -- valid on largest scales

7

a
de

' 1 (100)

�⇢

⇢̄
(t

eq

)

>⇠ 3⇥ 10

�4

(101)

�⇢

⇢̄
>⇠ 1 (102)

O(10

6

) (103)

O(10

3

) (104)

O(1) (105)

� ⇠ 1% of observable Universe (106)

1

aH
= ⌘ (107)

k = aH (108)

c2
s

' 1/2 (109)

df

dt
= 0 (110)

✓
�T

T

◆

fin

=

✓
�T

T

◆

init

� �

init

= ��

init

3

(111)

Intrinsic 
temperature 

variations

gravitational 
redshift

Thursday, 4 July, 13



The CMB

• Integrated Sachs-Wolfe -- time dependence of 
potentials.
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The CMB

• In linear theory, can sum up the contribution from each 
fourier mode separately:

x

y
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The CMB

• Convenient to perform spherical harmonic transform:
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• Convenient to perform spherical harmonic transform:
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• Computed numerically: CAMB, CMBFast, etc.
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The Power Spectrum

• Fluctuations are characterized statistically:
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Comments

• In a statistically homogeneous and isotropic universe with 
gaussian fluctuations, the power spectrum is all the 
information there is.

• There is power on scales of order the size of the 
observable universe -- superhorizon fluctuations.

• The structure of the acoustic peaks is determined by the 
contents of the universe as well as the initial conditions.

Thursday, 4 July, 13



Other cool things in CMB

• Lensing of the CMB: information on intervening structure

• Polarization of the CMB: primordial gravitational waves

• Sunyaev-Zeldovich effect: shadows of galaxy clusters in the 
CMB

• Combined mass and number of neutrinos.
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6 Parameter Model of the Universe

⇤CDMPlanck Collaboration: Cosmological parameters

Planck Planck+lensing Planck+WP

Parameter Best fit 68% limits Best fit 68% limits Best fit 68% limits

⌦bh2 . . . . . . . . . . 0.022068 0.02207 ± 0.00033 0.022242 0.02217 ± 0.00033 0.022032 0.02205 ± 0.00028

⌦ch2 . . . . . . . . . . 0.12029 0.1196 ± 0.0031 0.11805 0.1186 ± 0.0031 0.12038 0.1199 ± 0.0027

100✓MC . . . . . . . . 1.04122 1.04132 ± 0.00068 1.04150 1.04141 ± 0.00067 1.04119 1.04131 ± 0.00063

⌧ . . . . . . . . . . . . 0.0925 0.097 ± 0.038 0.0949 0.089 ± 0.032 0.0925 0.089+0.012
�0.014

ns . . . . . . . . . . . 0.9624 0.9616 ± 0.0094 0.9675 0.9635 ± 0.0094 0.9619 0.9603 ± 0.0073

ln(1010As) . . . . . . . 3.098 3.103 ± 0.072 3.098 3.085 ± 0.057 3.0980 3.089+0.024
�0.027

⌦⇤ . . . . . . . . . . . 0.6825 0.686 ± 0.020 0.6964 0.693 ± 0.019 0.6817 0.685+0.018
�0.016

⌦m . . . . . . . . . . . 0.3175 0.314 ± 0.020 0.3036 0.307 ± 0.019 0.3183 0.315+0.016
�0.018

�8 . . . . . . . . . . . 0.8344 0.834 ± 0.027 0.8285 0.823 ± 0.018 0.8347 0.829 ± 0.012

zre . . . . . . . . . . . 11.35 11.4+4.0
�2.8 11.45 10.8+3.1

�2.5 11.37 11.1 ± 1.1

H0 . . . . . . . . . . . 67.11 67.4 ± 1.4 68.14 67.9 ± 1.5 67.04 67.3 ± 1.2

109As . . . . . . . . . 2.215 2.23 ± 0.16 2.215 2.19+0.12
�0.14 2.215 2.196+0.051

�0.060

⌦mh2 . . . . . . . . . 0.14300 0.1423 ± 0.0029 0.14094 0.1414 ± 0.0029 0.14305 0.1426 ± 0.0025

⌦mh3 . . . . . . . . . 0.09597 0.09590 ± 0.00059 0.09603 0.09593 ± 0.00058 0.09591 0.09589 ± 0.00057

YP . . . . . . . . . . . 0.247710 0.24771 ± 0.00014 0.247785 0.24775 ± 0.00014 0.247695 0.24770 ± 0.00012

Age/Gyr . . . . . . . 13.819 13.813 ± 0.058 13.784 13.796 ± 0.058 13.8242 13.817 ± 0.048

z⇤ . . . . . . . . . . . 1090.43 1090.37 ± 0.65 1090.01 1090.16 ± 0.65 1090.48 1090.43 ± 0.54

r⇤ . . . . . . . . . . . 144.58 144.75 ± 0.66 145.02 144.96 ± 0.66 144.58 144.71 ± 0.60

100✓⇤ . . . . . . . . . 1.04139 1.04148 ± 0.00066 1.04164 1.04156 ± 0.00066 1.04136 1.04147 ± 0.00062

zdrag . . . . . . . . . . 1059.32 1059.29 ± 0.65 1059.59 1059.43 ± 0.64 1059.25 1059.25 ± 0.58

rdrag . . . . . . . . . . 147.34 147.53 ± 0.64 147.74 147.70 ± 0.63 147.36 147.49 ± 0.59

kD . . . . . . . . . . . 0.14026 0.14007 ± 0.00064 0.13998 0.13996 ± 0.00062 0.14022 0.14009 ± 0.00063

100✓D . . . . . . . . . 0.161332 0.16137 ± 0.00037 0.161196 0.16129 ± 0.00036 0.161375 0.16140 ± 0.00034

zeq . . . . . . . . . . . 3402 3386 ± 69 3352 3362 ± 69 3403 3391 ± 60

100✓eq . . . . . . . . . 0.8128 0.816 ± 0.013 0.8224 0.821 ± 0.013 0.8125 0.815 ± 0.011

rdrag/DV(0.57) . . . . 0.07130 0.0716 ± 0.0011 0.07207 0.0719 ± 0.0011 0.07126 0.07147 ± 0.00091

Table 2. Cosmological parameter values for the six-parameter base ⇤CDM model. Columns 2 and 3 give results for the Planck
temperature power spectrum data alone. Columns 4 and 5 combine the Planck temperature data with Planck lensing, and columns
6 and 7 include WMAP polarization at low multipoles. We give best fit parameters as well as 68% confidence limits for constrained
parameters. The first six parameters have flat priors. The remainder are derived parameters as discussed in Sect. 2. Beam, calibration
parameters, and foreground parameters (see Sect. 4) are not listed for brevity. Constraints on foreground parameters for Planck+WP
are given later in Table 5.

3.2. Hubble parameter and dark energy density

The Hubble constant, H0, and matter density parameter, ⌦m,
are only tightly constrained in the combination ⌦mh3 discussed
above, but the extent of the degeneracy is limited by the e↵ect
of ⌦mh2 on the relative heights of the acoustic peaks. The pro-
jection of the constraint ellipse shown in Fig. 3 onto the axes
therefore yields useful marginalized constraints on H0 and ⌦m
(or equivalently ⌦⇤) separately. We find the 2% constraint on
H0:

H0 = (67.4 ± 1.4) km s�1 Mpc�1 (68%; Planck). (13)

The corresponding constraint on the dark energy density param-
eter is

⌦⇤ = 0.686 ± 0.020 (68%; Planck), (14)

and for the physical matter density we find

⌦mh2 = 0.1423 ± 0.0029 (68%; Planck). (15)

Note that these indirect constraints are highly model depen-
dent. The data only measure accurately the acoustic scale, and

the relation to underlying expansion parameters (e.g., via the
angular-diameter distance) depends on the assumed cosmology,
including the shape of the primordial fluctuation spectrum. Even
small changes in model assumptions can change H0 noticeably;
for example, if we neglect the 0.06 eV neutrino mass expected
in the minimal hierarchy, and instead take

P
m⌫ = 0, the Hubble

parameter constraint shifts to

H0 = (68.0 ± 1.4) km s�1 Mpc�1 (68%; Planck,
P

m⌫ = 0). (16)

3.3. Matter densities

Planck can measure the matter densities in baryons and dark
matter from the relative heights of the acoustic peaks. However,
as discussed above, there is a partial degeneracy with the spec-
tral index and other parameters that limits the precision of the
determination. With Planck there are now enough well measured
peaks that the extent of the degeneracy is limited, giving ⌦bh2 to
an accuracy of 1.5% without any additional data:

⌦bh2 = 0.02207 ± 0.00033 (68%; Planck). (17)
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